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Coming Up
• Higher order corrections 

• Antenna Subtraction 

• Technicalities and possible improvements 

• Recent applications of the method 

• Looking to the future 



Motivation for doing higher 
order calculations



Constraining PDFs
LHC is mainly a gluon collider but gluon PDF is not well known:  

• LHC jets probe a wide range of x 

• gluon PDF directly sensitive to jet data, especially at large x 

• would like to consistently include NNLO jet data in NNLO PDF fits without using 
kinematically limited approximations 
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Fig. 3. Minimum value of Bjorken-x and the scale m34 probed in the PDFs for dijet production
at the LHC 7 TeV, using the kinematics of the ATLAS 2011 dijet measurement.22

While Fig. 3 determines the region of Bjorken-x that is kinematically accessible
in jet production measurements, it does not provide information on which part of
this region dominates the production cross-section, or in other words, the region of
Bjorken-x for which the PDF sensitivity of the jet data is maximized. To determine
this important information, it is possible to compute the correlation coe�cients
between the PDFs and the experimental data. As explained in Ref.,24 in a Monte
Carlo PDF set one can compute the correlation between the parton distributions,
for di↵erent values of x and Q

2, and the jet production cross-sections, for di↵erent
bins of jet transverse momentum and rapidity.

Using NNPDF2.1 NLO, this exercise was carried out in the CMS analysis of
Ref.,25,26 which studies the constraints on PDFs and on ↵s of their 7 TeV inclusive
jet data. The results can be found in Fig. 4, which shows the correlation coe�cient
between PDFs (in this case the gluon and the up quark) for all the pT bins in the
central rapidity region, |y|  0.5, as a function of Bjorken-x and the momentum
transfer Q. A value of this coe�cient close to one (minus one) indicates that, for
this specific data bin, the cross-section is strongly (anti-)correlated with the corre-
sponding PDFs in the given range of x. In particular, from Fig. 4 one can see that
LHC inclusive jet data has a strong correlation with the gluon for x � 0.1, with a
likewise strong anti-correlation for x ⇠ 10�2. This correlation is weaker for the up
quark, except for large values of x, that is, x ⇠> 0.4�0.5, for which the qq scattering
channel begins to dominate over qg scattering, see Fig. 1.

3. Theory calculations and tools for fitting jet data

The NLO cross-sections for jet production at hadron colliders have been known
for a long time.27,28 They have been implemented in various computer programs,
such as NLOjet++.29 Computing di↵erential distributions for jet observables with
these codes is however very CPU-time intensive, and thus not suitable for the aims
of PDF determinations, where the iterative fitting procedure requires recomputing
the same observables a large number of times. With this motivation, di↵erent fast
interfaces to NLO jet calculations have been developed. The basic idea of these

       x  
-510 -410 -310 -210 -110

)2
x 

g 
( x

, Q

-1

0

1

2

3

4

5
2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NLO, 

Global

No Jet Data

2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NLO, 

       x  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

)2
x 

g 
( x

, Q

0

0.2

0.4

0.6

0.8

1
2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NLO, 

Global

No Jet Data

2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NLO, 

       x  
-510 -410 -310 -210 -110

)2
x 

g 
( x

, Q

-1

0

1

2

3

4

5
2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NNLO, 

Global

No Jet Data

2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NNLO, 

       x  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

)2
x 

g 
( x

, Q

0

0.2

0.4

0.6

0.8

1
2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NNLO, 

Global

No Jet Data

2 = 2 GeV2 = 0.118, QSαNNPDF3.0 NNLO, 

Figure 53: Comparison of the gluon in a fit to a dataset without jet data and in the global fit at NLO
(top) and NNLO (bottom), plotted at Q2 = 2 GeV2 vs. x on a logarithmic (left) and linear (right) scale.

5.2.3 Impact of jet data on the global fit

We now explore the impact of jet data in the NLO and NNLO NNPDF3.0 fits, with the motiva-
tion of making sure that theoretical limitations in the description of jet data, and in particular
the current lack of full knowledge of NNLO corrections, does not bias the fit results.

