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Outline
Heisenberg-Kitaev model

- Relevant parameter regime for honeycomb Iridates

- Zig-zag magnetic order revisited

Strong coupling limit of topological insulators
- XY-AFM in the Kane-Mele model

- Spiral transition and QSH* phase in the Shitade model

Chiral spin liquids
- Parent Hamiltonians for the Kalmeyer-Laughlin state

- (Parafermionic) CSLs from anisotropic spin-spin interactions
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Pseudofermion functional renormalization group

Reuther and Thomale, review in preparation
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Spin operator representation by auxiliary fermions:

Short recap on Abrikosov fermions

Mean field treatment of single occupancy constraint:

Heisenberg model at half filling: 

Friday, September 25, 15



G⇤(�) =
�(|�|� ⇥)

i� + µ

�(10, 20; 1, 2) ⇠ Ji1,i2⇥�10 ,�1⇥�20 ,�2�i10 ,i1�i20 ,i2

G⇤(�) =
�(|�|� ⇥)

i� � ⇤⇤(�)

�e⇥,�(1
0, 20; 1, 2)

µ = 0 :
Λ

Pseudofermion FRG: Cutoff Flow

low-energy theory
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Pseudofermion RG

l Flow-driven channels of  V(w1, w2, w3, i, j) and a breakdown of the 
continuous flow specify the type of magnetic order 

l Ordering instabilities emerge from the direct particle-hole channel 
(1/S expansion)

l Paramagnetic phases emerge from the crossed particle-hole channel 
(1/N expansion)

→ Rather unbiased description of the competition between magnetic 
order and disorder
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Systems studied by PFFRG

Reuther and Thomale 
Phys. Rev. B 83, 024402 (2011).J1 model on the anisotropic triangular lattice

J1-J2-J3 model on the honeycomb lattice Reuther, Abanin and Thomale 
Phys. Rev. B 84, 014417 (2011).

Bilayer antiferromagnet Reuther and Thomale
Phys. Rev. B 89, 024412 (2014).

Suttner, Platt, Reuther, and Thomale
Phys. Rev. B 89, 020408(R) (2014).

Iqbal, Jeschke, Greiter, Reuther, Valenti, Mazin, and Thomale
arXiv:1506.03436

J1-J2-Jd model on the kagome lattice

Heisenberg-Kitaev model for Iridates

Reuther, Thomale, and Trebst
Phys. Rev. B 84, 100406(R) (2011).

Singh et al. Phys. Rev. Lett. 108, 127203 (2012).

Reuther, Thomale, and Rachel
Phys. Rev. B 90, 100405(R) (2014).

Reuther, Thomale, and Rachel
Phys. Rev. B 86, 155127 (2012).Interacting Quantum Spin Hall models

J1-J2-J3 model on the square lattice Reuther, Wölfle, Darradi, Brenig, Arlego, and Richter
Phys. Rev. B 83, 064416 (2011).

Reuther and Wölfle 
Phys. Rev. B 81, 144410 (2010).J1-J2 model on the square lattice
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Heisenberg-Kitaev model

Reuther, Thomale, and Trebst, Phys. Rev. B 84, 100406(R) (2011).

Reuther, Thomale, and Rachel Phys. Rev. B 90, 100405(R) (2014).

Singh, Manni, Reuther, Berlijn, Thomale, Ku, Trebst, Gegenwart, Phys. Rev. Lett. 108, 127203 (2012).

Friday, September 25, 15



t2g

eg

Heisenberg-Kitaev model

Ir CF

SO

Effective S=1/2 
degree of freedom

Anisotropic pseudospin models from a Mott spin orbit picture
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Heisenberg, 1928; Kitaev, 2006
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Cutoff flow ~ Temperature flow
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Finding from experiment: nature of magnetism in Na-Iridate

Choi, Taylor et al., 2012, Ye, Cao et al., 2012
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Finding from experiment: nature of magnetism in Na-Iridate

Magnetic order: indication 
to be of zig-zag type
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Option 1: Reverse sign of nearest neighbor Heisenberg-Kitaev couplings
Chaloupka, Jackeli, Khaliullin, PRL 2013
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Magnetic order: indication 
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Option 2: Relevance of second nearest neighbor Kitaev coupling
Reuther, Thomale, and Rachel
Phys. Rev. B 90, 100405(R) (2014).
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Finding from experiment: nature of magnetism in Na-Iridate

Magnetic order: indication 
to be of zig-zag type

How can we reconcile 
this from theory?

