Coupled wire model of symmetric
Majorana surfaces of topological
superconductors

Jeffrey Teo

A
fill N VERSITY

COLLEGE OF ARTS & SCIENCES

Sharmistha Sahoo
Zhao Zhang

To appear soon



Outline

* |ntroduction

= Surface States of 3D topological insulator and superconductors
= Coupled wire construction

e Symmetric 4-fermion gapping terms

= S0(N)1 current algebra and fractionalization
= Gapping terms for N even
= Gapping term for Nodd:  special case N=9

s0(9)1 2 so(3)3 X s0(3)3
 Topological order
* The abelian Dn-series, Ising-like Bn-series, and SO(3)3 -like states

= 32-fold extension of the 16-fold SO(N)1 -series
= Comment on E8 extension of S0(16)1 and connection to Z16 classification



Gapless surface states
e 3D Topological insulator (z2 classified)

He = ivap Pap
P = 0yo, + 00y

Massless Dirac
(complex) fermion

P = (YY)

Surface Dirac cone protected by TRS (Kramers theorem)

 Time reversal symmetry (TRS): 7' anti-unitary, T? = —1
TH )T ' = H(—k)

Moore, Balent, 07

Fu, Mele, Kane, 07
Roy, 09



Gapless surface states
e 3D Topological superconductor (z classified)

N
He=) i, dp,
a=1

P = 0yTy + 0x7y

N - component massless
Majorana (real) fermion

Buj
TO'OO/ Ogic 12
al SC ¢a — ( a’ wa)

Surface Majorana protected by TRS (Kramers theorem) and winding number

* Particle-hole symmetry (PHS): C anti-unitary, C 2=-1
CHpac(k)C™' = —Hpag(—k)

« Time reversal symmetry (TRS): 7  anti-unitary, T? = —1 ;ctf;r;ydg; et.al, 08;
itaev, 08;

THgyc (k)T_1 = HBd(}(—k) Qi et.al., 09



Gapped Top. Insul. Surfaces

e TR-breaking surface ¢ Charge breaking
surface hoe

TR-breaking 1 chiral Dirac TR preaking |

 Symmetric surface with topological order

TR-breaking 1

TR & ch Wang, Potter, Senthil, 14;
eiZie;zzgél; Metlitski, Kane, Fisher, 13;
Chen, Fidkowski, Vishwanath, 14;

Bonderson, Nayak, Qi, 14



Gapped Top. SC Surfaces

TR-breaking 1 chiral Majorana TR-breaking |

 TR-breaking surface

° TriViaI Symmetric N — 16 Surface 738 classification in 1D

Fidkowski, Kitaev, 10, 11;
Turner, Pollmann, Berg, 11;
Chen, Gu, Wen, 11

716 classification in 3D

X 8 Metlitski, Fidkowski, Chen,
Vishwanath, 14;
Wang, Senthil, 14;
Kapustin, Thorngren, Turzillo,
Wang, 14

TR-breaking 1

e Top. symmetric N < 16 surface

TR-symm top.
Fidkowski, Chen, Vishwanath, 13 ordered surface



What interaction?



Coupled wire model of top. insul.
surface states

D. F. Mross, A. Essin, and J. Alicea, Phys. Rev. X5, 011011 (2015)

Alternating
ferromagnets

3 < \\\y = N
2 > _; T
y=(1) 1(1 ) > ”J:% f
-1 < 5 Y
L > a !

3D Topological Insulator

v==+1/2
quantum
Hall strips

3D Topological Insulator

H=>Y (1) / (=it ] 0uty — t(plhy 1 + Hee,)] .

Ty = (=1)"y41-

Charge gap

charged Dirac fermion

Neutral fermions

neutral composite

_______________________ . > |\ Diracliquid

.............. D RIS | WS-

............................. T ——

.............. .(........-........-....--......

............................. )................

