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High-order Harmonic Generation	

(HHG)
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Macroscopic Phase-matching
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The harmonic orchestra

 

Laser as the orchestra director...

... and each atom of the gas as a musician, emitting 
attosecond pulses synchronized with the rhythm 

dictated by the laser 

As a result, a melody of attosecond pulses 
is emitted coherently.

A trillion of musicians!



Outline

• Microscopic HHG: single-atom	


- Method: SFA+	


- Multiple rescatterings to produce zeptosecond waveforms	


• Macroscopic HHG: phase-matching	


- Method: Discrete Dipole Appoximation	


- Time-gated phase-matching: isolating X-ray attosecond pulses	


• Conclusions

‘Generation of keV harmonics and ultrashort waveforms 
driven by midinfrared lasers’



Microscopic HHG
Single-atom



Quantum description of HHG
Harmonic emission spectrum is proportional to the power 
spectrum of dipole acceleration
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1
m

ψ (t)
!
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+V + e

!
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Exact solution: Time Dependent Schrödinger Equation (TDSE) for 

We have to use approximations:	

✓ The standard way: SFA and saddle point	

✓ Our choice: SFA+

 I(ω )∝
!ad (ω )

2

 
!ad (ω ) =

!ad (t)∫ eiω tdt

ψ (t)

TDSE is very challenging when:	

1. Considering phase-matching (involves lot of single-atom calculations)	

2. Long wavelengths (huge spatio-temporal grid)

M. Lewenstein et al. PRA 49, 2117(1994)

J.A. Pérez-Hernández, et al, Opt. Express 17, 9891 (2009)
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Strategies for computing HHG
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Principles of SFA+

J.A. Pérez-Hernández, L. Roso and L. Plaja, Opt. Express 17, 9891 (2009)

Strong Field Approximation (SFA) 
1. Considering the electrons promoted to the continuum to have no possibility to recombine.	

2. Neglecting the the bound-state excitations (field-dressing). 	

3. Considering the electrons as free particles in the continuum.	


Extended Field Approximation (SFA+) 
To include the possibility of atomic bound-state excitations (field-dressing).	
!
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Evolution as a free electron	


Transition back to 
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J. A. Pérez-Hernández, C. Hernández-García, J. Ramos, E. Conejero Jarque, L. Plaja, and L. Roso, 	

Springer Series in Chemical Physics Vol. 100 (Springer, New York, 2011), Chap. 7, p. 145

Strong Field Approximation (SFA) 
1. Considering the electrons promoted to the continuum to have no possibility to recombine.	

2. Neglecting the the bound-state excitations (field-dressing). 	

3. Considering the electrons as free particles in the continuum.	




Principles of SFA+

J.A. Pérez-Hernández, L. Roso and L. Plaja, Opt. Express 17, 9891 (2009)

SFA+ with transversal saddle-point	


C. Hernández-García, Doctoral dissertation (2013)
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Obtaining X-rays from HHG
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Unfavorable yield scaling law with 
wavelength
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Obtaining X-rays from HHG
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J. Seres et al., New J. Phys, 8, 251 (2006)

T. Popmintchev et al., Science 336, 1287 (2012)

Optimal Phase Matching 
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Attosecond pulse trains in the keV
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Previous works involving multiple rescatterings using mid-IR:
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Towards zeptosecond pulse trains
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Zeptosecond waveforms
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Zeptosecond waveforms
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Why not even longer wavelengths?

The magnetic drift mitigates the harmonic yield

The yield would drop by an order of magnitude at 10 µm

C. Hernández-García, J. A. Pérez-Hernández, T. Popmintchev, M. Murnane, H. Kapteyn,  
A. Jaron-Becker, A. Becker, and L. Plaja, Phys. Rev. Lett. 111, 033002 (2013)



Macroscopic HHG
Phase-matching effects



Macroscopic Phase-matching

Harmonic
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Phase mismatch:

spectral amplitude of the single-atom dipole, and

its phase

Electric field of the qth-order harmonic:



Contributions to phase-matching
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Computing Harmonic Propagation

1) The standard way: to solve the Wave equation	


!

!

✓ Slowly Varying Envelope Approximation:	


✓ Paraxial Approximation:	


2) Our choice: to use the formal solution of the Maxwell’s 
equations for an elementary radiator:	


!

!

without Slowly Varying Envelope and Paraxial Approximations.
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A. L’Huillier et al, J. Opt. Soc. Am. B 7, 527 (1990).	

