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What is everything made of?

What laws describe the properties of matter?

The structure of matter 

GLUONS

MATTER ATOM NUCLEUS NUCLEON

QUARK
PROTONS, 
NEUTRONSELECTRON NUCLEUS



The structure of matter

The Standard Model of nuclear and 
particle physics



Dark matter direct detection

Neutrino physics

Charged lepton flavour violation, ββ-decay,  
proton decay, neutron-antineutron oscillations…

Sensitivity to probe the rarest Standard Model 
interactions 
Search for beyond—Standard-Model effects

The search for new physics

Precise experiments seek new physics 
at the “Intensity Frontier”



Precise experiments seek new physics 
at the “Intensity Frontier”

The search for new physics

EXPERIMENTS USE NUCLEAR 
TARGETS  

 
NEED TO UNDERSTAND 

STANDARD MODEL PHYSICS  
OF NUCLEI

Sensitivity to probe the rarest Standard Model 
interactions 
Search for beyond—Standard-Model effects



The structure of matter 

Nuclear structure from the 
Standard Model

Emergence  
of complex 
structure in 
nature Backgrounds 

and benchmarks 
for searches for 
new physics



Study nuclear structure from the strong interactions

Quantum Chromodynamics (QCD)

Strongest of the four forces in nature

Strong interactions

Binds quarks and 
gluons into 
protons, neutrons, 
pions etc.

Binds protons and 
neutrons into nuclei

Forms other types 
of exotic matter 
e.g., quark-gluon 
plasma 



Lattice QCD

Numerical first-principles approach to  
non-perturbative QCD

Discretise QCD onto 4D space-time 
lattice 

Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

Run on supercomputers and dedicated 
clusters 

Take limit of vanishing discretisation, 
infinite volume, physical quark masses



Lattice QCD action has same free 
parameters as QCD: quark masses,  

Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions
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Numerical first-principles approach to non-perturbative QCD
Euclidean space-time
•Finite lattice spacing
•Volume
•Boundary conditions
Some calculations use larger- 
than-physical quark masses (cheaper)
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Workflow of a lattice QCD calculation

Lattice QCD

Generate configurations  
via Hybrid Monte Carlo

Leadership-class computing

~100K cores or 1000GPUs, 10’s of  TF-years

O(100-1000) configurations, each ~10-100GB

Compute propagators
Large sparse matrix inversion

~few 100s GPUs

10x gauge field in size, many per config

Contract into 
correlation functions

~few GPUs

O(100k-1M) copies 

1
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Predictions for new states with 
controlled uncertainties

Ground state hadron 
spectrum reproduced

p-n mass splitting 
reproduced

…

Lattice QCD works
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Recently determined 
by LHCb experiment

Science 347:1452-1455,2015



Nuclear physics from LQCD
Nuclei on the lattice: HARD 

Noise:  
Statistical uncertainty grows 
exponentially with number 
of nucleons

Complexity:  
Number of contractions 
grows factorially

time

COST

Calculations possible for A<5 (unphysically heavy quark masses)



How do we find dark matter?

Dark (does not  
interact with light)

Interacts through  
gravity

Dark matter

Direct detection  
Wait for DM to hit us

Detection rate depends on

Dark matter properties
Probability for interaction 
with nucleus

WIMP 
Weakly-interacting 
massive particles



Limits on WIMP-
nucleon interaction 
from direct detection 
experiments

Dark matter direct detection
2

been observed in a direct detection experiment. How-
ever, these placed tight constraints on various theoreti-
cal models. Figure 1 summarizes the current leading di-
rect detection limits on spin-independent WIMP-nucleon
cross-section versus the mass of the WIMPs. Overlaid in
the figure are the WIMP search sensitivity limited by the
neutrino background [20], and the representative minimal
supersymmetric model contours (2�) constrained by Run
1 at the Large Hadron Collider [21]. In what follows, we
review some of the progress made by a few representative
experiments.

