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THE MANY-BODY PROBLEM IN QUANTUM MECHANICS
➤ Generic specification of a quantum 

state requires resources 
exponentially large in the number 
of degrees of freedom N 

➤ Today's best supercomputers can 
solve the wave equation exactly for 
systems with a maximum of ~45 
spins.  

➤ Yet, technologically relevant 
problems in chemistry, condensed 
matter physics, and quantum 
computing are much larger than 45. 

➤ Quantum computing

| i vector with 2N



THERE IS STILL HOPE FOR CLASSICAL ALGORITHMS
➤ Nature is sometimes compassionate: 

amount of information smaller than 
the maximum capacity. 

➤ Quantum Monte Carlo and other 
numerical methods based on Tensor 
Networks exploit this fact. 

➤ Machine learning community deals 
with equally high dimensional 
problems (~228x28)  

➤ Curse of dimensionality but still 
successful in wide spectrum of 
scientific and technological ly 
relevant areas of research.  
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FIGURE 57. Linked vertex storage of the configuration in Fig. 55. In the graphical representation to
the left, constant spin states between operators have been replaced by lines (links) connecting the spins
just before and after the operator acts. The links can be stored in a list X(v), where the four elements
v= 4p+ l, l = 0,1,2,3, correspond to the legs (with the numbering convention shown in Fig. 58) of the
vertex at position p in the sequence SL. For two linked legs v and v′, X(v) = v′ and X(v′) = v.
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FIGURE 58. Allowed vertices for the isotropic S= 1/2 Heisenberg model. The numbering l = 0,1,2,3
of the vertex legs corresponds to the position v= 4p+ l, in linked-list storage illustrated in Fig. 57.

will continue to use also the open and solid bars in pictures, to indicate diagonal and
off-diagonal vertices, respectively, for added clarity.
For a given position p in the operator sequence SL, the corresponding list element

s(p) tells us the operator type (diagonal or off-diagonal) and the bond b on which it
acts (as explained in Fig. 55). As will become clear below, along with this information,
we only have to store the connectivity of the vertices, not their spin states. The links
allowing us to jump between connected vertex legs are stored as a list X(v), as explained
in Fig. 57. For clarity of the illustration, the one dimensional list has here been arranged
in four columns, with elements labeled v = 4p+ l, corresponding to each type of leg,
l = 0,1,2,3, with the labeling specified in Fig. 58. We will later describe an efficient
way to construct this linked list, given the operator sequence. For now, it is sufficient to
know that for a given operator at location p in the sequence, the position of its l:th leg
in the linked vertex list is v = 4p+ l. This leg is linked to another vertex leg with list
address v′ = X(v). This kind of structure constitutes a doubly-linked (bi-directional) list,
with X [X(v)] = v, in which we can move both “up” and “down”. From a position v in the
list we can extract the corresponding operator location in SL, p = v/4 (its integer part)
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THERE IS STILL HOPE FOR CLASSICAL ALGORITHMS
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FIGURE 57. Linked vertex storage of the configuration in Fig. 55. In the graphical representation to
the left, constant spin states between operators have been replaced by lines (links) connecting the spins
just before and after the operator acts. The links can be stored in a list X(v), where the four elements
v= 4p+ l, l = 0,1,2,3, correspond to the legs (with the numbering convention shown in Fig. 58) of the
vertex at position p in the sequence SL. For two linked legs v and v′, X(v) = v′ and X(v′) = v.
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FIGURE 58. Allowed vertices for the isotropic S= 1/2 Heisenberg model. The numbering l = 0,1,2,3
of the vertex legs corresponds to the position v= 4p+ l, in linked-list storage illustrated in Fig. 57.

will continue to use also the open and solid bars in pictures, to indicate diagonal and
off-diagonal vertices, respectively, for added clarity.
For a given position p in the operator sequence SL, the corresponding list element

s(p) tells us the operator type (diagonal or off-diagonal) and the bond b on which it
acts (as explained in Fig. 55). As will become clear below, along with this information,
we only have to store the connectivity of the vertices, not their spin states. The links
allowing us to jump between connected vertex legs are stored as a list X(v), as explained
in Fig. 57. For clarity of the illustration, the one dimensional list has here been arranged
in four columns, with elements labeled v = 4p+ l, corresponding to each type of leg,
l = 0,1,2,3, with the labeling specified in Fig. 58. We will later describe an efficient
way to construct this linked list, given the operator sequence. For now, it is sufficient to
know that for a given operator at location p in the sequence, the position of its l:th leg
in the linked vertex list is v = 4p+ l. This leg is linked to another vertex leg with list
address v′ = X(v). This kind of structure constitutes a doubly-linked (bi-directional) list,
with X [X(v)] = v, in which we can move both “up” and “down”. From a position v in the
list we can extract the corresponding operator location in SL, p = v/4 (its integer part)
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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➤ Nature is sometimes compassionate: 
amount of information smaller than 
the maximum capacity. 