-------------- e ke

3D Topologi : 7.O'DO/O
opological Insulator g[ca / /n

Ferromagnet
charge mode | gapless
Majorana

T-Pfaffian

3D Topological Insulator



Coupled wire model of a surface
Majorana

Stack of pip or
Kitaev honeycomb B phase

O

HO = Z Z’l)x(—l)y'(pgaa:’(py + ivng¢y+1

y=—00

T by = (—=1)Yy11 T = (_1)F£y

Antiferrormagnetic
time reversal

Translation y to y+2

Hpac (k) = 20k, 7y + vy [— sin kyry + (1 — cosky)T,]

Protected by TRS (Kramers theorem)



Coupled wire model of N Majorana’s

Y- 1_)5— Y, = (g, by)
L (e ]
S?J(N)l HO = Z ’L’l)x(—l)y'@bgax’lvby + in¢§¢y+1
E Yy=—00

SO(N)lR 5 oy al 3

Y 4 | —— T (Z aqt) ) T =D ) apy TP =(-1"
a=1 a=1

SO(N)f D

y + 2=tk

 “Non-symmorphic” chiral symmetry

T T = —e*v CTx = T_ C [x = :CTk

M Hyp (k) = —Hpae (k)T [ 12 = ]

e New classification: 72



Trivial gapping term for N = 2

ﬁ —— 2

y— 1 P % \"\ \ ]
\ > H =Ho+ Hbe
e /x( 2 o0
- T . T
1 J v\ ) ) 1 HO — Z ZUX(_]‘)y’(py aﬁC'IPy + Z/Uy,l:by wy—l—l
10y (‘L//?é’g,/,“;j‘_l + L/)stj_}_l ) ] > hlg2, Y= —o0
L= 2

T I >

YA b Hye =iu Y gty

(1 —cosky)ozT, + (1 4+ cosky)o,T

oo u < 20 u = 20 u > 20




so(N)1 WZW CFT (Review)

 SO(N) symmetry and Current operators

;,So(lN)? L =N Yo = Ol

so(N)y < ) Y, = (P, ¢é\7)

SO(AI){:E ) i¢y¢y+l JB(Z) — 3'(,0(Z>Ttﬂ’(p(2’) — EZwa(Z)tﬁ wb(z)

y+1 > 2 2 - ab

WAL ) =i (2)Y’(2), forl<a<b< N z=¢€ 1"

e Current algebra and energy momentum

V) =
PP = T S s et
16) =yt I = T
T()T(w) = =2 4 21w | 0T(w) In e TG T?

(z—w)*  (z—w)? Z—w



so(N): WZW CFT (Review)

* Primary field content

N
TP ()Y (w) = — Z <t@’m V(@) + ... A = irreducible representation of so(N)
—~z-w
h OwV : : :
T(z)Va(w) = —/\V/\(w) + r(w) . hy = conformal (scaling) dimension
(z —w)? Z—w
N even
A 1 (0 Sy S_
irred. rep. trivial vector even spinor odd spinor
scal. dim. h) 0 1/2 N/16 N/16 S+ X 1 = 5
quant. dim. dy | 1 1 1 1
N odd
A 1 (0 o
irred. rep. trivial vector spinor oxo =141
scal. dim. hy 0 1/2 N/16
quant. dim. dy | 1 1 V2




General gapping scheme

i_:N/z > C—:N/4 gﬁ[,+
v C > ) G~
so(N){ gL+

v ——__ oL
so(N)f > ) Jy Jy—l—l gfﬁ
Y + 1 = g G-

) N
< Gyt
y+2 —_ < Gy~

e Fractionalization (conformal embedding)

[ 50(N)1 2 Gy X Gy | T, = Tgg + T4

 Gapping 4-fermion interaction

2-fermion Hi = u Z J Jy—l—l
N

backscattering

Y=—00




Gapping even Majorana’s

N=2r
c_=r .= r/2 R+ . .
yo—— o 50(2r)1 2 G3, x Gy, = so(r)] x so(r);
L 2,.
s0(2r)F < ) gL+ L /¢r ¢7>? 2"
y—(—< ) gLff g oo ey g oo ey
< 2 2r
+ 1
I R PO NEEE S S
y+1 > gl?— ' 2 a=r+1
< ) Gy
yrr——e—=<___ gl Tso(2ry, = =5 ZWWG = Lot T Lsoir;

o
b b
Hint = u Z Z ¢;+a¢;+ ¢Z+1¢y+1

y=—00 1<a<b<lr

 Symmetric under antiferrormagnetic time reversal

 Marginally relevant

T tpy = (=1)"y 11

du

= +4n(r — 2)u?
57 +4m(r — 2)u



Gapping even Majorana’s

N =2r=4n
O(r) Gross-Neveu (GN) model
U
L Han = D) (YR - ¢L)2
so(2r);
y oL Pt = 9% and b, = Y¢, for a = 1,...
— 7+
so(2r)f > )Jy ki Glit C
Y+ | ——— i " Bosomzatlon
27 1 7
R/L = WRJ/L R/L)/f ~ € e
7 =1,....n

Han ~ UZ 83,5%&,;5% —u Z Zcos (2@j1 + 2@j2)
j=1

J1#£j2 T

= UZ 8535%836(5% —u Z cos (o - 2O)

j=1 acA

where 2@ = (201!,...,20") and 207 = 5‘% - 5%/

(207 (z)) = wmi, mzb e 7.