Detectors made of noble liquids are spearheading
WIMP searches in the ⇠100 GeV/c2 mass range. The
so-called dual-phase XENON10 collaboration [22], have
developed into the state-of-the-art detection technol-
ogy and have been pushing the elastic spin-independent
WIMP-nucleon scattering sensitivity in a wide range of
WIMP masses above 5 GeV/c2 (refs [23–26]). Natural
xenon does not have long-lived radioactive isotopes, ex-
cept for 136Xe, whose double-beta decay has a negligible
contribution to the current generation of experiments.
Liquid-xenon targets allow for a relatively straightfor-
ward scaling-up to large monolithic detectors. In a liquid-
xenon time-projection chamber, with two arrays of pho-
tomultiplier tubes located at its top and bottom and with
a large electrical field across the liquid-gas interface, the
prompt scintillation photons can be detected along with
the electroluminescence in the gas, produced by the ion-
ization electrons drifted to and extracted from the liquid
surface. This technique provides excellent vertex recon-
struction, enabling a powerful target fiducialization and
a good discrimination between the nuclear recoil signals
and the electron recoil background [27].

At present, there is a tight ongoing race between a
few xenon experiments. LUX [28], a 250-kg xenon ex-
periment, located in the Sanford Underground Research
Facility (SURF) [29], USA, started taking physics data in
2013, and recently concluded in May 2016. By combining
the 95 live days of data taken in 2013 and another 332
live days of data taken from 2014 to 2016, the collabora-
tion reported a minimum of 1.1⇥ 10�46 cm2 upper limit
at a WIMP mass of 50 GeV/c2 on the WIMP-nucleon
cross-section [30]. This is the strongest reported limit to
date. The best published WIMP search limit is set by the
half-ton scale PandaX-II [31] experiment located in the
JinPing underground Laboratory (CJPL) [32] in China.
This is also the largest running dual-phase xenon detector
in the world. The results were obtained with an exposure
of 3.3 ⇥ 104 kg-day, with an unprecedented background
level of 2⇥10�3 events kg�1d�1keV�1 within the electron
equivalent energy region between 1.3 and 8.7 keV. The
lowest limit for the cross-section was set at 2.5 ⇥ 10�46

cm2 at a WIMP mass of 40 GeV/c2 (ref. [26]). PandaX-
II will continue data taking until 2018. The XENON100
experiment located in the Gran Sasso National Labora-
tory (LNGS) in Italy recently reported their final WIMP
results using a total of 477 live days of data with a limit
of 1.1 ⇥ 10�45 cm2 at 50 GeV/c2 (ref. [33]). For these
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FIG. 1. Upper limits on the spin-independent (SI) WIMP-
nucleon scattering cross-section set by current leading exper-
iments. The limit curves are from PandaX-II[26], LUX [30],
SuperCDMS (CDMSLite) [48] and CRESST-II [55]. The neu-
trino coherent scattering background curve data is from ref.
[20] and the post-LHC-Run1 minimal-SUSY model allowed
contours are from ref. [21].

detectors at the hundreds-kilogram level, the background
due to uniformly distributed sources such as 85Kr, 222Rn
and 220Rn already becomes prominent, and the e↵ective
suppression of such a background for the next generation
of experiments is under intensive research and develop-
ment. Looking into the near future, the XENON1T [34]
experiment, the successor of XENON100, is commission-
ing its dual-phase detector with a 2-ton liquid-xenon tar-
get. The minimum projected sensitivity on the WIMP-
nucleon cross-section can reach 2.0 ⇥ 10�47 cm2 at 50
GeV/c2 with an exposure of 2.2 ton-year [34]. The
upgrade experiment XENONnT, with a 6.5-ton liquid-
xenon target, is in planning. The successor of LUX,
LZ [35], will contain a 7-ton liquid-xenon target, and is
expected to start operation in 2020 to achieve a sensi-
tivity of 3 ⇥ 10�48 cm2 at 40 GeV/c2 with 1,000 live
days of data. In China, a future 4-ton scale experiment,
PandaX-4T, and its follow-up PandaX-30T are planned
in the second phase of CJPL. Another future large direct
detection project, DARWIN, is aiming at a target mass
up to 40-ton [36].