➤ Quantum Monte Carlo and other 
numerical methods based on Tensor 
Networks exploit this fact. 

➤ Machine learning community deals 
with equally high dimensional 
problems (~228x28)  

➤ Curse of dimensionality but still 
successful in wide spectrum of 
scientific and technological ly 
relevant areas of research.  



QUANTUM AND CLASSICAL MANY-BODY PHYSICS HAS NOT BEEN THE EXCEPTION
➤ ML phases of matter/phase transitions (Carrasquilla, Melko 1605.01735, Wang 1606.00318, Zhang, Kim, 

1611.01518)  

➤ New ML inspired ansatz for quantum many-body systems (Carleo, Troyer 1606.02318, Deng, Li, Das 
Sarma, 1701.04844, Deng,  Li, Das Sarma 1609.09060, Carrasquilla, Melko 1605.01735) 

➤ Accelerated Monte Carlo simulations ( Huang, Wang 1610.02746) 

➤ Quantum state preparation guided by ML (Bukov, Day, Sels, Weinberg, Polkovnikov and Mehta 
1705.00565) 

➤ Renormalization group analyses, RBMs, PCA (Bradde, Bialek 1610.09733, Koch-Janusz, Ringel 
1704.06279,Mehta, Schwab,1410.3831) 

➤ Quantum state tomography based on RBMs (Torlai, Mazzola, Carrasquilla, Troyer, Melko, Carleo, 
1703.05334) 

➤ ML based decoders for topological codes (Torlai, Melko 1610.04238, Varsamopoulos, Criger, Bertels,
1705.00857) 

➤ Supervised Learning with Quantum-Inspired Tensor Networks (Stoudenmire, Schwab 1605.05775, 
Novikov, Trofimov, Oseledets, 1605.03795) 

➤ Quantum Boltzmann machines (Amin, Andriyash, Rolfe, Kulchytskyy, Melko, 1601.02036, Kieferova, 
Wiebe, 1612.05204,) 

➤ Quantum machine learning algorithms to accelerate learning (Biamonte, Wittek, Pancotti, Rebentrost, 
Wiebe, Lloyd, 1611.09347) 

And many more https://physicsml.github.io/pages/papers.html

https://physicsml.github.io/pages/papers.html


LEARNING QUANTUM 
STATES AND QUANTUM 
STATE TOMOGRAPHY



QUANTUM STATE TOMOGRAPHY

* Efficient quantum state tomography. Marcus Cramer, Martin B. Plenio, Steven T. Flammia, Rolando Somma, David Gross, Stephen D. Bartlett, Olivier 
Landon-Cardinal, David Poulin & Yi-Kai Liu. Nature Communications volume 1, Article number: 149 

Quantum state tomography is the process of reconstructing the 
quantum state by measurements on the system. It “is the gold 
standard for verification and benchmarking of quantum devices”* 

Useful for: 

• Characterizing optical signals 

•Diagnosing and detecting errors in state preparation, e.g. states 
produced by quantum computers reliably. 

•Entanglement verification 



NEED TO GO BEYOND STANDARD QUANTUM STATE TOMOGRAPHY

•Progress in controlling large quantum 
systems. 

•Availability of arbitrary measurements 
performed with great accuracy.  

• The bottleneck limiting progress in the 
estimation of states: curse of 
dimensionality.



SYNTHETIC QUANTUM DEVICES ARE GROWING FAST



QUANTUM STATE TOMOGRAPHY

Required ingredients  

➤ A quantum system that can be prepared repeatedly 

➤ Set of measurements.  

➤ A training procedure and a model (full density matrix, MPS, 
MPO, neural networks )  

➤ Certification 

A typical state tomography protocol prepares many copies of ρ 
which are measured in diverse ways, and finally the outcomes of 
those measurements (data) are analyzed to produce an estimate 
ρ*.

* Efficient quantum state tomography. Marcus Cramer, Martin B. Plenio, Steven T. Flammia, Rolando Somma, David Gross, Stephen D. Bartlett, Olivier 
Landon-Cardinal, David Poulin & Yi-Kai Liu. Nature Communications volume 1, Article number: 149 



TRADITIONALLY QST REQUIRES EXPONENTIAL RESOURCES
Examples  

•Linear inversion method requires inverting a large matrix and results 
in an explicit representation of the density matrix 