N=2r=4n+2
so(2r)¥
y ——— . Gl
— R -
so(2r)f > ) Ty Ty GR+
y + | —— o
Hon ~ —u Z cos (a - 20)
aEAso(2n)
—u [Z cos (207) | ipRpy]
j=1

where 20 = (201, ...

,20™) and 207 = ¢ —

Gapping even Majorana’s

O(r) Gross-Neveu (GN) model
U
Han = D) (YR - ¢L)2

pr¥e = ¢ and P, = ¢4, fora = 1,...,r.
Bosonization
279 1 7
= Wryp + R/L)/f ~ R
7 =1,....n
(207 (z)) = ™y, My € Z.
Hen ~ —2n(n — 1Du — nu(—=1)"* i RyYT

]
oL



Gapping even Majorana’s

Special case: N=2r =4

O(2) Gross-Neveu model is gapless

D gL~ Alternative decomposition:

so(2r)% ) Iy Iy g;,« so(4)1 = su(2)] x su(2);

?1J (w —1—1@&)/\[_@ 51:¢+_¢—
A= Hiph) V2 =%  FF=¢T o7
The su(2); current generators:
SI(z) = V209" (z)  SL(z) = (8] +iST)/V/2 = €' ()

5i' i
SiI(Z)SjI(UJ) _ ) 5 ngjk
The gapping Hamiltonian is (z — w) Z =

Sic(w) +

Hiw=u > S5-Siyy =2u Y 0:020:05, 1 —2cos (40,41/2) .

Y=—00 Yy=——00

40y 4170 = 2011 — 20, =y + by + 0, — @)



Gapping odd Majorana’s

c. =9/2 c. = 9/4
so(9)F
! T S so(3)
wof LI
Embedding: ST =3 ® s,

)
'1190(3);,—L (Z) — 5

Special case: N = 9 = 3

Conformal embedding (level rank duality):

. 50(9)1 D s0(3)3 X s0(3)3
3
§’+Generator of so(3): Y= (32, 27)
00 0 001
X:<8—01(1))’ Zy:(_olgg), >z
> TS ) L 2
i 4 5 6
) (2) 200" (2)
7 8 9
1 2 3
4 5 6




Gapping odd Majorana’s

Special case: N = 9 = 3

_=9/2 c.=9/4

Conformal embedding (level rank duality):
so(9)F
y ——e— so(3)E s0(9)1 2 s0(3)s x s0(3)3
s0(9)FF 5 ) Iy - Iy o 3)E

y+l——" R level
30;; 1€
+ + 1) ijk +
‘]i (Z)JJ (w)_(z_w)g Z—’LUJk (w)+
1
Cz—jso(?))3 ( ) g']so(3)§t (Z) ']‘90(3)::)’t (Z)
1 i 1
-7 Z?ﬂ (2)0v*(2) F ZO¢(2)
a=1

Ow(Z) — ¢1245 i w1278 i ¢4578 4+ ¢1346 1+ ¢1379
+ ¢4679 + ¢2356 + ¢2389 + w5689

9
1 a a
TSO(9)1 = —5 Zw a¢ = TSO(S);_ —|_ T 0(3)3 50(3):t — 9/4
=1



Gapping odd Majorana’s

Special case: N = 9 = 3

c. =9/2 c. =9/4

4-fermion TR-symmetric interaction:

_ R L
Hmt ’LLJ (3)3 Jso(3)3

S 5(3)/ Further decomposition:
so(3)s  su(2)g

80(3)3 — u(l)G % “26”7 “Z(;” —

\ \parafermion

f/L = Fv/3eT R/ U

s0(2)s  u(1)g

R/L
PP 1—|—7,¢4 ,¢2 —I—’l’(b5 w3 —|—Z¢6
Hine ~ 3u |:€Z(¢L R)\I;T U, —I—h.c.] o (0 R 2 _ YR R R
1n R R \@ » CR \@ R \@
g VLWL _YRTWL s YLt
V2 V2 V2
\IJR: L <€’L¢R ¢7 +€i¢‘}’{»2¢8 _|_€Z¢R ¢9)
; P S PR Th. A 7
U = - (6"“ Y3 + e Y8 4 et ¢9) RILT P\ B 3 .
3