The XMASS [37] experiment, in the Kamiokamine in
Japan, uses an alternative single-phase liquid-xenon de-
tector to search for WIMPs by detecting only the scintil-
lation photons [29]. The detector has an approximately
spherical shape with a nearly 4⇡ photodetector cover-
age. One major challenge for such a detector is to cor-
rectly reconstruct event vertices to have an unambigu-
ous fiducial volume selection. After discovering a signif-

Ruled out above 
the solid lines

Background
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FIG. 4. The projected sensitivity (dashed curves) on the spin-
independent WIMP-nucleon cross-sections of a selected num-
ber of upcoming and planned direct detection experiments,
including XENON1T [34], PandaX-4T, XENONnT [34],
LZ [35], DARWIN [36] or PandaX-30T, and SuperCDMS [56].
Currently leading limits in Fig. 1 (see legend), the neutrino
‘floor’ [20], and the post-LHC-Run1 minimal-SUSY allowed
contours [21] are overlaid in solid curves for comparison. The
di↵erent crossings of the experimental sensitivities and the
neutrino floor at around a few GeV/c2 are primarily due to
di↵erent threshold assumptions.

ACKNOWLEDGMENTS

This work is supported by grants from the Na-
tional Science Foundation of China (Nos. 11435008,
11455001, 11505112 and 11525522), a grant from the
Ministry of Science and Technology of China (Grant No.
2016YFA0400301), and in part by the Chinese Academy
of Sciences Center for Excellence in Particle Physics
(CCEPP), the Key Laboratory for Particle Physics, As-
trophysics and Cosmology, Ministry of Education, and
Shanghai Key Laboratory for Particle Physics and Cos-
mology (SKLPPC). Finally, we thank the Hong Kong
Hongwen Foundation for financial support.

[1] G. Bertone, D. Hooper, and J. Silk, Phys. Rept. 405,
279 (2005), arXiv:hep-ph/0404175 [hep-ph].

[2] C. Savage, K. Freese, and P. Gondolo, Phys. Rev. D74,
043531 (2006), arXiv:astro-ph/0607121 [astro-ph].

[3] G. Jungman, M. Kamionkowski, and K. Griest, Phys.
Rept. 267, 195 (1996), arXiv:hep-ph/9506380 [hep-ph].

[4] M. C. Smith et al., Mon. Not. Roy. Astron. Soc. 379, 755
(2007), arXiv:astro-ph/0611671 [astro-ph].

[5] R. D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38, 1440
(1977).

[6] F. Wilczek, Phys. Rev. Lett. 40, 279 (1978).
[7] J. E. Kim, Phys. Rept. 150, 1 (1987).
[8] D. J. E. Marsh, Phys. Rept. 643, 1 (2016),

arXiv:1510.07633 [astro-ph.CO].
[9] J. M. Gaskins, Contemp. Phys. 57, 496 (2016),

arXiv:1604.00014 [astro-ph.HE].
[10] J. D. Lewin and P. F. Smith, Astropart. Phys. 6, 87

(1996).
[11] L. E. Strigari, New J. Phys. 11, 105011 (2009),

arXiv:0903.3630 [astro-ph.CO].
[12] A. Gutlein et al., Astropart. Phys. 34, 90 (2010),

arXiv:1003.5530 [hep-ph].
[13] F. Ruppin, J. Billard, E. Figueroa-Feliciano, and L. Stri-

gari, Phys. Rev. D90, 083510 (2014), arXiv:1408.3581
[hep-ph].

[14] A. Dedes, I. Giomataris, K. Suxho, and J. D. Vergados,
Nucl. Phys. B826, 148 (2010), arXiv:0907.0758 [hep-ph].

[15] R. J. Gaitskell, Ann. Rev. Nucl. Part. Sci. 54, 315 (2004).
[16] R. Bernabei et al., Eur. Phys. J. C73, 2648 (2013),

arXiv:1308.5109 [astro-ph.GA].
[17] C. E. Aalseth et al. (CoGeNT), Phys. Rev. D88, 012002

(2013), arXiv:1208.5737 [astro-ph.CO].
[18] G. Angloher et al., Eur. Phys. J. C72, 1971 (2012),

arXiv:1109.0702 [astro-ph.CO].
[19] R. Agnese et al. (CDMS), Phys. Rev. Lett. 111, 251301

(2013), arXiv:1304.4279 [hep-ex].
[20] J. Billard, L. Strigari, and E. Figueroa-Feliciano, Phys.