Option 2: Relevance of second nearest neighbor Kitaev coupling
Reuther, Thomale, and Rachel
Phys. Rev. B 90, 100405(R) (2014).

Option 1: Reverse sign of nearest neighbor Heisenberg-Kitaev couplings
Chaloupka, Jackeli, Khaliullin, PRL 2013

Option 3: Longer-range Heisenberg couplings
Singh, Gegenwart et al. 
Phys. Rev. Lett. 108, 127203 (2012).

Choi, Taylor et al., 2012, Ye, Cao et al., 2012
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Classical phase diagram of the long-range 
honeycomb antiferromagnet

l AFM order (Region I)

l Zig-zag order (Region II)

l Spiral order (Region III)

l Tricritical point at J2=J3=0.5 J1

Cabra et al., PRB 2010
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Quantum phase diagram from PFFRG

l Extended para-magnetic 
phase for J2 ~ 0.5, J3 >0

l J3=0: extended 
paramagnetic regime 
for 0.15 < J2 < 0.7 

l 1st order transition 
AFM to zig-zag

l 2nd order transition zig-
zag to spiral
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Long-range Heisenberg terms in the Iridates?
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Strong coupling limit of topological insulators

Reuther, Thomale, and Rachel, Phys. Rev. B 86, 155127 (2012).
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drives a magnetic phase transition
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Extended spin-orbit honeycomb model

...yields a spin model with broken axial U(1) symmetry:

Strong coupling limit of a kinetic model with multiple SO terms...

Topological Order and Semions in a Strongly Correlated Quantum Spin Hall Insulator

Andreas Rüegg and Gregory A. Fiete
Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA

(Dated: June 9, 2011)

We provide a self-consistent mean-field framework to study the effect of strong interactions in a quantum
spin Hall insulator on the honeycomb lattice. We identify an exotic phase for large spin-orbit coupling and in-
termediate Hubbard interaction. This phase is gapped in the bulk, has gapless edge states and does not break any
symmetry. Instead, we find a four-fold topological degeneracy of the ground state on the torus and fractionalized
excitations with semionic mutual braiding statistics. Our work highlights the important theme that interesting
phases arise in the regime of strong spin-orbit coupling and interactions.

PACS numbers: 71.10.Fd,71.10.Pm,73.20.-r

Introduction: Time-reversal invariant topological insulators
(TIs) [1] are known for their robust and distinctive response
to certain topological defects. For example, a class of lattice
dislocations in a weak TI supports gapless one-dimensional
helical modes [2]. Threading a TI with a ⇥-flux tube (in units
of ~c/e) leads to spin-charge separated excitations in the two-
dimensional quantum spin Hall (QSH) insulator [3–5] and the
“wormhole effect” in a three dimensional strong TI [6]. In
TI hybrid structures, even more exotic behavior is expected:
if the surface of a TI is brought into proximity to a s-wave
superconductor, a superconducting vortex can bind a single
Majorana mode to its core [7]. While the above properties are
derived from topological characteristics of the non-interacting
electron system in the presence of spin-orbit coupling, there
has recently been a lot of interest in understanding classes of
materials where electron-electron interactions are crucial [8–
12]. It is likely that the non-trivial topological band properties
can stabilize surprising behavior in interacting systems as well
and a variety of new many-body states have been predicted.
These include topological Kondo insulators in heavy electron
materials [9] as well as 5d-based transition metal oxides [8]
where the fate of the underlying topological non-trivial band
structure affects magnetic [11] and spin liquid phases [12].

From a theoretical point of view, one interesting route to
obtain exotic behavior in interacting TI’s is to investigate the
possibility of emergent quasiparticles associated with topo-
logical defects in an order parameter or an emergent gauge
field. The former can be realized in interaction-driven TI’s
where the order parameter is vector-valued and locked to the
topological band properties [13]. The latter scenario is less
straightforward but as a matter of principle it has been shown
[5] that a QSH insulator coupled to a dynamical Z2 gauge
field (denoted by QSH� in the following) supports bosonic
quasiparticle excitations which carry a fraction of the elec-
tronic quantum numbers and have semionic mutual braiding
statistics. In this article, we would like to elaborate on this
interesting phase. In particular, we provide a physical, Sz-
non-conserving model where the QSH� insulator is stabilized
within a self-consistent mean-field scheme. Our approach al-
lows us to identify a topological degeneracy and to demon-
strate the existence of fractionalized excitations.