•Issues: Exponential scaling both in the representation and inversion 
problem 

•Potentially unphysical density matrices 

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

experimental histogram phist(a)
<latexit sha1_base64="fD2fVGZYFMUIF85vRjEpt/6HrMs=">AAACEXicbVDLSsNAFJ3UV42vaJdugkWom5KIoMuiG5cV7APaECbTSTt08mDmRhpCvsIPcKuf4E7c+gV+gb/hpM3Ctl64cDjnXs7heDFnEizrW6tsbG5t71R39b39g8Mj4/ikK6NEENohEY9E38OSchbSDjDgtB8LigOP0543vSv03hMVkkXhI6QxdQI8DpnPCAZFuUYtdrMh0BlkE2WW5w18obtG3Wpa8zHXgV2COiqn7Ro/w1FEkoCGQDiWcmBbMTgZFsAIp7k+TCSNMZniMR0oGOKASiebh8/Nc8WMTD8SakMw5+zfjwwHUqaBpy4DDBO5qhXkf9ogAf/GyVgYJ0BDsjDyE25CZBZNmCMmKAGeKoCJYCqrSSZYYAKqryWX2SKqXjRjr/awDrqXTdtq2g9X9dZt2VEVnaIz1EA2ukYtdI/aqIMIStELekVv2rP2rn1on4vTilb+1NDSaF+/7CydUw==</latexit><latexit sha1_base64="fD2fVGZYFMUIF85vRjEpt/6HrMs=">AAACEXicbVDLSsNAFJ3UV42vaJdugkWom5KIoMuiG5cV7APaECbTSTt08mDmRhpCvsIPcKuf4E7c+gV+gb/hpM3Ctl64cDjnXs7heDFnEizrW6tsbG5t71R39b39g8Mj4/ikK6NEENohEY9E38OSchbSDjDgtB8LigOP0543vSv03hMVkkXhI6QxdQI8DpnPCAZFuUYtdrMh0BlkE2WW5w18obtG3Wpa8zHXgV2COiqn7Ro/w1FEkoCGQDiWcmBbMTgZFsAIp7k+TCSNMZniMR0oGOKASiebh8/Nc8WMTD8SakMw5+zfjwwHUqaBpy4DDBO5qhXkf9ogAf/GyVgYJ0BDsjDyE25CZBZNmCMmKAGeKoCJYCqrSSZYYAKqryWX2SKqXjRjr/awDrqXTdtq2g9X9dZt2VEVnaIz1EA2ukYtdI/aqIMIStELekVv2rP2rn1on4vTilb+1NDSaF+/7CydUw==</latexit><latexit sha1_base64="fD2fVGZYFMUIF85vRjEpt/6HrMs=">AAACEXicbVDLSsNAFJ3UV42vaJdugkWom5KIoMuiG5cV7APaECbTSTt08mDmRhpCvsIPcKuf4E7c+gV+gb/hpM3Ctl64cDjnXs7heDFnEizrW6tsbG5t71R39b39g8Mj4/ikK6NEENohEY9E38OSchbSDjDgtB8LigOP0543vSv03hMVkkXhI6QxdQI8DpnPCAZFuUYtdrMh0BlkE2WW5w18obtG3Wpa8zHXgV2COiqn7Ro/w1FEkoCGQDiWcmBbMTgZFsAIp7k+TCSNMZniMR0oGOKASiebh8/Nc8WMTD8SakMw5+zfjwwHUqaBpy4DDBO5qhXkf9ogAf/GyVgYJ0BDsjDyE25CZBZNmCMmKAGeKoCJYCqrSSZYYAKqryWX2SKqXjRjr/awDrqXTdtq2g9X9dZt2VEVnaIz1EA2ukYtdI/aqIMIStELekVv2rP2rn1on4vTilb+1NDSaF+/7CydUw==</latexit><latexit sha1_base64="fD2fVGZYFMUIF85vRjEpt/6HrMs=">AAACEXicbVDLSsNAFJ3UV42vaJdugkWom5KIoMuiG5cV7APaECbTSTt08mDmRhpCvsIPcKuf4E7c+gV+gb/hpM3Ctl64cDjnXs7heDFnEizrW6tsbG5t71R39b39g8Mj4/ikK6NEENohEY9E38OSchbSDjDgtB8LigOP0543vSv03hMVkkXhI6QxdQI8DpnPCAZFuUYtdrMh0BlkE2WW5w18obtG3Wpa8zHXgV2COiqn7Ro/w1FEkoCGQDiWcmBbMTgZFsAIp7k+TCSNMZniMR0oGOKASiebh8/Nc8WMTD8SakMw5+zfjwwHUqaBpy4DDBO5qhXkf9ogAf/GyVgYJ0BDsjDyE25CZBZNmCMmKAGeKoCJYCqrSSZYYAKqryWX2SKqXjRjr/awDrqXTdtq2g9X9dZt2VEVnaIz1EA2ukYtdI/aqIMIStELekVv2rP2rn1on4vTilb+1NDSaF+/7CydUw==</latexit>

⇢̂ =
X

a,a0

T�1
a,a0phist(a

0)M (a)

<latexit sha1_base64="GL7/LTFLet4fxCO4l7hmfg3M3SU="></latexit><latexit sha1_base64="GL7/LTFLet4fxCO4l7hmfg3M3SU="></latexit><latexit sha1_base64="GL7/LTFLet4fxCO4l7hmfg3M3SU="></latexit><latexit sha1_base64="GL7/LTFLet4fxCO4l7hmfg3M3SU="></latexit>