Rev. D89, 023524 (2014), arXiv:1307.5458 [hep-ph].
[21] E. A. Bagnaschi et al., Eur. Phys. J. C75, 500 (2015),

arXiv:1508.01173 [hep-ph].
[22] J. Angle et al. (XENON), Phys. Rev. Lett. 100, 021303

(2008), arXiv:0706.0039 [astro-ph].
[23] E. Aprile et al. (XENON100), Phys. Rev. Lett. 111,

021301 (2013), arXiv:1301.6620 [astro-ph.CO].
[24] D. S. Akerib et al. (LUX), Phys. Rev. Lett. 112, 091303

(2014), arXiv:1310.8214 [astro-ph.CO].
[25] D. S. Akerib et al. (LUX), (2015), arXiv:1512.03506

[astro-ph.CO].
[26] A. Tan et al. (PandaX-II), Phys. Rev. Lett. 117, 121303

(2016), arXiv:1607.07400 [hep-ex].

Dark matter direct detection

Ruled out above 
the solid lines

Background

Projected limits  
from future experiments

Limits on WIMP-
nucleon interaction 
from direct detection 
experiments



Determine interaction cross-section  
(with nucleus) for a given dark matter model

Born approximation – interacts with a 
single nucleon  
 

Interacts non-trivially with multiple 
nucleons  

Dark matter

known from LQCD

� ⇠ |A hN |DM |Ni|2

poorly known!

� ⇠ |A hN |DM |Ni + ↵ hNN |DM |NNi + . . . |2



Spin-independent scattering of many WIMP candidates 
governed by scalar matrix elements

Lattice QCD calculation shows 10% nuclear effects!  
(CAVEAT: still significant systematics, computation limited)
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Scalar matrix elements
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Unexpectedly large multi-body 
effects can not be neglected in 

interpretation of dark matter direct 
detection experiments

Spin-independent scattering of many WIMP candidates 
governed by scalar matrix elements

Lattice QCD calculation shows 10% nuclear effects!  
(CAVEAT: still significant systematics, computation limited)



How finely tuned is the emergence of nuclear 
structure in nature?

Interpretation of intensity-frontier experiments

Scalar matrix elements in A=131 
XENON1T dark matter direct detection search

Axial form factors of Argon A=40 
DUNE long-baseline neutrino expt.

Double-beta decay rates of Calcium A=48

Motivation: ML for LQCD

Need exponentially  
improved algorithms

Exponentially harder  
problems

First-principles nuclear physics beyond A=4



Machine learning for LQCD

APPROACH 
Machine learning as ancillary tool for 

lattice QCD

Accelerate gauge-field  
generation

Optimise extraction of physics  
from gauge field ensemble

ONLY apply where quantum field theory can be 
rigorously preserved

} Will need to 
accelerate all stages 

of lattice QCD 
workflow to achieve 

physics goals



Molecular dynamics
Classical motion with 

Reversible
Volume-preserving 

BUT
Energy non-conservation for 
numerical integrators

Generate field configurations         with probability         

Generate QCD gauge fields

�(x)

P [�(x)] ⇠ e�S[�(x)]

Markov Chain Monte Carlo
Propose update using integrated 
molecular dynamics trajectory
Accept/ reject with probability

Numerical error corrected by 
accept/reject

BUT
Short trajectories for high 
acceptance 

↵ = min(1, e(�S[�0(x)]+S[�(x)]))

conjugate

H =
X

x

⇡
2(x)

2
+ S[�(x)]