¢R/L R/L o f—z/L



Gapping odd Majorana’s

N=9+2r
Cc_ =N/2 _c.=N/4 Gh+
Y | — g N
so(N)y
y —
so(N)y
y+1
2 giﬁ_
v < gn~
Hmt _u']g+ J
N

so(3)3 X so(r)y

50(3);,r ) JSO(3)§ + u']so(r);r -J

so(N);

!

s0(9)1 x so(2r);

/\

s0(3)3 x so(r)y

G N

Negative r = reverse propagating channels

so(r);



Gapping by Quantum Hall stripes

so(N)Y'

so(N)y

so(N)E

so(N)y

Jso(N)l : Jso(N)l



Time reversal breaking interface

TR-breaking 1

Interface CFT:

TR-symm top.
ordered surface G — so(N/2), for N even
N so(3)s3 x so (%)1 for N odd

TR breaking
gapped surface

TR symmetric
topological — _ - -
gapped surface

TR symmetric TR breaking
topological gapped surface
gapped surface




Bulk boundary correspondence

gapless edge

Topological order
Quasiparticles
Fusion

Exchange statistics
Braiding

Boundary CFT
Primary fields

Operator product
expansion

Scaling dimension

Modular transformation



Topological order

G — SO(r)1, for N = 2r
NZ9 50(3)3 8, SO(r), for N =9+ 2r
N=2r wX’QD:l, 3j:><¢:8¢
dd % g {1, for r = 0 mod 4
r even ro n L = =
x 1Y s4 S_ 1y o ¥, for r =2 mod 4

11 1 1 11 42
Qx 1 —1 671"&7“/8 6771'7“/8 1 —1 671'1'7“/8

YXxXY=1 YXo=0, oxo=1+1

1 1 1 1
1 1 1 —1 —1
SSO(T)l — 5 1 —1 6i7rr/4 _ez’ﬂ'r/4 , for r even
1 —1 _eiﬁr/él eiwr/él
AR 1 V2
Sso(r)l — 5 1 1 —\/i , for r odd
V2 —V2 0



Topological order

SO(r)q, for N = 2r
GN =
SO(3)s X, SO(r); for N =9+ 2r

N=9+2r
1 oy Y B v f fxlea fX’)/j::’)/:F, fXOé:]::Oé:F, fXBZﬁ
1\/2+f1+f\/4+2f1+f\/2+\f1 Ve XV =14ty ax X F=ar -
1 s O e R Bxpf=1l+yr+7-+f Bxyz=ay+a +p

T even
L oy T+ B V- S
! \/212;2\/> 1+[ \/431_22\/> 1+f \/21;};{ ! (
1 ™ 16T z7r/2 et 16T 6—171‘/2 o™i r 1 1+,y+’ fOI‘ ’]"EO m0d4

r odd

f4+ v+, for r=1mod 4
f+~_, for r =2 mod 4
| 1 +v—, for r =3 mod 4

a4 X Q4 = 4

s X Yy = ay + 3, for r even
* = a_ + B, for r odd



Topological order

G — SO(r)q, for N = 2r
N7 80(3)s K, SO(r),  for N =9+ 2r

32-fold periodicity Gnyz2 =GN
Gu Xy GN = GrmyN

' N = — _=N/4 :
Special case: N =16 /80(8)1 o= N/2 L =NA o
30( 16) contai?s electron v < > ) Gl
as vector rep. L N
so(N . L
L
. . — J’_
include .bosomc SO(N){% ) ) J, T o
even spior S gl > > /\
' > g;\\'.7
/ 80(8)1 does not < ) Gyt
E 8 contains electronic y+2 — < gL~
\ 50(8) 1 primary fields ‘



Conclusion

c.=N/2 > c. = N/4 R+

y— 1= G
N

so(N) L+

Y —_— QL’_
N

so(N) Rt

y—l—l gR,—
N

L+
N

y+2 < QL’_
N

G — SO(r)q, for N = 2r
N = SO(3)3 |Z|b SO(T)l for N=9—|-2’I“
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