⇢̂
<latexit sha1_base64="X7vXhRyBVZz/fbmzygZ2Q7qE8I0=">AAACB3icbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4AklMl00gydZMLMRCyhH+AHuNVPcCdu/Qy/wN9w2mZhWw8MHM65l3vmhBlnSjvOt1VZW9/Y3Kpu2zu7e/sHtcOjjhK5JLRNBBeyF2JFOUtpWzPNaS+TFCchp91wdDv1u49UKibSBz3OaJDgYcoiRrA2kufHWBe+jMUE9Wt1p+HMgFaJW5I6lGj1az/+QJA8oakmHCvluU6mgwJLzQinE9vPFc0wGeEh9QxNcUJVUMwiT9CZUQYoEtK8VKOZ+nejwIlS4yQ0kwnWsVr2puJ/npfr6DooWJrlmqZkfijKOdICTf+PBkxSovnYEEwkM1kRibHERJuWFq48zaPatmnGXe5hlXQuGq7TcO8v682bsqMqnMApnIMLV9CEO2hBGwgIeIFXeLOerXfrw/qcj1ascucYFmB9/QJOapnU</latexit><latexit sha1_base64="X7vXhRyBVZz/fbmzygZ2Q7qE8I0=">AAACB3icbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4AklMl00gydZMLMRCyhH+AHuNVPcCdu/Qy/wN9w2mZhWw8MHM65l3vmhBlnSjvOt1VZW9/Y3Kpu2zu7e/sHtcOjjhK5JLRNBBeyF2JFOUtpWzPNaS+TFCchp91wdDv1u49UKibSBz3OaJDgYcoiRrA2kufHWBe+jMUE9Wt1p+HMgFaJW5I6lGj1az/+QJA8oakmHCvluU6mgwJLzQinE9vPFc0wGeEh9QxNcUJVUMwiT9CZUQYoEtK8VKOZ+nejwIlS4yQ0kwnWsVr2puJ/npfr6DooWJrlmqZkfijKOdICTf+PBkxSovnYEEwkM1kRibHERJuWFq48zaPatmnGXe5hlXQuGq7TcO8v682bsqMqnMApnIMLV9CEO2hBGwgIeIFXeLOerXfrw/qcj1ascucYFmB9/QJOapnU</latexit><latexit sha1_base64="X7vXhRyBVZz/fbmzygZ2Q7qE8I0=">AAACB3icbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4AklMl00gydZMLMRCyhH+AHuNVPcCdu/Qy/wN9w2mZhWw8MHM65l3vmhBlnSjvOt1VZW9/Y3Kpu2zu7e/sHtcOjjhK5JLRNBBeyF2JFOUtpWzPNaS+TFCchp91wdDv1u49UKibSBz3OaJDgYcoiRrA2kufHWBe+jMUE9Wt1p+HMgFaJW5I6lGj1az/+QJA8oakmHCvluU6mgwJLzQinE9vPFc0wGeEh9QxNcUJVUMwiT9CZUQYoEtK8VKOZ+nejwIlS4yQ0kwnWsVr2puJ/npfr6DooWJrlmqZkfijKOdICTf+PBkxSovnYEEwkM1kRibHERJuWFq48zaPatmnGXe5hlXQuGq7TcO8v682bsqMqnMApnIMLV9CEO2hBGwgIeIFXeLOerXfrw/qcj1ascucYFmB9/QJOapnU</latexit><latexit sha1_base64="X7vXhRyBVZz/fbmzygZ2Q7qE8I0=">AAACB3icbVDLSsNAFL2prxpfVZduBovgqiQi6LLoxmUF+4AklMl00gydZMLMRCyhH+AHuNVPcCdu/Qy/wN9w2mZhWw8MHM65l3vmhBlnSjvOt1VZW9/Y3Kpu2zu7e/sHtcOjjhK5JLRNBBeyF2JFOUtpWzPNaS+TFCchp91wdDv1u49UKibSBz3OaJDgYcoiRrA2kufHWBe+jMUE9Wt1p+HMgFaJW5I6lGj1az/+QJA8oakmHCvluU6mgwJLzQinE9vPFc0wGeEh9QxNcUJVUMwiT9CZUQYoEtK8VKOZ+nejwIlS4yQ0kwnWsVr2puJ/npfr6DooWJrlmqZkfijKOdICTf+PBkxSovnYEEwkM1kRibHERJuWFq48zaPatmnGXe5hlXQuGq7TcO8v682bsqMqnMApnIMLV9CEO2hBGwgIeIFXeLOerXfrw/qcj1ascucYFmB9/QJOapnU</latexit>

On the Measurement of Qubits. Daniel F. V. James, Paul G. Kwiat, William J. Munro, Andrew G. White. 
Physical Review A 64, 052312 (2001)