Model: For concreteness, we consider the half-filled Hub-
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FIG. 1. (a) Phase diagram obtained in the Z2-mean-field approxima-
tion. QSH is a quantum-spin Hall insulator and VBS a valence bond
solid. The focus of the current article is the strongly correlated QSH⇤

at intermediate U and large spin-orbit coupling t2. (b) Topological
ground state degeneracy in the QSH⇤: Logarithm of the energy dif-
ference between solutions with and without a global Z2 flux on a
L� L torus for U = 26t and t2 = t.

bard model on the honeycomb lattice proposed for a single-
layer of the layered compound Na2IrO3 in Ref. [8]

H =
�

i,j

�

�,⇥

t�⇥ij c†i�cj⇥ + U
�

i

ni⇥ni⇤. (1)

Here, c(†)i� (creates) annihilates an electron in a spin-orbital
coupled pseudo-spin 1/2 state � (hereafter called spin) which
denotes the low-energy doublet of the spin-orbit coupled t2g
orbitals at the Ir atom i. The nearest-neighbor hopping t�,⇥i,j =

�⇤0
�⇥t is independent of the spin while the second-neighbor

hopping is complex and breaks the spin-rotation invariance
t�,⇥i,j = �t1⇤0

�⇥ + it2⇤w
�⇥ where w = x, y, z depends on

the direction from i to j [8] (⇤0 is the identity and ⇤x,y,z

are the Pauli matrices). The parameter t2 is proportional to
the atomistic spin-orbit coupling which, as opposed to the Sz-
conserving model [14–19], leads to a full breakdown of the
spin-rotation symmetry and some additional degree of mag-
netic frustration [10].

Phase diagram: We have studied Eq. (1) within the recently
introduced Z2 slave-spin theory [20]. Before going into the
details of this approach, we present in Fig. 1(a) the phase
diagram obtained in the mean-field approximation. We note
at the outset that this approximation does preserve the time
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Generalized Klein duality in Hubbard models
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General spin-orbit spin exchange model: 
Possibility of a fractional (chiral) spin liquid?

Topological Order and Semions in a Strongly Correlated Quantum Spin Hall Insulator

Andreas Rüegg and Gregory A. Fiete
Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA

(Dated: June 9, 2011)

We provide a self-consistent mean-field framework to study the effect of strong interactions in a quantum
spin Hall insulator on the honeycomb lattice. We identify an exotic phase for large spin-orbit coupling and in-
termediate Hubbard interaction. This phase is gapped in the bulk, has gapless edge states and does not break any
symmetry. Instead, we find a four-fold topological degeneracy of the ground state on the torus and fractionalized
excitations with semionic mutual braiding statistics. Our work highlights the important theme that interesting
phases arise in the regime of strong spin-orbit coupling and interactions.

PACS numbers: 71.10.Fd,71.10.Pm,73.20.-r

Introduction: Time-reversal invariant topological insulators
(TIs) [1] are known for their robust and distinctive response
to certain topological defects. For example, a class of lattice
dislocations in a weak TI supports gapless one-dimensional
helical modes [2]. Threading a TI with a ⇥-flux tube (in units
of ~c/e) leads to spin-charge separated excitations in the two-
dimensional quantum spin Hall (QSH) insulator [3–5] and the
“wormhole effect” in a three dimensional strong TI [6]. In
TI hybrid structures, even more exotic behavior is expected:
if the surface of a TI is brought into proximity to a s-wave
superconductor, a superconducting vortex can bind a single
Majorana mode to its core [7]. While the above properties are
derived from topological characteristics of the non-interacting
electron system in the presence of spin-orbit coupling, there
has recently been a lot of interest in understanding classes of
materials where electron-electron interactions are crucial [8–
12]. It is likely that the non-trivial topological band properties
can stabilize surprising behavior in interacting systems as well
and a variety of new many-body states have been predicted.
These include topological Kondo insulators in heavy electron
materials [9] as well as 5d-based transition metal oxides [8]
where the fate of the underlying topological non-trivial band
structure affects magnetic [11] and spin liquid phases [12].

