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I. Introduction to bismuth



J.-P. Issi (1979)

(Ger. Weisse Masse, white mass; later 
Wisuth and Bisemutum) In early times 
bismuth was confused with tin and lead. 
Claude Geoffroy the Younger showed it to 
be distinct from lead in 1753. 

Largest

• Diamagnetism

• Magnetoresistance

• Thermoelectric figure of merit

among elements at room temperature

An old bulk semi-metal



Exceptional role in the history of condensed-
matter physics

• Seebeck effect (1821)

• Nernst effect (1886)

• Giant magnetoresistance [Kapitza] (1928)

• Shubnikov - de Haas effect (1930)

• de Haas - van Alphen effect (1930)

• A small Fermi surface 
[10-5 of the Brillouin zone] lF~ 10 - 70 nm

• A long mean-free-path
[le~ 2 µm at room temperature; quasi-balistic at T=0]



1964: The first irruption of Dirac Hamiltonian in condensed matter



Magnetic susceptiblity

Material Volume magnetic susceptoibility

Units SI
CGS

(emu)

WATER −9.035×10−6 −7.190×10−7

Bismuth −1.66×10−4 −1.32×10−5

Diamond −2.2×10−5 −1.7×10−6

Graphite ( perpendicular to c-
axis)

−1.4×10−5 −1.1×10−6

Graphite −8.3×10−4 −6.6×10−5

He −9.85×10−10 −7.84×10−11

Xe −2.37×10−8 −1.89×10−9

O2 3.73×10−7 2.97×10−8

N2 −5.06×10−9 −4.03×10−10

Largest [average] diamagnetism among non-superconducting solids

Source: Wikipedia



The large diamagnetism can be traced to interband effects

E1(k)

E2(k)
Beyond the Landau-Peierls
formula for diamgnetism

H. Fukuyama and R. Kubo, J. Phys. Soc. Japan 28, 570 (1970)



Largest magnetoresistance among solids

•A millionfold increase by 10 T

•Mobility as large as 108 Vcm-1s-1

Fauqué et al. 2009



The crystal structure

Central atom

First neighbor

Second neighbor

binary

Bisectrixtrigonal

Hoffman, 2006

Liu & Allen 1995

“Evidently, no two- or three-body force law 

would make such a configuration stable.” 
Rudolf Peierls, More surprises in theoretical 

physics



In agreement with
experimentally-observed cubic
structure under pressure 



Sharing 5 electrons lead to complications!

Littlewood, 1980



• A complex spectrum near the quantum limit

•The g-factor and the Zeman-to-cyclotron-energy ratio

II. Angle-resolved Landau spectrum



The Fermi surface

Electron
Non-Parabolic
Mass anisotropy 200
EF= 27 meV

Hole
Parabolic
Mass anisotropy 10
EF= 15 meV

Theses pockets occupy 10-

5 of the Brillouin zone!

Liu & Allen, PRB 1995



Fuseya 2015



T= 320 mK

Giant quantum oscillations of the Nernst response

B// trigonal



Angle-resolved Nernst signal for a rotating magnetic field

Trigonal

Binary

T=1.5K,12T- 28T
0.49K, 12T

Zhu et al.  PNAS (2012)



Landau spectrum (experiment and theory)

Symbols: experimental data

Red: hole

Green: electron

Lines: theory

Zhu et al.  PNAS (2012)



Twinning in bismuth



Single-particle theory explains additional peaks

Red lines and open circles: theory and 
experiment for holes

Blue lines and open squares: 
experimental additional peaks and 
theory for a tilted crystal



Electrons and holes in bismuth

P
a
ra

m
e
te

rs

Light and anisotropic
electrons

Heavier and less
anisotropic holes

Large g-factors



Zeeman and cyclotron energies

• In the case of electrons, Dirac-like spectrum with a small and anisotropic
correction.

• The gfactor is large because electrons are light.



Zeeman and cyclotron energies

𝑀 =
Δ𝐸𝑍
ℏ𝜔𝑐

Holes in bismuth stand out!



Zeeman and cyclotron energies

The ratio of Zeeman to cyclotron 
energy for holes:

i) is larger than 2 when the field is
parallel to the trigonal axis

ii) becomes vanishingly small for 
the perpendicular orientation?

𝑀 =
Δ𝐸𝑍
ℏ𝜔𝑐



Zeeman and cyclotron energies

For electrons the two-band model is

good enough!

For holes one needs to consider at least 

three bands! 𝑀 > 2

𝑀~1

Y. Fuseya, ArXiv :1507.05996



Multiband k.p theory

• Provides an explanation for the 

magnitude and anisotropy of 

M for holes at T-point.

• Explains its evoluion with

pressure and Sb doping.

• Relevant to other cases of 

strong SOC like Bi2Se3, 

PbTe,…

Y. Fuseya, ArXiv :1507.05996



• SEMI-CLASSIC HIGH-FIELD TRANSPORT

•SPONTANEOUS LOSS OF THREEFOLD SYMMETRY

•VALLEY NEMATICITY?