To this purpose, we have produced versions of the NNPDF3.0 PDF fit in which all jet data are
removed from the global dataset: the gluon from these sets is compared to that from the default
global fit at Q2 = 2 GeV2 in Fig. 53: Other PDFs are essentially unchanged upon removing
jet data. It is clear that removing jet data from the global fit leads to a substantial increase
of the PDF uncertainties on the gluon at medium- and large-x. However, when jet data are
included, the uncertainties are very similar at NLO and NNLO, despite the fact that at NNLO
the jet dataset is significantly smaller due to the more restrictive cuts which we have introduced
in order to account for the incomplete knowledge of NNLO corrections to jet production (see
Sect. 2.3.2): in fact, if anything, the uncertainties are somewhat smaller at NNLO. This is
reassuring in that it is consistent with the expectation that no instabilities are introduced by
jet data in the NNLO fit despite potentially large perturbative corrections, and in fact the fit
becomes tighter at NNLO.

In Tab. 14 we compare at NLO and NNLO the χ2 to the collider jet data, both in the
reference NNPDF3.0 fit and in the fit without jet data. We provide the results using both the
experimental and the t0 χ2 definitions, whose values can differ significantly, especially at NNLO.
The description of jet data turns out to be reasonably good even when they are not included in
the fit, especially at NNLO. This is evidence for consistency, and it explains why they help in
reducing the gluon uncertainty. We also show the value of the χ2 for top pair production, which
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Discrepancies with data
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW[28] (red). Capital letters (NLO, NNLO) corre-
spond to the unexpanded definition (2), while small letters
(nlo, nnlo) to the definition (3). The CDF/DØ (naive) av-
erage is from Ref. [29]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

ing in eq. (3).] The first definition, eq. (2), uses exact re-
sults in both numerator and denominator of eq. (1), while
the second, eq. (3), is the expansion of the ratio eq. (2) in
powers of αS . (Such an expansion is not, strictly speak-
ing, fully consistent since the αS expansion is performed
after convolution with pdf’s. Nevertheless, following the
existing literature, we consider it as an indication of the
sensitivity of AFB to missing higher order terms.)

In the present letter, we present differential asymme-
tries with the unexpanded definition (2) and without EW
corrections (see figs. 2,3,4). The inclusive asymmetry,
see fig. 1, is computed with both definitions (2) and (3)
including EW corrections. (EW corrections to Di are
neglected since EW effects to the total cross-section are
very small O(1%), see Refs. [57–61].) The numerator
factor NEW is taken from Table 2 in Ref. [28]. (We have
checked that the different pdf and mt used in Ref. [28]
have negligible impact on the QCD numerator N3 and
so we expect the same to hold for NEW.) Only for the
inclusive asymmetry we determine the scale variation by
keeping µR = µF (since the scale dependence of NEW is
published [28] only for µR = µF ). (We have checked that
for the pure QCD corrections to the total asymmetry the
difference with respect to scale uncertainty derived with
µR ̸= µF variation is negligible.) We also note that the
scale variation of AFB is derived from the consistent scale
variation of the ratio, i.e. both numerator and denom-
inator in eqs. (2) and (3) are computed for each scale
value.
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FIG. 2: The |∆y| differential asymmetry in pure QCD at
NLO (blue) and NNLO (orange) versus CDF [6] and DØ [15,
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FIG. 3: As in fig. 2 but for the Mtt̄ differential asymmetry.
The highest bin contains overflow events and the lowest bin
includes all events down to the production threshold 2mt.

DISCUSSION AND CONCLUSIONS

In fig. 1 we observe that the central values of the ex-
panded (3) and unexpanded (2) definitions of inclusive
AFB differ significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition

3

√
s

TeV σLO σNLO σNNLO σgg→H→WW∗

7 29.52+1.6%
−2.5% 45.16+3.7%

−2.9% 49.04+2.1%
−1.8% 3.25+7.1%

−7.8%

8 35.50+2.4%
−3.5% 54.77+3.7%

−2.9% 59.84+2.2%
−1.9% 4.14+7.2%

−7.8%

13 67.16+5.5%
−6.7% 106.0+4.1%

−3.2% 118.7+2.5%
−2.2% 9.44+7.4%

−7.9%

14 73.74+5.9%
−7.2% 116.7+4.1%

−3.3% 131.3+2.6%
−2.2% 10.64+7.5%

−8.0%

TABLE I. LO, NLO and NNLO cross sections (in picobarn)
for on-shell W+W− production in the 4FNS and reference
results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-

Czakon, Fiedler, Mitov Gehrmann, Grazzini, Kallweit, 
Maierhöfer, von Manteuffel, 
Pozzorini, Ravlev, Tancredi