From a theoretical point of view, one interesting route to
obtain exotic behavior in interacting TI’s is to investigate the
possibility of emergent quasiparticles associated with topo-
logical defects in an order parameter or an emergent gauge
field. The former can be realized in interaction-driven TI’s
where the order parameter is vector-valued and locked to the
topological band properties [13]. The latter scenario is less
straightforward but as a matter of principle it has been shown
[5] that a QSH insulator coupled to a dynamical Z2 gauge
field (denoted by QSH� in the following) supports bosonic
quasiparticle excitations which carry a fraction of the elec-
tronic quantum numbers and have semionic mutual braiding
statistics. In this article, we would like to elaborate on this
interesting phase. In particular, we provide a physical, Sz-
non-conserving model where the QSH� insulator is stabilized
within a self-consistent mean-field scheme. Our approach al-
lows us to identify a topological degeneracy and to demon-
strate the existence of fractionalized excitations.

Model: For concreteness, we consider the half-filled Hub-
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L� L torus for U = 26t and t2 = t.
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Here, c(†)i� (creates) annihilates an electron in a spin-orbital
coupled pseudo-spin 1/2 state � (hereafter called spin) which
denotes the low-energy doublet of the spin-orbit coupled t2g
orbitals at the Ir atom i. The nearest-neighbor hopping t�,⇥i,j =

�⇤0
�⇥t is independent of the spin while the second-neighbor

hopping is complex and breaks the spin-rotation invariance
t�,⇥i,j = �t1⇤0

�⇥ + it2⇤w
�⇥ where w = x, y, z depends on

the direction from i to j [8] (⇤0 is the identity and ⇤x,y,z

are the Pauli matrices). The parameter t2 is proportional to
the atomistic spin-orbit coupling which, as opposed to the Sz-
conserving model [14–19], leads to a full breakdown of the
spin-rotation symmetry and some additional degree of mag-
netic frustration [10].

Phase diagram: We have studied Eq. (1) within the recently
introduced Z2 slave-spin theory [20]. Before going into the
details of this approach, we present in Fig. 1(a) the phase
diagram obtained in the mean-field approximation. We note
at the outset that this approximation does preserve the time
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Chiral spin liquids

Greiter and Thomale, Phys. Rev. Lett. 102, 207203 (2009) 

Greiter, Schroeter, and Thomale, Phys. Rev. B 89, 165125 (2014) 

Meng, Neupert, Greiter, and Thomale, Phys. Rev. B 91, 241106 (2015).

Schroeter, Kapit, Thomale, and Greiter, Phys. Rev. Lett. 99, 097202 (2007) 