TRADITIONALLY QST REQUIRES EXPONENTIAL RESOURCES

Examples  

•Maximum likelihood estimation. Requires an explicit “physical” 
density matrix                   representation scales poorly   

•Issues: Exponential scaling in the parametrization  

•Estimation of errors due to finite statistics in the measurements is 
difficult

L (⇢̂) =
Y

a

P (a)fa

<latexit sha1_base64="5BgfTD4+LOv/aYCiTGjk/ejQuIU="></latexit><latexit sha1_base64="5BgfTD4+LOv/aYCiTGjk/ejQuIU="></latexit><latexit sha1_base64="5BgfTD4+LOv/aYCiTGjk/ejQuIU="></latexit><latexit sha1_base64="5BgfTD4+LOv/aYCiTGjk/ejQuIU="></latexit>

Maximize probability of observed data 

with respect to a parametrization of ⇢̂
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HOW TO MAKE QST EFFICIENT?

➤ Introduce a parametrization of the quantum state with good scaling if 
non-trivial structural information on the quantum systems under 
consideration is utilized: MPS[1] and MPO[2] tomography
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HOW TO MAKE QST EFFICIENT?

➤ Introduce a parametrization of the quantum state with good scaling if 
non-trivial structural information on the quantum systems under 
consideration is utilized: Restricted Boltzmann machines both for 
pure[3] states and mixed states[4] 
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Neural density operators.—We consider the state of a
quantum system comprising N degrees of freedom, char-
acterized by a density operator ρ with matrix elements
ρðσ; σ0Þ ¼ hσjρjσ0i, in an (arbitrary) reference basis
σ ≡ ðσ1;…; σNÞ. For simplicity, we restrict ourselves to
the case of a two-dimensional local Hilbert space σj ¼
f0; 1g (e.g., 12-spins, hard-core bosons, qubits, etc.). When
the system is in a pure state, the density operator assumes
the simple form ρ ¼ jψihψ j given by the wave function
jψi ¼

P
σψðσÞjσi. In this case, as shown by Carleo and

Troyer [3], any quantum state has a RBM representation
jψθi, where the wave function is encoded into a set of
internal parameters θ of a neural network (the number of
which generally grows exponentially for a generic quantum
state). The encoded state is then a highly nonlinear function
which returns a complex-valued coefficient ψθðσÞ for any
input state jσi. The optimal set of parameters which best
approximates the wave function is found by training the
neural network with a “learning” procedure. For example,
this could be the variational minimization of the total
energy [3,13]. Alternatively, training can occur via standard
machine learning procedures, if an appropriate data set is
available [12]. Depending on the complexity of the state to
be encoded, different numbers of network parameters will
be required, which naturally quantifies a convergence
parameter for the algorithm.
In analogy to this,wedefine theNDOas amappingρθ that,

given two input states jσi and jσ0i, returns thematrix element
ρθðσ; σ0Þ. For a NDO to describe a physical state, its matrix
representation must have unit trace Trσfρθg ¼ 1, must be
Hermitian ρθ ¼ ρ†θ, and must be positive semidefinite
hxjρθjxi ≥ 0 ∀ jxi. These constraints can be satisfied by
constructing the NDO from the purification of its Hilbert
space with a system of na auxiliary degrees of freedom
a ¼ ða1;…; anaÞ, so that its composite state ρσ⊕a

θ is pure, and
therefore ρσ⊕a

θ ¼ jψθihψθj, with a neural network wave
function jψθi ¼

P
σaψθðσ; aÞjσi ⊗ jai. The NDO is then

simply obtained by tracing out the auxiliary system
ρθ ¼ Trafjψθihψθjg , obtaining the density matrix

ρθðσ; σ0Þ ¼
X

a

ψθðσ; aÞψ $
θðσ0; aÞ: ð1Þ

While the nature of the auxiliary system is arbitrary, a RBM
provides a very convenient method for encoding both the
physical and auxiliary degrees of freedom. A standard RBM
contains two layers of stochastic binary units, a visible or
physical layer, and a hidden or latent layer h. The two layers
are connected by a set ofweighted edges, and eachunit is also
coupled to an external field (or bias). Here, we embed the
auxiliary units used for the purification in the hidden layer
of the neural network, which is thus enlarged to ðh; aÞ.
The RBM associates to this graph structure a Boltzmann
probability distribution pθðσ; a; hÞ, where the network
parameters are θ ¼ fWθ;Uθ; bθ; cθ; dθg (see Fig. 1).