No BSM discovered yet… but plenty of BNLO
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top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

m
top

corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.
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Theoretical Uncertainties
• Scale uncertainty one of the main obstacles, 

especially in jet veto and exclusive searches 

• NNLO contains all features of calculation 

• initial-state radiation 

• non-trivial jet algorithm 

• all partonic channels 

• non-trivial physical scales
Anastasiou, Dixon, Melnikov, Petriello ’04 
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Figure 10: The strong coupling aS(Q) (full line) and its total uncertainty (band) as determined
in this analysis using a two-loop solution to the RGE as a function of the momentum transfer
Q = pT. The extractions of aS(Q) in six separate ranges of Q as presented in Table 5 are shown
together with results from the H1 [58, 59], ZEUS [60], and D0 [52, 53] experiments at the HERA
and Tevatron colliders. Other recent CMS measurements [55, 56] are displayed as well.

5 Study of PDF constraints with HERAFITTER

The PDFs of the proton are an essential ingredient for precision studies in hadron-induced
reactions. They are derived from experimental data involving collider and fixed-target exper-
iments. The DIS data from the HERA-I ep collider cover most of the kinematic phase space
needed for a reliable PDF extraction. The pp inclusive jet cross section contains additional in-
formation that can constrain the PDFs, in particular the gluon, in the region of high fractions x
of the proton momentum.

The HERAFITTER project [19, 61, 62] is an open-source framework designed among other
things to fit PDFs to data. It has a modular structure, encompassing a variety of theoretical
predictions for different processes and phenomenological approaches for determining the pa-
rameters of the PDFs. In this study, HERAFITTER is employed to estimate the impact of the
CMS inclusive jet data on the PDFs and their uncertainties by using fixed-order perturbation
theory and NP corrections.

5.1 Correlation between inclusive jet production and the PDFs

The potential impact of the CMS inclusive jet data can be illustrated by the correlation between
the inclusive jet cross section sjet(Q) and the PDF x f (x, Q2) for any parton flavour f . The
NNPDF Collaboration [63] provides PDF sets in the form of an ensemble of replicas i, which
sample variations in the PDF parameter space within allowed uncertainties. The correlation
coefficient $ f (x, Q) between a cross section and the PDF for flavour f at a point (x, Q) can be
computed by evaluating means and standard deviations from an ensemble of N replicas as

$ f (x, Q) =
N

(N � 1)
hsjet(Q)i · x f (x, Q2)ii � hsjet(Q)ii · hx f (x, Q2)ii

Dsjet(Q)Dx f (x,Q2)
. (12)

Here, the angular brackets denote the averaging over the replica index i, and D represents the
evaluation of the corresponding standard deviation for either the jet cross section, Dsjet(Q), or

Can use the single inclusive jet cross section to determine [CMS-PAS-SMP-12-028]: 
]:	

•               and running coupling from single experiment 
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• very satisfying test of QCD and the LHC 

• model independent probe of new physics

Strong Coupling
↵s(MZ)
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New Physics
• Bump hunting often uses 

data driven methods 

• extrapolation to region with 
little data 

• can fit rate and compare with 
precise SM prediction  

• fit works well… bump 
survives until at least ICHEP
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Figure 11. The rate-normalized shapes of the m�� distribution from the ATLAS collaboration
and the MCFM NNLO prediction for µ = m�� . The lower panel indicates the ratio of the data to
the NNLO prediction.

spectrum. Of course a combination of these two explanations is also possible. Finally, and
most excitingly, a comparison to the fitting function presented in ref. [16] illustrates that
there is no significant hardening from the prediction of the SM compared to the form of the
fitting function used in the ATLAS experiment. This can clearly be seen upon comparison
with Figure 1 in ref. [16]. For instance, both the ATLAS fit and our NNLO prediction
pass directly through the data in the 1090 GeV bin, and just under the central value in
the 690 GeV bin. Therefore we can conclude that the interpretation of an excess of events
around 750 GeV appears to be supported by a first-principle calculation within the SM. It
is not diluted by a hardening of the SM spectrum relative to the fitting function used in
the analysis. If the excess is confirmed, NNLO predictions for the shape of the irreducible
background will be able to significantly enhance analyses designed to discriminate between
different model hypotheses, by providing predictions for the properties of background events
that cannot be captured by a simple spectrum fit.
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Methods at NLO
Main problem at NLO is extracting singularities…
many ways to do this: 