Updates diffusive

QCD gauge field configurations sampled via 

Hamiltonian dynamics + Markov Chain Monte Carlo

Lattice spacing 0

Number of 
updates to change 

fixed physical 
length scale

∞

“Critical slowing-down”  
of generation of uncorrelated samples

Accelerating HMC: action matching
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Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)

refine

Given coarsening and refinement procedures…

coarsen

Endres et al., PRD 92, 114516 (2015)

Multi-scale HMC updates
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coarsen

Perform HMC updates at coarse level

Endres et al., PRD 92, 114516 (2015)

HMC  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Multiple layers of 
coarsening

Significantly cheaper 
approach to 

continuum limit

…

Fine ensemble  
rethermalise  

 with fine action  
to make exact

Multi-scale HMC updates
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Perform HMC updates at coarse level

MUST KNOW 
parameters of coarse 

QCD action that 
reproduce ALL physics 

parameters of fine 
simulation

Map a subset of physics parameters 
in the coarse space and match to 
coarsened ensemble  

Solve regression problem directly: 
“Given a coarse ensemble, what 
parameters generated it?”

OR

encode same 
long-distance 

physics
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Multi-scale HMC updates



Machine learning LQCD
Neural networks excel on problems where

Basic data unit 
has little meaning

ImagePixel 

Combination of units  
is meaningful

Image recognition

“Colliding  
black holes”

Neural  
network

Label



Machine learning LQCD
Neural networks excel on problems where

Basic data unit 
has little meaning

Combination of units  
is meaningful

Parameter identification

Parameters  
of action

Label
Element of a colour 
matrix at one discrete 
space-time point

0 638 5
2 4

7
16

Ensemble of lattice QCD 
gauge field configurations
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Ensemble of lattice QCD 
gauge fields

643 x128 x 4 x Nc2 x 2  
≃109 numbers

~1000 samples
Ensemble of gauge fields has 
meaning
Long-distance correlations 
are important
Gauge and translation-
invariant with periodic 
boundaries

CIFAR benchmark image set 
for machine learning

32 x 32 pixels x 3 cols  
≃3000 numbers

60000 samples

Each image has meaning

Local structures are 
important

Translation-invariance 
within frame

Machine learning LQCD



Symmetries of LQCD gauge fields 

Physics encoded by lattice QCD gauge fields  
is invariant under specific field transformations

Rotation (4D)

Translation 

with periodic 
boundary conditions

Gauge field configuration Transformed  
gauge field configuration

Encode same physics



Symmetries of LQCD gauge fields 

Physics encoded by lattice QCD gauge fields  
is invariant under specific field transformations

Gauge 
transformation
Separate group 
transformation of each 
link matrix

Gauge field configuration Transformed  
gauge field configuration

Encode same physics

3

tion value of an operator O that defines some physical quantity is given by:

hOi =
1

Z

Z
D D ̄DAO[ ,  ̄, A] e�S[ , ̄,A] (1)

=
1

Z

Z
DUÕ[U ] e�S̃[U ]

, (2)

where Z =
R
D D ̄DA e

�S[ , ̄,A], the (anti-)fermion and gluon fields (gauge fields) are denoted
by  ( ̄) and A, and S[ ,  ̄, A] is the discretised QCD action (defined in Appendix B 1). In the
second line, the fermion and anti-fermion fields are integrated out exactly, and the gauge fields are
transformed to link fields U = e

iA, to give an e↵ective action S̃[U ] and operator Õ[U ] depending
only on the gluon link fields. The resulting integral can be approximated as

hOi u 1

Ncfg

NcfgX

i=1

O[Ui], (3)

where the gauge field configurations Ui (i indexes the configurations in a given “ensemble” of

fields) are distributed according to the probability measure e
�S̃[U ]. In practice, this is guaranteed

by sampling the fields from a Markov chain Monte-Carlo stream for which this probability measure
is a fixed point. These representative gauge fields are the input data for the ML approaches to
parametric regression studied here. For additional details of the LQCD approach, see Refs. [2, 3]
and Appendix B 1.