Friday, September 25, 15



Yh
CSL ⇠

M

’
j=1

(h � z j)
M

’
j<k

(z j � zk)
2

|Yi= Â
{z j}

Y(z1, . . . ,zM)S+z1
. . .S+zM

|# . . . #i

Fractionalization of spin

AKLT spin chain: S=1 bulk spin, S=1/2 edge

Chiral spin liquid: S=1 spin flip particle constituents, S=1/2 quasiparticles

Y0
CSL ⇠

M

’
j<k

(z j � zk)
2

Friday, September 25, 15



|�CSL⇥ =
X

{z}

�CSL(z1, . . . , zM )S†
z1S

†
z2 . . . S

†
zM |�� . . . �⇥

�CSL =
MY

j<k

(zj � zk)
2

MY

j=1

G(zj) exp
��

2 |zj |2

M = N/2 ! � = 1/2

Kalmeyer, Laughlin 87

Chiral spin liquid: ν=1/2 bosonic fractional Chern insulator

Friday, September 25, 15



|�CSL⇥ =
X

{z}

�CSL(z1, . . . , zM )S†
z1S

†
z2 . . . S

†
zM |�� . . . �⇥

�CSL =
MY

j<k

(zj � zk)
2

MY

j=1

G(zj) exp
��

2 |zj |2

M = N/2 ! � = 1/2

Kalmeyer, Laughlin 87

Chiral spin liquid: ν=1/2 bosonic fractional Chern insulator

(deconfined) S=1/2 spinon excitations with half-
Fermi statistics

Wilczek 82; Kalmeyer, Laughlin 87

Friday, September 25, 15



|�CSL⇥ =
X

{z}

�CSL(z1, . . . , zM )S†
z1S

†
z2 . . . S

†
zM |�� . . . �⇥

�CSL =
MY

j<k

(zj � zk)
2

MY

j=1

G(zj) exp
��

2 |zj |2

M = N/2 ! � = 1/2

Kalmeyer, Laughlin 87

Chiral spin liquid: ν=1/2 bosonic fractional Chern insulator

(deconfined) S=1/2 spinon excitations with half-
Fermi statistics

Wilczek 82; Kalmeyer, Laughlin 87

can be defined on any lattice
 Zou, Doucot, Shastry 88

Friday, September 25, 15



|�CSL⇥ =
X

{z}

�CSL(z1, . . . , zM )S†
z1S

†
z2 . . . S

†
zM |�� . . . �⇥

�CSL =
MY

j<k

(zj � zk)
2

MY

j=1

G(zj) exp
��

2 |zj |2

M = N/2 ! � = 1/2

Kalmeyer, Laughlin 87

Chiral spin liquid: ν=1/2 bosonic fractional Chern insulator

two-fold topological ground state degeneracy
     Wen 89

(deconfined) S=1/2 spinon excitations with half-
Fermi statistics

Wilczek 82; Kalmeyer, Laughlin 87

can be defined on any lattice
 Zou, Doucot, Shastry 88

Friday, September 25, 15



|�CSL⇥ =
X

{z}

�CSL(z1, . . . , zM )S†
z1S

†
z2 . . . S

†
zM |�� . . . �⇥

�CSL =
MY

j<k

(zj � zk)
2

MY

j=1

G(zj) exp
��

2 |zj |2

M = N/2 ! � = 1/2

Kalmeyer, Laughlin 87

Chiral spin liquid: ν=1/2 bosonic fractional Chern insulator

microscopic model prediction: 6-spin operators
Wen Wilczek Zee 89 

two-fold topological ground state degeneracy
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(deconfined) S=1/2 spinon excitations with half-
Fermi statistics
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Exact models for the chiral spin liquid

First exact model (2007):

6-spin operators

explicit P,T breaking

SU(2) symmetric
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Second exact model (2012):

Supported by 2d DMRG calculations on the Kagome lattice 
Bauer, Keller, Dolfi, Trebst, Ludwig, Nat. Comm. 2014

Alternatively derived from conformal field theory
Nielsen, Sierra, Cirac et al., 2012
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Non-Abelian Chiral spin liquid (2009)
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Recent numerical developments
Chiral spin liquids are preferably found for SU(2) breaking spin Hamiltonians:

arXiv:1509.03070
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Recent numerical developments
Chiral spin liquids are preferably found for SU(2) breaking spin Hamiltonians:

Can SO-induced anisotropic spin interactions 
help to stabilize a CSL?

arXiv:1509.03070
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rs (x) =� 1
p

∂
x

fs fs =
1p
2
(f" �f#) qs =

1p
2
(q" �q#)

HCSL = Â
i

Z
dx[hi

0(x)+hi
t(x)]

hi
t =

J
(2pa)2

cos(
p

2(f i
s �q i

s +f i+1

s +q i+1

s ))

2p

Wire construction of the chiral spin liquid

Starting from spinful wires, induce a Mott 
gap to single out low-energy spin fields.

Assume S-S coupling between the wires and adjust intrinsic spin-orbit coupling and 
Zeeman field such that only desired couplings prevail.

Bulk is gapped; edge mode commutator yields K =±2

   kinks in the bulk sine-Gordon term relate to Sz =±1/2
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Pinning down the accurate spin Hamiltonian for Iridate spin-orbit Mott 
insulators is subtle, and likely involves next nearest neighbor terms.
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Summary

Pinning down the accurate spin Hamiltonian for Iridate spin-orbit Mott 
insulators is subtle, and likely involves next nearest neighbor terms.

The specific kind of SO coupling significantly affects the strong coupling limit 
description of interacting topological insulators. U(1) breaking models are 
more amenable to exotic phases. 

Abelian and non-Abelian parafermionic chiral spin liquids can be 
constructed from coupled wires through anisotropic spin-spin interactions 
only. Parafermionic spin liquids exist, and are within numerical reach for 
higher spin S scenarios.

Friday, September 25, 15