• Dipole subtraction [Catani, Seymour ’96] 

• FKS subtraction [Frixione, Kunszt, Signer ’95] 

• Sector decomposition [Hepp ’67; Binoth, Heinrich ‘00] 

• Phase space slicing [Giele, Glover ’91]



Methods at NNLO
Main problem at NNLO is disentangling singularities 

Most methods basically a generalization of NLO: 

• Antenna subtraction [Kosower ’03; Gehrmann, Gehrmann-De Ridder, Glover ’05]  

• CoLorFul subtraction [Del Duca, Somogyi, Trocsanyi ’06]   (dipoles) 

• Sector-improved residue subtraction [Czakon ’10]  (FKS+sectors) 

• qT and N-Jettiness subtraction [Catani, Grazzini ‘07; Gaunt, Stahlhofen, 
Tackmann, Walsh ’15; Boughezal, Focke, Liu, Petriello ‘15]  (slicing) 

(not an exhaustive list)



Subtraction at NLO
No overlapping singularities so very simple structure 
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Subtraction at NNLO
At NNLO more terms to regulate 

!

!

!

!

But real problem is dealing with intricate overlapping 
singularities

d�ab,NNLO =

Z

�m+2

h
d�RR

ab,NNLO � d�S
ab,NNLO

i

+

Z

�m+1

h
d�RV

ab,NNLO � d�T
ab,NNLO

i

+

Z

�m

h
d�V V

ab,NNLO � d�U
ab,NNLO

i
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n M1

n + J (1)
n M1

n d�̂U,B ⇠ 1
2J

(1)
n ⌦ J (1)

n M0
n d�̂U,C ⇠ J (2)

n M0
n

d�̂T,b1 ⇠ X0
3M

1
n + X0

3J
(1)
n M0

n

d�̂T,b3 ⇠ ��0

✏ X
0
3M

0
n + �0

✏ X
0
3

⇣
|s|
µ2

⌘�✏
M0

n d�̂T,c ⇠ �
Z

1
d�̂S,c + d�̂T,c1 + d�̂T,c2

d�̂T,a ⇠ J (1)
n+1M

0
n+1 d�̂T,b2 ⇠ X1

3M
0
n + J (1)

X X0
3M

0
n � MXX0

3J
(1)
2 M0

n

d�̂S,a d�̂S,b2d�̂S,c d�̂S,b1d�̂S,d

d�̂U :

d�̂T :

d�̂S :



Antenna Subtraction
Basic idea: 

!

!

!

!

construct a counterterm that mimics the matrix element 
in all singular regions of phase space



Antenna functions built from matrix elements: 

!

Quark-antiquark: 

!

Quark-gluon: 

!

Gluon-gluon: 

Uses and Techniques for NNLO Calculations

Antenna Subtraction

What is an antenna?

Constructed from physical matrix elements

X0
3 (i, j, k) ⇠ |M0

3(i, j, k)|2
|M0

2(I, K)|2 , X0
4 (i, j, k, l) ⇠ |M0

4(i, j, k, l)|2
|M0

2(I, L)|2
Three main types:

I Quark-antiquark. Derived from the process �⇤ ! qq̄ + · · ·

I Quark-gluon. Derived from the process �̃0 ! g̃g + · · ·

I Gluon-gluon. Derived from the process H ! gg + · · ·
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Antennae

X0
3 (i, j, k) ⇠

|M0
3(i, j, k)|2

|M0
2(I,K)|2 , X0

4 (i, j, k, l) ⇠
|M0

4(i, j, k, l)|2

|M0
2(I, L)|2
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Antenna Subtraction

What is an antenna?

Constructed from physical matrix elements

X0
3 (i, j, k) ⇠ |M0

3(i, j, k)|2
|M0

2(I, K)|2 , X0
4 (i, j, k, l) ⇠ |M0

4(i, j, k, l)|2
|M0

2(I, L)|2
Three main types:

I Quark-antiquark. Derived from the process �⇤ ! qq̄ + · · ·

I Quark-gluon. Derived from the process �̃0 ! g̃g + · · ·

I Gluon-gluon. Derived from the process H ! gg + · · ·

�⇤ ! qq̄ + · · ·

�̄0 ! g̃g + · · ·

H ! gg + · · ·



Antenna mimics all singularities of QCD 

!