Lattice QCD gauge fields are represented as links between sites on a 4-dimensional lattice
of volume2 V = L

3
⇥ T , with the lattice sites separated by some physical distance a, typically

0.05–0.15 fm. Each link, labelled by Uµ(x), where x denotes the spacetime coordinates of the
origin site and µ the direction of the link, is encoded by an SU(3) matrix (a 3 ⇥ 3 complex
matrix M with M

�1 = M
† and det[M ] = 1)3. Links in opposing directions are related via

U�µ(x) = U
†
µ(x � µ̂), and only links in the positive direction are stored. In this format, a gauge

field used in typical modern lattice QCD calculations, where for example L = 64 and T = 128, is
described by L

3
⇥T ⇥4⇥18 ⇡ O(109) floating point or double precision numbers, where the factor

of 4 arises from the number of positive spacetime directions (labelled by µ). In order to recover
QCD results, calculations must be performed on a number of ensembles of field configurations with
di↵erent lattice spacings a and lattice volumes V , and the continuum (a ! 0) and large-volume
(V ! 1) limits must be taken.

The governing equations of QCD and their lattice counterparts have a variety of symmetries,
some that are highly non-trivial. The symmetries satisfied by ensembles of gauge fields are of par-
ticular interest in the context of the ML approaches studied here, as they place strong restrictions
on numerical operations that can be performed on lattice data to extract physically meaningful
results. In particular, lattice QCD is invariant under a local symmetry of the gauge fields known
as a gauge symmetry; this is an invariance under local multiplications of link variables by SU(3)
matrices

Uµ(x) ! U
0

µ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂) for all ⌦(x) 2 SU(3), (4)

referred to as a gauge transformation (note that the matrix ⌦(x) di↵ers at every spacetime point).
This symmetry is not apparent from the numerical representation of a QCD configuration, but

2 The spatial, L, and temporal, T , extents of the lattice geometry are often distinct.
3 Here, M† = (M⇤)T is the Hermitian conjugate. An SU(3) matrix can be specified by 8 real numbers, but typically
the redundant representation with 18 real numbers is used.
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Regression by neural network

Lattice QCD  
gauge field 
 
~107-109 real  
numbers

Parameters of  
lattice action

Few real  
numbers

NEURAL NETWORK

Complete: not restricted to affordable subset of physics parameters
Instant: once trained over a parameter range



Train simple neural network 
on regression task

Fully-connected structure

Far more degrees of 
freedom than number of 
training samples available

Naive neural network

Simplest approach                Ignore physics symmetries

Recipe for 
overfitting!

“Inverted data 
hierarchy”

(state-of-the-art ~109)



Naive neural network
Q
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Parameter related  
to lattice spacing

Training and validation 
datasets

Parameters of training and 
validation datasets

O(10,000) independent 
configurations 
generated at each point

Validation 
configurations 
randomly selected from 
generated streams

Spacing in evolution stream >> 
correlation time of physics 
observables
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Neural net predictions 
on validation data sets SUCCESS? 

No sign of overfitting 
Training and validation loss equal
Accurate predictions for 
validation data

BUT fails to generalise to
Ensembles at other parameters
New streams at same 
parameters

NOT POSSIBLE IF CONFIGS  
ARE UNCORRELATEDTrue parameter values

Confidence interval from ensemble of gauge fields
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…

Stream of generated gauge fields at given parameters

Training/validation data selected from configurations 
spaced to be decorrelated (by physics observables)

Network succeeds for validation configs 
from same stream as training configs
Network fails for configs from new 
stream at same parameters

Network has identified 
feature with a longer 
correlation length than any 
known physics observable



Naive neural network that does not respect symmetries fails at 
parameter regression task

BUT 
Identifies unknown feature of gauge fields with a longer correlation 
length than any known physics observable

Naive neural network
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FIG. 2: Diagrammatic representation of the construction of planar Wilson loops Wk⇥l(x), with indices k

and l denoting the dimensions of the loop (with orientation label suppressed), from gauge links Uµ(x).

where ⌧ is the trajectory di↵erence in the autocorrelation. This function decays exponentially as
⇢(⌧) ⇠ exp[�⌧/⌧exp] at large Monte-Carlo times ⌧ . The decay constant ⌧exp defines an autocor-
relation time. Calculations of the autocorrelation time using this definition can su↵er from large
uncertainties, especially when ⌧exp is small. Another definition of the autocorrelation time is [3, 47]