A. L’Huillier, et al, Phys. Rev. A 46, 2778 (1992).

C. Hernández-García, et al,  Phys. Rev, A 82, 0033432 (2010)



Sum of elementary radiators
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We decompose the integral into a discrete sum of elementary contributions: 
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Discrete Dipole Approximation	

reduces from 1012 to 105 radiators

C. Hernández-García, J.A. Pérez-Hernández, J. Ramos, E. Conejero 
Jarque, L. Roso, and L. Plaja,  Phys. Rev, A 82, 0033432 (2010)



DDA - Convergence

Without DDA With DDA

Point Atoms 1 µm Spheres 2 µm Spheres

C. Hernández-García, J.A. Pérez-Hernández, J. Ramos, E. Conejero 
Jarque, L. Roso, and L. Plaja,  Phys. Rev, A 82, 0033432 (2010)



on axis

IR (fs)

XUV (atto)

Gas Jet

Detection

On-axis phase-matching in a gas jet

density ~1018 atoms/cm3

 
Δkq ! Δkq

Gouy + Δkq
int + Δkq

f + Δkq
b !

q −1
z0

+αq
i ∂I(z)

∂z
+ q

e2nfλ0
mc2

~ 1 mm3 cycles FWHM	

800 nm	


1.57x1014 W/cm2



On-axis phase-matching in a gas jet
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Already demonstrated:
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M.-C. Chen, et al PNAS 111, E2361-E2367 (2014)

T. Popmintchev, et al Science 336, 1287 (2012) M. Kretschmar, et al. Phys. Rev. A  88, 013805 (2013)
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Experimental comparisons 
Deliverables of our 

Phase-match
ing co
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1.6 keV HHG X-rays XUV harmonics in gas cell

Role of transversal phase-matching Isolated X-ray attosecond pulses

XUV harmonics from few-cycle pulses
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New theoretical findingsDeliverables of our 
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Phase-matching conditions along the  propagation direction
Off-axis compensation of 

the atto-chirp

XUV vortices: conservation of orbital angular momentum (OAM) in HHG



Isolating an attosecond pulse
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Optimal phase-matching
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Optimal phase-matching
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Optimal Phase Matching 



Time gated phase-matching
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3D simulations

XUV/X-ray attosecond pulses

Helium gas cell

0.8 µm	


2.0 µm

2 mm

Intensities given by 
phase-matching 

conditions

Theoretical Method: 	


• High-Harmonic Generation: SFA+	


• Propagation: Discrete Dipole Approximation using Maxwell equations

C. Hernández-García, et al. Phys. Rev. A  82, 033432 (2010

IR fs laser
modelled as a 
Bessel beam
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Experimental results
80 torr

350 torr

600 torr

M.-C. Chen, C. Mancuso, C. Hernández-García, F. Dollar, B. Galloway, D. Popmintchev, B. Langdon, A. Auger, P.-C. 
Huang, B.C. Walker, L. Plaja,  A. Jaron-Becker, A. Becker, M. M. Murnane, H. C. Kapteyn, T. Popmintchev, 	

PNAS 111 (23) , E2361-E2367 (2014)	
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Few-cycle vs Multi-cycle at 2 µm
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Group velocity walk-off

1
vg

−
1
vph

=
ω
c
∂n ω( )
∂ω

tGVW = 1
vg

− 1
c

⎛

⎝⎜
⎞

⎠⎟
z

tGVW

Group velocity:

Temporal delay due to 	

group velocity walk-off

Target: gas medium

Electric Field before 
entering the target

Electric Field 
after the target

Group velocity matching:

Fundamental field travels with 

Harmonic field travels with 

vg ω 0( )
vg qω 0( ) ≈ c



Effect of the group velocity walk-off on the carrier
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Isolated X-ray attosecond pulses

Y
ie

ld
 / 

Pr
es

su
re

 (
a.

u.
)

Pr
ess

ure
 (t

or
r)

Time (cycles)

Time (cycles)

Few-cycle	

1.4 cycles

up to 550 eV
(500 eV bandwidth) 

Multi-cycle	

5.8 cycles

up to 160 eV
(120 eV bandwidth) 

Y
ie

ld
 / 

Pr
es

su
re

 (
a.

u.
)

Pr
ess

ure
 (t

or
r)

800 nm

2 µm

Limited by 	

Absorption

Absorption
Group Vel.

Group Vel.

Limited by

Limited by

- We derive a route for extending isolated attosecond pulses to the 
x-ray regime by using mid-IR wavelengths.	


- Multi-cycle laser pulses show better yield scaling due to group 
velocity walk-off.



Conclusions

• We propose a route for producing zeptosecond 
waveforms in the keV regime, driving HHG by mid-
IR laser pulses.	


• We demonstrate the generation of isolated 
attosecond pulses in the X-ray regime using mid-IR 
multi-cycle laser pulses.
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