!

!

Phase space map smoothly interpolates momenta for 
reduced matrix element between limits 

!

A0
4(1q, 2g, 3g, 4q̄)

P 0
qgg

S0
1234

S0
1;234

1||2||3 3||4 + 2~02,3~0

(g123) = xp1 + r1p2 + r2p3 + zp4

(g234) = (1� x)p1 + (1� r1)p2 + (1� r2)p3 + (1� z)p4



Integrating the Antennae
• Relate phase space integrals to multiloop integrals via optical theorem 

• apply well developed techniques IBP, LI to masters 

!

!

!

!

• all antennae in all crossings now successfully integrated: 

• Final-Final [Gehrman, Gehrmann-De Ridder, Glover ’04, ’05] 

• Initial-Final [Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni ’10] 

• Initial-Initial [Gehrmann, Monni ’11; Boughezal, Gehrmann-De Ridder, Ritzmann ’11; Gehrmann, 
Ritzmann ’12]

NNLO Antenna Subtraction with One Hadronic Initial State Gionata Luisoni

I[0] I[2] I[2, 6]

I[1, 2, 5] I[2, 3, 5] I[2, 4, 9]

I[1, 3, 4, 6] I[2, 3, 5, 6] I[1, 2, 4, 5]

V[1, 3] V[1, 4] V[2, 4]

V[1, 3, 4] V[1, 2, 3, 4, 5] C[1, 2, 3, 4]

Figure 1: Master integrals for the phase space integration of the double real tree level initial-final antennae
at NNLO (left), and for the loop plus phase space integration of the one loop initial-final antennae at NNLO
(right). The double line in the external states represents the off-shell momentum, qwith q2=−Q2, the single
one is the incoming parton. All internal lines are massless. The cut propagators are the ones intersected by
the dotted line.

colour piece of the two-loop gluon initiated structure function can be written as the following linear
combination of antennae:

T
(2)
φ ,g

∣

∣

∣

N2
= F

0
g,ggg+4F 1,R

g,gg+4δ (1− z)
(

2F (2)
g +F(1)2

g

)
∣

∣

∣

N2
, (4.1)

where F 0
g,ggg is the integrated tree level gluon-gluon double real radiation antenna, F

1,R
g,gg the in-

tegrated one-loop gluon-gluon antenna and F(1)
g and F (2)

g are respectively the one- and two-loop
coefficients of the gluon form factor given in [21]. An explicit expression for the two-loop quark-
and gluon-initiated structure functions can be found in [14,20]. The explicit linear combinations of
antennae reproducing the different color contributions of the coefficient functions are given in [14].

The quark-gluon antennae, derived from neutralino decay, cannot be associated to any physical
process and only the deepest pole structure could be checked against a combination of Altarelli-
Parisi splitting functions.

5. Conclusions

In this talk, we presented the extension of the NNLO antenna subtraction formalism [11] to
include initial-final antenna configurations, where one of the hard radiator partons is in the ini-
tial state. Furthermore a highly non-trivial check of our results was performed by rederiving the
two-loop coefficient functions for deep inelastic scattering. The subtraction terms presented here
allow the construction of a parton-level event generator program for the calculation of NNLO cor-
rections to jet production observables in deeply inelastic electron-proton scattering. Moreover, the
initial-final antenna functions derived here are an important ingredient to the calculation of NNLO
corrections to jet observables at hadron colliders, which will be possible once the computation of
the initial-initial antenna configurations will be accomplished [23].

5



Double Real
Subtraction term constructed to remove: 

• single unresolved 

!

• colour connected double unresolved 

!

!

• over-subtraction in single and double unresolved limits 

!

1

n+3

i
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b

1

n+2

i

a

b

j

1

n+2
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a

b

j

1

n+2
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a
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1

n+2

i

a

b

d

c

j
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Real Virtual
1. Analytic pole cancellation against 1-loop matrix 

element 

!

2. Only single unresolved limits 

!

!

Single unresolved of (1) and poles of (2) also subtracted

1

n+2

a

b

i

1

n+2

a

b

i

2RehM0
n+3|M1

n+3i+ J (1)
n+3(1, · · · , n+ 3; ✏)hM0

n+3|M0
n+3i = O(✏0)
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Double Virtual
Analytic pole cancellation against 2-loop and (1-loop)2 matrix element 

!