⌧int =
1

2
+ lim

⌧max!1

1

⇢(0)

⌧maxX

⌧=0

⇢(⌧), (6)

which approaches a constant as ⌧max ! 1. The autocorrelation functions and integrated autocor-
relation times ⌧int for the Wilson loops, and those for the zero-momentum projected pion and rho
two point correlation functions, C⇡(⇢) (defined in Appendix B 1), are shown in Fig. 3. In all cases,
the integrated autocorrelation time is / 10 trajectories, validating the choice to take trajectories
spaced by this distance as an uncorrelated set to form an ensemble. Other observables may have
di↵erent autocorrelation times, but the observables considered here are relatively representative4.

B. Ensemble discrimination using principle component analysis

To guide the application of ML methods to parametric regression of gauge fields in the space
defined by the sample ensembles, the di↵erentiability of the ensembles was assessed using a principle
component analysis (PCA) [48–50]. Since Wilson loops are the simplest gauge-invariant objects,
the basis for the PCA was generated by calculating a set of square planar loops of sizes up to
L/2 ⇥ L/2, as well as 1 ⇥ n for n up to L, averaged over all possible planar orientations and
space-time locations. Averaged loops are denoted Wj⇥l =

P
O(j⇥l)

P
x Wj⇥l(x), where the sum

over O(j ⇥ l) is over all hypercubic transformations of the indicated loop. The averaged loop data
are su�ciently small in dimension that it is possible to display them for a representative set of
ensembles. Fig. 4 shows contour plots of ln |Wn⇥m| from evaluations on each ensemble in the two
L/a = 12 grids (Grids A and B). Figs. 20, 22, and 24 (in Appendix B 2) show histograms for a
subset of the loops for each ensemble in each of Grid A, B, and C, respectively. Clearly, some of the
loops are statistically well determined, and subsets of the ensembles can be clearly distinguished.
Ensembles in Grid C have loop distributions that are more sharply defined than those in Grids A
and B as their larger spacetime volume enables more statistical averaging. For large loop sizes, all
ensembles become hard to distinguish.

4 The topological charge of the gauge field typically has a long autocorrelation time, but at the relatively coarse
lattice spacings used here, it will be comparable to that of the observables that are investigated.

15

0 50 100 150 200

0.0

0.2

0.4

0.6

0.8

1.0

FIG. 12: Autocorrelation function in Monte-Carlo time (left, defined in Eq. (10)) and autocorrelation time
(right, defined in Eq. (6)) of the feature distinguishing two streams at the same set of parameters, trained on
sequences of gauge field configurations. The autocorrelation function was generated by averaging over many
di↵erent results (trained using all di↵erent pairs of the 10 streams, F1,...,10, at the same parameters), and
was found to be robust under changes of the network structure used to generate it. The dashed horizontal
line on the right figure shows the maximum autocorrelation time of various physics observables (see Fig. 3).

spatially-varying physical quantities such as topological charge density and action density. While
the long–correlation-time feature could not be identified in this study, it provides an interesting
topic for further study. In particular, it will be informative to investigate how this scale changes
with parameter range, particularly in regions of parameter space where topological charge freezing
becomes a di�cult problem for simulations.

B. Custom symmetry enforcing network structure

As described in the previous section, experiments with simple fully-connected neural networks
were not successful at parametric regression of lattice QCD gauge fields for the training data sets
used in this study. This is not unexpected; learning the symmetries of gauge field configurations
stochastically is certain to be a challenging task. Symmetries of lattice QCD, however, act to
reduce the e↵ective degrees of freedom of the problem, and can be incorporated into the structure
and training of neural networks in several ways. First, the stochastic learning of symmetries
can be accelerated through data augmentation (i.e., randomly performing a gauge transformation
and/or translation/lattice rotation on a configuration). This is analogous to typical uses of data
augmentation [74] in, for example, image recognition [75, 76], to introduce symmetries such as
rotational symmetry8. In practice, this was found to be untenable for the case studied here as
a result of the large number of symmetries that must be learned, their complex nature, and the
requirement that they be strictly observed. Secondly, custom network layers can be designed
(or equivalently, data can be pre-processed) to only allow gauge invariant and lattice-symmetry
invariant outputs of the network. This approach is found to be successful.