The distribution describing the composite (pure) system is
obtained by integrating out the hidden variables h:

pθðσ; aÞ ¼ e
P

i
logð1þe

W
½i'
θ
σþc

½i'
θ Þþa⊤Uθσþb⊤θ σþd⊤θ a; ð2Þ

withW ½i'
θ and c½i'θ being the ith rows of the weight matrix and

hidden field. We define the quantum state of the composite
system using two sets of parameters θ ¼ ðλ; μÞ describing
amplitudes and phases, respectively:

ψλμðσ; aÞ ¼ Z−1
2

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pλðσ; aÞ

p
eiϕμðσ;aÞ; ð3Þ

where ϕμðσ; aÞ ¼ logpμðσ; aÞ=2, and Zλ ¼
P

σapλðσ; aÞ is
a constant enforcing normalization.
Since the auxiliary units are embedded in the latent space

of the network, we can perform the summation in Eq. (1)
exactly, obtaining ρλμ ¼ Z−1

λ ρ̃λμ with un-normalized matrix
elements:

ρ̃λμðσ; σ0Þ ¼ eΓ
½þ'
λ ðσ;σ0ÞþiΓ½−'

μ ðσ;σ0ÞþΠλμðσ;σ0Þ: ð4Þ

Here we have introduced the matrices

Γ½('
θ ðσ;σ0Þ¼ 1

2

"X

i

logð1þeW
½i'
θ σþc½i'θ Þ

(
X

i

logð1þeW
½i'
θ σ

0þc½i'θ Þþb⊤θ ðσ(σ0Þ
#

ð5Þ

and

Πλμðσ; σ0Þ ¼
X

k

log
"
1þ exp

$
1

2
U½k'

λ ðσ þ σ0Þ

þ i
2
U½k'

μ ðσ −σ0Þ þ d½k'λ

%#
: ð6Þ

FIG. 1. Graphical representation of the neural density operator.
The visible layer (green) encodes the state of the physical system
σ, while the other two layers are used to describe the mixing due
to the environment (red), and to capture the correlations between
the physical degrees of freedom (blue).
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IN THIS TALK 

➤ Parametrize the quantum state We parametrize the Born’s 
rule in terms of generative models. Measurements: 
informationally complete positive operator valued measures 
(POVM) 

➤ Use this idea to learn states from synthetic measurements 
mimicking experimental data

⇢model = (T�1Pmodel)
TM
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Generative model



MEASUREMENTS: POSITIVE OPERATOR-VALUED MEASURE (POVM)

➤ POVM elements 

➤ Positive semidefinite operators 
➤  

M = {M (a) | a 2 {1, ...,m}}
<latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit>

X

i

M (a) = 1
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EXAMPLE: MEASUREMENT IN THE COMPUTATIONAL BASIS
M (0) = |0ih0|
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M (1) = |1ih1|
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I = |0ih0|+ |1ih1|
<latexit sha1_base64="ER01auqlYo4DN0blcaKMcrOWAQk=">AAACH3icbVDLSgMxFM34rPU16tJNsAiCUGZE1I1QdKO7CvYBnaFk0ts2NJMZkoxQpv0TN/6KGxeKiLv+jZl2Ftp6IORwzr0k5wQxZ0o7zsRaWl5ZXVsvbBQ3t7Z3du29/bqKEkmhRiMeyWZAFHAmoKaZ5tCMJZAw4NAIBreZ33gCqVgkHvUwBj8kPcG6jBJtpLZ94YVE94MgvR9fjxzsSSJ6HLDHZ7czOh25C6o7atslp+xMgReJm5MSylFt299eJ6JJCEJTTpRquU6s/ZRIzSiHcdFLFMSEDkgPWoYKEoLy02m+MT42Sgd3I2mO0Hiq/t5ISajUMAzMZJZGzXuZ+J/XSnT3yk+ZiBMNgs4e6iYc6whnZeEOk0A1HxpCqGTmr5j2iSRUm0qLpgR3PvIiqZ+VXcMfzkuVm7yOAjpER+gEuegSVdAdqqIaougZvaJ39GG9WG/Wp/U1G12y8p0D9AfW5Adz0KH0</latexit><latexit sha1_base64="ER01auqlYo4DN0blcaKMcrOWAQk=">AAACH3icbVDLSgMxFM34rPU16tJNsAiCUGZE1I1QdKO7CvYBnaFk0ts2NJMZkoxQpv0TN/6KGxeKiLv+jZl2Ftp6IORwzr0k5wQxZ0o7zsRaWl5ZXVsvbBQ3t7Z3du29/bqKEkmhRiMeyWZAFHAmoKaZ5tCMJZAw4NAIBreZ33gCqVgkHvUwBj8kPcG6jBJtpLZ94YVE94MgvR9fjxzsSSJ6HLDHZ7czOh25C6o7atslp+xMgReJm5MSylFt299eJ6JJCEJTTpRquU6s/ZRIzSiHcdFLFMSEDkgPWoYKEoLy02m+MT42Sgd3I2mO0Hiq/t5ISajUMAzMZJZGzXuZ+J/XSnT3yk+ZiBMNgs4e6iYc6whnZeEOk0A1HxpCqGTmr5j2iSRUm0qLpgR3PvIiqZ+VXcMfzkuVm7yOAjpER+gEuegSVdAdqqIaougZvaJ39GG9WG/Wp/U1G12y8p0D9AfW5Adz0KH0</latexit><latexit sha1_base64="ER01auqlYo4DN0blcaKMcrOWAQk=">AAACH3icbVDLSgMxFM34rPU16tJNsAiCUGZE1I1QdKO7CvYBnaFk0ts2NJMZkoxQpv0TN/6KGxeKiLv+jZl2Ftp6IORwzr0k5wQxZ0o7zsRaWl5ZXVsvbBQ3t7Z3du29/bqKEkmhRiMeyWZAFHAmoKaZ5tCMJZAw4NAIBreZ33gCqVgkHvUwBj8kPcG6jBJtpLZ94YVE94MgvR9fjxzsSSJ6HLDHZ7czOh25C6o7atslp+xMgReJm5MSylFt299eJ6JJCEJTTpRquU6s/ZRIzSiHcdFLFMSEDkgPWoYKEoLy02m+MT42Sgd3I2mO0Hiq/t5ISajUMAzMZJZGzXuZ+J/XSnT3yk+ZiBMNgs4e6iYc6whnZeEOk0A1HxpCqGTmr5j2iSRUm0qLpgR3PvIiqZ+VXcMfzkuVm7yOAjpER+gEuegSVdAdqqIaougZvaJ39GG9WG/Wp/U1G12y8p0D9AfW5Adz0KH0</latexit><latexit sha1_base64="ER01auqlYo4DN0blcaKMcrOWAQk=">AAACH3icbVDLSgMxFM34rPU16tJNsAiCUGZE1I1QdKO7CvYBnaFk0ts2NJMZkoxQpv0TN/6KGxeKiLv+jZl2Ftp6IORwzr0k5wQxZ0o7zsRaWl5ZXVsvbBQ3t7Z3du29/bqKEkmhRiMeyWZAFHAmoKaZ5tCMJZAw4NAIBreZ33gCqVgkHvUwBj8kPcG6jBJtpLZ94YVE94MgvR9fjxzsSSJ6HLDHZ7czOh25C6o7atslp+xMgReJm5MSylFt299eJ6JJCEJTTpRquU6s/ZRIzSiHcdFLFMSEDkgPWoYKEoLy02m+MT42Sgd3I2mO0Hiq/t5ISajUMAzMZJZGzXuZ+J/XSnT3yk+ZiBMNgs4e6iYc6whnZeEOk0A1HxpCqGTmr5j2iSRUm0qLpgR3PvIiqZ+VXcMfzkuVm7yOAjpER+gEuegSVdAdqqIaougZvaJ39GG9WG/Wp/U1G12y8p0D9AfW5Adz0KH0</latexit>

