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Outline

• Introduction
 Surface States of 3D topological insulator and superconductors
 Coupled wire construction

• Symmetric 4-fermion gapping terms
 so(N)1 current algebra and fractionalization
 Gapping terms for N even
 Gapping term for N odd: special case N=9

• Topological order
 The abelian Dn-series, Ising-like Bn-series, and SO(3)3 -like states
 32-fold extension of the 16-fold SO(N)1 -series
 Comment on E8 extension of so(16)1 and connection to Z16 classification



Gapless surface states
• 3D Topological insulator (Z2 classified)

Moore, Balent , 07
Fu, Mele, Kane, 07
Roy, 09



Gapless surface states
• 3D Topological superconductor (Z classified)

Schnyder, et.al., 08;
Kitaev, 08; 
Qi et.al., 09



• Symmetric surface with topological order

Gapped Top. Insul. Surfaces

Wang, Potter, Senthil, 14;
Metlitski, Kane, Fisher, 13; 
Chen, Fidkowski, Vishwanath, 14;
Bonderson, Nayak, Qi, 14

• TR-breaking surface • Charge breaking 
surface



Gapped Top. SC Surfaces
• TR-breaking surface

• Trivial symmetric N = 16 surface

• Top. symmetric N < 16 surface

Z8 classification in 1D

Fidkowski, Kitaev, 10, 11;
Turner, Pollmann, Berg, 11;
Chen, Gu, Wen, 11
Z16 classification in 3D

Metlitski, Fidkowski, Chen, 
Vishwanath, 14;
Wang, Senthil, 14;
Kapustin, Thorngren, Turzillo, 
Wang, 14

Fidkowski, Chen, Vishwanath, 13



What interaction?



Coupled wire model of top. insul. 
surface states

D. F. Mross, A. Essin, and J. Alicea, Phys. Rev. X 5, 011011 (2015)

charged Dirac fermion

neutral composite 
Dirac liquid



Coupled wire model of a surface 
Majorana

Translation y to y+2

y-1

y+1

y

Protected by TRS (Kramers theorem)

Antiferrormagnetic
time reversal

Stack of p±ip or 
Kitaev honeycomb B phase



Coupled wire model of N Majorana’s

• “Non-symmorphic” chiral symmetry

• New classification: Z2



Trivial gapping term for N = 2

Ch = 1



so(N)1 WZW CFT (Review)
• SO(N) symmetry and Current operators

• Current algebra and energy momentum

so(N) at level 1



so(N)1 WZW CFT (Review)
• Primary field content



General gapping scheme

• Fractionalization (conformal embedding)

• Gapping 4-fermion interaction
2-fermion 
backscattering



Gapping even Majorana’s
N = 2r

• Symmetric under antiferrormagnetic time reversal

• Marginally relevant



Gapping even Majorana’s
N = 2r = 4n



Gapping even Majorana’s
N = 2r = 4n + 2



Gapping even Majorana’s
Special case: N = 2r = 4

O(2) Gross-Neveu model is gapless

Alternative decomposition:



Gapping odd Majorana’s
Special case: N = 9 = 32

Conformal embedding (level rank duality):



Gapping odd Majorana’s
Special case: N = 9 = 32

Conformal embedding (level rank duality):

level



Gapping odd Majorana’s
Special case: N = 9 = 32

4-fermion TR-symmetric interaction:

Further decomposition:

parafermion



Gapping odd Majorana’s
N = 9 + 2r

Negative r = reverse propagating channels



Gapping by Quantum Hall stripes



Time reversal breaking interface

Interface CFT:



Bulk boundary correspondence

• Topological order
• Quasiparticles
• Fusion
• Exchange statistics
• Braiding

• Boundary CFT
• Primary fields
• Operator product 

expansion
• Scaling dimension
• Modular transformation



Topological order

N = 2r



Topological order

N = 9 + 2r



Topological order

32-fold periodicity

Special case: N = 16



Conclusion
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