To incorporate the symmetries of lattice QCD gauge fields into neural network structures,
several custom networks were designed, featuring an initial pre-processing layer that forms only
quantities that respect the invariances of the problem, followed by fully-connected layers operating
on these quantities. The possible gauge and translation-invariant degrees of freedom that are
allowed by the first layer are specified by hand; in principle this choice could be part of the

8 The incorporation of symmetries into various neural network structures has been studied in Refs. [77–80].

Max physics observable 
autocorrelation time

Network-identified feature 
autocorrelation time

Autocorrelation in evolution 
time using identification of 
parameters of configurations 
at the end of a training stream

Network feature autocorrelation
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NEURAL NETWORK

Complete: not restricted to affordable subset of physics parameters
Instant: once trained over a parameter range



Regression by neural network

NEURAL NETWORK

Complete: not restricted to affordable subset of physics parameters
Instant: once trained over a parameter range

Custom network structures  
(or data preprocessing)

Respects gauge-invariance, 
translation-invariance, boundary 
conditions
Emphasises QCD-scale physics
Range of neural network structures 
find same minimum

Lattice QCD  
gauge field 
 
~107-109 real  
numbers

Parameters of  
lattice action

Few real  
numbers



Symmetry-preserving network

Network based on symmetry-invariant features

Loops 
Correlated products 
of loops at various 
length scales
Volume-averaged and 
rotation-averaged

Uµ(x)

x

y

W3⇥2(y)

µ̂

⌫̂

x+ µ̂

Closed Wilson loops 
(gauge-invariant)



Fully-connected 
network structure

First layer samples 
from set of 
possible 
symmetry-
invariant features  

Network based on symmetry-invariant features

Number of degrees of freedom of network 
comparable to size of training dataset

Symmetry-preserving network



Gauge field parameter regression
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How does neural network regression perform compared 
with other approaches?

Consider very closely-spaced validation ensembles at new 
parameters

Tests of network success

Much closer spacing 
than separation of 
training ensembles

Set B

Set A

Sets along lines of constant 
1x1 Wilson loop (most 
precise feature allowed by 
network)



How does neural network regression perform compared 
with other approaches?

Consider very closely-spaced validation ensembles at new 
parameters:   not distinguishable to principal component analysis 
in loop space

Tests of network success
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How does neural network regression perform compared 
with other approaches?

Consider very closely-spaced validation ensembles at new 
parameters:   distinguishable to trained neural network

Correct ordering of 
central values

Accurate regression 
differences even at very 
fine resolution

Tests of network success



Gauge field parameter regression
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Neural net predictions 
on validation data sets
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SUCCESS!  
Accurate parameter regression 
and successful generalisation



PROOF OF PRINCIPLE 
Step towards fine lattice generation  

at reduced cost

Gauge field parameter regression

Generate one fine configuration
Find matching coarse action
HMC updates in coarse space
Refine and rethermalise 

1.    
2.
3.    
4.  

Guarantees  
correctness

Accurate matching 
minimises cost of 

updates in fine space

Shanahan, Trewartha, Detmold, PRD (2018) [1801.05784]



Multi-scale matching

Generative models to replace 
expensive HMC

Learn parameters of a 
complicated pure-gauge action 
(cheap) to reproduce action 
with dynamical fermions 
(expensive)

Machine learning QCD

Accelerate gauge-field generation

New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)

PROOF OF  
PRINCIPLE

IN PROGRESS



Optimise source operator 
construction        

             beat down excited         
             states

New analysis approaches to 
maximise signal-to-noise
           beat down noise

EXPONENTIAL  
IMPROVEMENTS

Machine learning QCD

Optimise extraction of physics from gauge fields
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Excited  
states

Signal Noise

Huge potential to enable first-principles nuclear physics studies
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