| i = a|0i+ b|1i
<latexit sha1_base64="rdGmFfBFu73WVKVTlLHgQLlNxng=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URhJKIoBuh6MZlBfuAJpTJ9KYdOpmEmYlQ0v6BG3/FjQtF3Lp15984bbPQ1gMD555zL3fuCRLOlHacb6uwtLyyulZcL21sbm3v2Lt7DRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMbiZ+8wGkYrG418ME/Ij0BAsZJdpIHft45NUU8yQRPQ74CpORkxenOMAjNy86dtmpOFPgReLmpIxy1Dr2l9eNaRqB0JQTpdquk2g/I1IzymFc8lIFCaED0oO2oYJEoPxses8YHxmli8NYmic0nqq/JzISKTWMAtMZEd1X895E/M9rpzq89DMmklSDoLNFYcqxjvEkHNxlEqjmQ0MIlcz8FdM+kYRqE2HJhODOn7xIGmcV1/C783L1Oo+jiA7QITpBLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AGFB5uu</latexit><latexit sha1_base64="rdGmFfBFu73WVKVTlLHgQLlNxng=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URhJKIoBuh6MZlBfuAJpTJ9KYdOpmEmYlQ0v6BG3/FjQtF3Lp15984bbPQ1gMD555zL3fuCRLOlHacb6uwtLyyulZcL21sbm3v2Lt7DRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMbiZ+8wGkYrG418ME/Ij0BAsZJdpIHft45NUU8yQRPQ74CpORkxenOMAjNy86dtmpOFPgReLmpIxy1Dr2l9eNaRqB0JQTpdquk2g/I1IzymFc8lIFCaED0oO2oYJEoPxses8YHxmli8NYmic0nqq/JzISKTWMAtMZEd1X895E/M9rpzq89DMmklSDoLNFYcqxjvEkHNxlEqjmQ0MIlcz8FdM+kYRqE2HJhODOn7xIGmcV1/C783L1Oo+jiA7QITpBLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AGFB5uu</latexit><latexit sha1_base64="rdGmFfBFu73WVKVTlLHgQLlNxng=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URhJKIoBuh6MZlBfuAJpTJ9KYdOpmEmYlQ0v6BG3/FjQtF3Lp15984bbPQ1gMD555zL3fuCRLOlHacb6uwtLyyulZcL21sbm3v2Lt7DRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMbiZ+8wGkYrG418ME/Ij0BAsZJdpIHft45NUU8yQRPQ74CpORkxenOMAjNy86dtmpOFPgReLmpIxy1Dr2l9eNaRqB0JQTpdquk2g/I1IzymFc8lIFCaED0oO2oYJEoPxses8YHxmli8NYmic0nqq/JzISKTWMAtMZEd1X895E/M9rpzq89DMmklSDoLNFYcqxjvEkHNxlEqjmQ0MIlcz8FdM+kYRqE2HJhODOn7xIGmcV1/C783L1Oo+jiA7QITpBLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AGFB5uu</latexit><latexit sha1_base64="rdGmFfBFu73WVKVTlLHgQLlNxng=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URhJKIoBuh6MZlBfuAJpTJ9KYdOpmEmYlQ0v6BG3/FjQtF3Lp15984bbPQ1gMD555zL3fuCRLOlHacb6uwtLyyulZcL21sbm3v2Lt7DRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMbiZ+8wGkYrG418ME/Ij0BAsZJdpIHft45NUU8yQRPQ74CpORkxenOMAjNy86dtmpOFPgReLmpIxy1Dr2l9eNaRqB0JQTpdquk2g/I1IzymFc8lIFCaED0oO2oYJEoPxses8YHxmli8NYmic0nqq/JzISKTWMAtMZEd1X895E/M9rpzq89DMmklSDoLNFYcqxjvEkHNxlEqjmQ0MIlcz8FdM+kYRqE2HJhODOn7xIGmcV1/C783L1Oo+jiA7QITpBLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AGFB5uu</latexit>