III. The valley degree of freedom



Anisotropic Dirac valleys in bismuth

B// binary B// bisectrix B// trigonal

m (e) 0.0012 0.26 0.0058

The anisotropy of the electron mass exceeds 200 !

Wave-vector anisotropy: 
14

Liu & Allen 1995



Angle-dependent Magnetoresistance

Mobility is largest when B // bisectrix
Therefore orbital magnetoresistance is
largest!



Room-temperature oscillations

UNIQUE TO BISMUTH!

No other  solid known to combine 

anisotropy and lightness:

• Mobility (10000 @300 K)

• Anisotropy (mbin/mbis > 200

• Lightness (m~10-3 me)



Boltzmann  

equation:

Aubrey (1971)

Semi-classic transport theory

Abeles and Meiboom (1956)
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s,  and B are tensors!

When B 0
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If  were a scalar, this would yield the familiar:



Multi-valley bismuth

Mobility tensor for the three electron pockets:

Mobility tensor for the hole-like pocket:
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Theoretical fits and experimental data



Components of the mobility tensor of the 

Dirac electrons in bismuth

•Extremely anisotropic and exceptionally large (1> 108 cm2V-1s-1)

•T-2 behavior

•e-e scattering



Field dependence of normalized conductivity at fixed temperatures (1/2)
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Field dependence of normalized conductivity at fixed temperatures (2/2)
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Two-axis rotation



In all samples, the threefold symmetry of the crystal 
is spontaneously lost in low T and high B !

• Internal strain ?
• Difference in mean-free-path along the three equivalent axes ?
• Coulomb interaction?

Possible origins:



Magnetostriction in bismuth

DF = Felastic + DN (We + Wh)



We

Wh

We ∝ e Wh ∝ e

Felastic ∝ e2

There is a finite eoptimal to minimize DF!

Robert Küchler, Dresden
www.dialtometer.info

DF ∝ a e2 - b e



Quantum osillations for B//trigonal

Magnetostriction
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Kuchler et al. , Nature Mat. 2014

Zhu et al. PRB 2012



Magnetostriction is caused by field-induced change in carrier 

concentration!
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Degenerate Landau levels are voracious!

In a compensated system n can change without violating

charge neutrality!

bismuth

N(e) = n/EF ∝ B 

e33 = c DN



Angle-resolved Landau spectrum

according to magnetostriction

It is symmetric !
Kuchler et al. , Nature Mat. 2014



But density of states is valley-dependent

Kuchler et al. , Nature Mat. 2014

Compare peaks at negative
and positive  tilt angles!



Valley-dependent density of states

Kuchler et al. , Nature Mat. 2014

Different heights,  
but same positions!



In all samples, the threefold symmetry of the crystal 
is spontaneously lost in low T and high B !

• Internal strain ?
• Difference in mean-free-path along the three equivalent axes ?
• Coulomb interaction?

Possible origins:

But, is there a phase transition? 



Back to resistivity!
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A. Collaudin et al. PRX (2015)



Back to resistivity!

B=0.1 T
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•But lost at 2 K 

A. Collaudin et al. PRX(2015)



Back to resistivity!

B=0.1 T

Threefold symmetry is :

•Present at 15 K 
•But lost at 2 K 
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Evolution with magnetic field
B=0.2 T
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A phase transition
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The phase diagram
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• Inequality in valley occupancy saves exchange energy!

• The effect is enhanced as the valleys become more eccentric!

Eccentricity



Challenge to theory
How does the magnetic field induce a gap between valleys’ 
Landau levels near the Fermi energy? 



Without interaction : The three valleys are degenerate



Challenge to theory
How does the magnetic field induce a gap between valleys’ 
Landau levels near the Fermi energy? 



Interaction lifts degeneracy, but only near the chemical potential!



Lilly et al., Phys. Rev. Lett. 82, 394 (1999)

Nematic Fermi liquids

Quantum Hall 2DEG

Borzi et al., Science 315, 214 (2007)

Bulk layered Sr3Ru2O7

Okazaki et al.,   Science 331, 439 (2011)

Hidden order of URu2Si2



Nematic Fermi Fluids in Condensed Matter

Physics
Annual Review of Condensed Matter Physics

Eduardo Fradkin, Steven A. Kivelson, Michael J. Lawler

James P. Eisenstein, Andrew P. Mackenzie

“Classical nematics generally occur in liquids of rod-like 

molecules; given that electrons are point like, … 

motivation for contemplating electron nematics came 

from thinking of the electron fluid as a quantum melted 

electron crystal…”



View from real space

Central atom
First neighbor

Second neighbor

Interatomic distance~0.3 nm

binary

Bisectrix

trigonal

Three 

anisotropic

flavors

Interelectron distance~10-100 nm

Rod-like electrons!



List of questions 

• What makes such a low-symmety crystal structure stable?

The crystal floats over the liquid!

• Why magnetoresistance does not follow B-square?

• What causes the loss of rotational symmetry (or nematicity) 

induced by magnetic field?

• Can the melting temperature shift with magnetic field given

the magnitude of Zeeman and cyclotron energies?