!

!

!

!

!



Disentangling initial-final 
collinear limits

Additional complication with hadronic initial states 

• phase space map smoothly interpolates between all limits 

• smooth mapping between limits broken by reduced matrix element 
crossings 

!

!

!

!

Can always be disentangled with the appropriate combination of antennae

[Qij]

[2]
j

2

Q

i

[1]

[k ]

[Qij]

[2]

j

2

Q

i

[1]

[k ]

D0
4(Q, i, j, 2)M0

4 (1, k, 2̄, (gijQ)) D0
4(Q, i, j, 2)M0

4 (1, k, (gijQ), 2̄)



Better Antennae?
Computation time is limited mainly by the subtraction term 

• many calls to libraries and PS maps due to many terms 

• many (most) terms in the subtraction are to cancel spurious limits 

Worth investigating if it is possible to define antennae with more focussed properties 

• cf. quark-antiquark antenna (no spurious limits) 

!

!

• with gluon-gluon antenna (unresolved “hard” radiators) 

!



Colour Space
Antennae are colour stripped objects: 

• contain all singularities 

• analytic integration is the hard part 

Overall singularity structure best organised in colour space: 

• can dress colour stripped functions with charges 

• algorithmic approach —> automation along the lines of Catani-
Seymour 

!
X0

3 (i, j, k)hM0
n|M0

ni ! X0
3 (i, j, k)hM0

n|T (eij) · T (fjk)|M
0
ni



Recent Applications
• pp->2J (gluons only) [Gehrmann, Gehrmann-De Ridder, Glover, 

Pires ‘12] 

• pp->H+J [Chen, Gehrmann, Glover, Jaquier ’14, ‘16] 

• pp->Z+J [Gehrmann-De Ridder, Gehrmann, Glover, Huss, Morgan 
’15; ‘16] 

• ep->(2+1)J [Currie, Gehrmann, Niehus 1605.XXXX] 

• pp->2J (all channels) [Currie, Glover, Pires 160Z.XXXX]



H+J
Phenomenologically interesting: 

• dominated by scale uncertainty 

•  necessary for accurate differential properties of Higgs 

3 independent calculations exist: 

• Antennae [Chen, Gehrmann, Glover, Jaquier ’14, ‘16] 

• Sectors [Boughezal, Caola, Melnikov, Petriello, Schulze ’13; Caola, Melnikov, Shultz ’15] 

• N-Jettiness [Boughezal, Focke, Giele, Liu, Petriello ’15] 

Provides testbed for comparison between main methods for the first time!

�NNLO
antenna = 9.44+0.59

�0.85 fb

�NNLO
sectors = 9.45+0.58

�0.82 fb
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Rapidity
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Exclusive
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Data
• H+J NNLO prediction still undershoots data (Atlas) 

• errors are reasonably large 

• finite mass effects probably small ~2-3% @NLO [Harlander, Neumann, Ozeren, 
Wiesemann ‘12] 

!

!

!

!

Higgs plus Jet: ATLAS

ATLAS setup arXiv:1407.4222

✓ LHC @ 8 TeV
✓ anti-kT algorithm, R = 0.4, pJT > 30 GeV, |ηJ | < 4.4

✓ pγ1

T > 43.75 GeV, pγ2

T > 31.25 GeV, |ηγ | < 2.37

✓ isolation criterion ∆R(J, γ) > 0.4 in [η,φ]

✚ NNPDF2.3, αs(MZ) = 0.118 and fixed scale choice

µR = µF = mH ×
[

1

2
, 1, 2

]

pT of leading jet Rapidity of leading jet
– p. 20



Z+J
Phenomenologically interesting signal: 

• clean leptonic signature 

• good handle on Jet Energy Scale 

• inclusive Z pT large discrepancy with data 

Theoretically interesting calculation: 

• significant NLO K-factors and scale uncertainty 

• completely independent implementation using N-Jettiness [Boughezal, Campbell, 
Ellis, Focke, Giele, Liu, Petriello.’15; Boughezal, Liu, Petriello.’16]  

• another opportunity to compare methods and give reliable results for 
comparison with data

Radcor-Loopfest 
June 15, 2015 

Matthias Weber 
UCLA 

 (GeV)
T

p
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 [%
]

0
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5

6  (8 TeV)-119.7 fb

CMS
Preliminary

Total uncertainty
Excl. flavor, time
Absolute scale
Relative scale

=20)〉µ〈Pileup (
Jet flavor (QCD)
Time stability

R=0.5 PF+CHS
|=0

jet
η|

 (8 TeV)-119.7 fb

CMS
Preliminary

Signatures with Jets: Motivation 

•  Good understanding of jets crucial for many experimental signatures 
•  Test perturbative QCD calculations and MC predictions over several orders of 

magnitude 
•  Study parton distribution functions  
•  High precision measurements 

–  Very small background rates 
–  Small experimental uncertainty  
    crucial (Jet energy scale)  

 
Study extreme kinematic selections  
interesting for new physics with high  
precision 

–  Final state with jets (and leptons) major background for Higgs, SUSY, Exotica 
 

 

 

 

 
 
 

8 

CMS-DP-2015/044



Setup-Z+≥1JExample: Inclusive pT spectrum of Z

pp → Z/γ∗ → ℓ+ℓ− +X

✚ large cross section
✚ clean leptonic signature

✚ fully inclusive wrt QCD radiation
✚ only reconstruct ℓ+, ℓ− so clean and
precise measurement
✚ potential to constrain gluon PDFs

NNLO QCD Z+Jet Gehrmann-De Ridder, Gehrmann, NG, Huss, Morgan (15)
Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello (15)

Boughezal, Liu, Petriello (16)
– p. 11

8 TeV

NNPDF2.3

pZT � 20GeV

pT>30 GeV 
R=0.5 
y<3

µR = µF =
q
m2

`` + p2T,Z ⇥

1

2
, 1, 2

�

80 GeV < m`` < 100 GeV

|y`| < 5



Total cross section

• All channels included from NLO onwards 

• NNLO stabilizes perturbative series 

• scale uncertainty significantly reduced

�LO = 103.6+7.7
�7.5 pb

�NLO = 144.4+9.0
�7.2 pb

�NNLO = 145.8+0.0
�1.2 pb

+40%
+1%
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Rapidity

Z Jet
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NNLO dramatically improves Z+J prediction: 

• total cross section central value stabilized 

• NNLO/NLO K-factors mostly flat 

• scale uncertainty significantly reduced 

• NNLO/NLO K-factors ≲5% for distributions



Setup-inclusive ZExample: Inclusive pT spectrum of Z

pp → Z/γ∗ → ℓ+ℓ− +X

✚ large cross section
✚ clean leptonic signature

✚ fully inclusive wrt QCD radiation
✚ only reconstruct ℓ+, ℓ− so clean and
precise measurement
✚ potential to constrain gluon PDFs

NNLO QCD Z+Jet Gehrmann-De Ridder, Gehrmann, NG, Huss, Morgan (15)
Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello (15)

Boughezal, Liu, Petriello (16)
– p. 11

8 TeV

NNPDF3.0

pZT � 20GeV

p`1T � 20 GeV

p`2T � 10 GeV

12 GeV < m`` < 150 GeV

|y`
±
| < 2.4

Fully inclusive in 
QCD radiation

µR = µF =
q
m2

`` + p2T,Z ⇥

1

2
, 1, 2

�



• large NLO 
corrections 
40-60% 

• moderate NNLO 
corrections 
5-10% 

• significantly 
improved scale 
uncertainty 

• essentially flat K-
factor

Example: Inclusive pT spectrum of Z

✓ NLO corrections ∼ 40− 60%

✓ significant reduction of scale
uncertainties NLO→ NNLO

✓ NNLO corrections relatively flat
∼ 4− 8%

Can the NNLO corrections resolve the discrepancy in theory v data?

– p. 13



Setup-inclusive Z-ATLAS 
cuts

Example: Inclusive pT spectrum of Z

pp → Z/γ∗ → ℓ+ℓ− +X

✚ large cross section
✚ clean leptonic signature

✚ fully inclusive wrt QCD radiation
✚ only reconstruct ℓ+, ℓ− so clean and
precise measurement
✚ potential to constrain gluon PDFs

NNLO QCD Z+Jet Gehrmann-De Ridder, Gehrmann, NG, Huss, Morgan (15)
Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello (15)

Boughezal, Liu, Petriello (16)
– p. 11

8 TeV

NNPDF3.0

pZT � 20GeV

|y`
±
| < 2.4

Fully inclusive in 
QCD radiation

p`
±

T � 20 GeV

66 GeV < m`1`2 < 116 GeV

binned in yZ

binned in mll

µR = µF =
q
m2

`` + p2T,Z ⇥

1

2
, 1, 2

�



             binned in yZd�/dpZT
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Ratio to NLO
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             binned in mlld�/dpZT
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Setup-inclusive Z-CMS 
cuts

Example: Inclusive pT spectrum of Z

pp → Z/γ∗ → ℓ+ℓ− +X

✚ large cross section
✚ clean leptonic signature

✚ fully inclusive wrt QCD radiation
✚ only reconstruct ℓ+, ℓ− so clean and
precise measurement
✚ potential to constrain gluon PDFs

NNLO QCD Z+Jet Gehrmann-De Ridder, Gehrmann, NG, Huss, Morgan (15)
Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello (15)

Boughezal, Liu, Petriello (16)
– p. 11

8 TeV

NNPDF3.0

pZT � 20GeV

Fully inclusive in 
QCD radiation

binned in yZ

µR = µF =
q
m2

`` + p2T,Z ⇥

1

2
, 1, 2

�

p`1T � 25 GeV, |y`1 | < 2.1

p`2T � 10 GeV, |y`2 | < 2.4

81 GeV < m`` < 101 GeV



             binned in yZd�/dpZT
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Ratio to NLO
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• moderate NNLO corrections (in the right direction!) 

• reduces tension with data 

• scale variation significantly reduced 

• clarifies the theoretical challenge for resolving with 
data



DIS (2+1)J
DIS is not just a way of approximating VBF Higgs! 

• wealth of data used extensively for quark PDFs 

• (2+1)J directly sensitive to gluon 

• would like to include NNLO consistently into PDF fits 

!

!

!



Setup
Cuts and parameters as set out in [1406.4709]: 

• HERA lab frame 

• Breit frame 

!

Dijet and Trijet observables: 

!

�1 < ⌘j < 2.5

5 GeV < pT < 50 GeV

hpT i2 =
1

2

�
pj1T + pj2T

�

hpT i3 =
1

2

�
pj1T + pj2T + pj3T

�
⇠3 = x

✓
1 +

m

2
123

Q

2

◆

⇠2 = x

✓
1 +

m

2
12

Q

2

◆

m12 > 16 GeV



• significant reduction in scale uncertainty ≲5%, below 
experimental errors 

• suffers from Sudokov shoulder in lowest bin due to selection cuts
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Future applications
Would like to improve experimental analysis: 

• symmetric pT and m12 cut causing problems 

• would like asymmetric cuts on leading and subleading jets 

Program ready to be applied to other setups: 

• intermediate and low Q2 ranges 

View to phenomenology: 

• determination of  

• refit PDFs using DIS dijet data

↵s



Dijet
• So far published gluons-only full colour [Gehrmann, Gehrmann-De 

Ridder, Glover, Pires ’12; Currie, Gehrmann-De Ridder, Glover, Pires ’13] 

• recently migrated to NNLOJET framework 

• completed for all channels (gg, qg, q̄g, qq̄, qq, qQ, qQ̄) at 
leading colour-leading NF 

• i.e N2, NNF & NF2 NNLO corrections to LO 

• currently running and checking results 

• hope to have public results imminently for phenomenology



NNLOJET
All calculations now housed within single basic framework: 

• completely standalone code at LO, NLO, NNLO 

• fully differential parton level event generator 

• many processes now included: 

• H(𝛾𝛾)+ 0,1,2 jets 

• Z(l+l-)+ 0,1 jet 

• DIS dijet 

• LHC+Tevatron dijet 

• development and validation of the code ongoing, adding new process



Future Projects
• further refinement of the method to improve efficiency 

• H+J new decay channels 

• Dijet phenomenology, PDF fits 

• H+2j in HEFT @ NNLO 

• same subtraction terms as dijet, need amps 

• pp->3J  

• no new ingredients needed for subtraction, need amps 

• R3/2 at NNLO hadron collider a real possibility



Summary
Antenna subtraction has moved on from a proof of principle to full 
blown phenomenology: 

• implemented in standalone parton-level event generator 
NNLOJET 

• powerful, general and analytic method for producing NNLO 
accurate distributions 

• many processes of interest now complete or nearing completion 

• method can cope with exciting new processes without extension 

• comparison of NNLO fixed order with data now a reality at LHC