STATE
p(0) = h |M (0)| i = |a|2

<latexit sha1_base64="XqGreXmg+xnzl9Or9iD7rgIqLfw=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOydQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajBFaa/aN0tWxZoVXAY7hxLIq9E3P51BiOOAcIUZkrJrW5FyEyQUxYxMi04sSYTwGA1JVyNHAZFuMlttCk+1MoB+KPThCs7U3xMJCqScBJ7uDJAayUUvE//zurHyL92E8ihWhOP5Q37MoAphlhMcUEGwYhMNCAuq/wrxCAmElU6zqEOwF1dehla1Ymu+Oy/Vr/I4CuAYnIAysMEFqIMb0ABNgMEjeAav4M14Ml6Md+Nj3rpi5DNH4E8ZXz9Xyp6Z</latexit><latexit sha1_base64="XqGreXmg+xnzl9Or9iD7rgIqLfw=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOydQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajBFaa/aN0tWxZoVXAY7hxLIq9E3P51BiOOAcIUZkrJrW5FyEyQUxYxMi04sSYTwGA1JVyNHAZFuMlttCk+1MoB+KPThCs7U3xMJCqScBJ7uDJAayUUvE//zurHyL92E8ihWhOP5Q37MoAphlhMcUEGwYhMNCAuq/wrxCAmElU6zqEOwF1dehla1Ymu+Oy/Vr/I4CuAYnIAysMEFqIMb0ABNgMEjeAav4M14Ml6Md+Nj3rpi5DNH4E8ZXz9Xyp6Z</latexit><latexit sha1_base64="XqGreXmg+xnzl9Or9iD7rgIqLfw=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOydQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajBFaa/aN0tWxZoVXAY7hxLIq9E3P51BiOOAcIUZkrJrW5FyEyQUxYxMi04sSYTwGA1JVyNHAZFuMlttCk+1MoB+KPThCs7U3xMJCqScBJ7uDJAayUUvE//zurHyL92E8ihWhOP5Q37MoAphlhMcUEGwYhMNCAuq/wrxCAmElU6zqEOwF1dehla1Ymu+Oy/Vr/I4CuAYnIAysMEFqIMb0ABNgMEjeAav4M14Ml6Md+Nj3rpi5DNH4E8ZXz9Xyp6Z</latexit><latexit sha1_base64="XqGreXmg+xnzl9Or9iD7rgIqLfw=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOydQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajBFaa/aN0tWxZoVXAY7hxLIq9E3P51BiOOAcIUZkrJrW5FyEyQUxYxMi04sSYTwGA1JVyNHAZFuMlttCk+1MoB+KPThCs7U3xMJCqScBJ7uDJAayUUvE//zurHyL92E8ihWhOP5Q37MoAphlhMcUEGwYhMNCAuq/wrxCAmElU6zqEOwF1dehla1Ymu+Oy/Vr/I4CuAYnIAysMEFqIMb0ABNgMEjeAav4M14Ml6Md+Nj3rpi5DNH4E8ZXz9Xyp6Z</latexit>

p(1) = h |M (1)| i = |b|2
<latexit sha1_base64="/5nz4UlncFSwtmDXk+JKo/ZQBJc=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOyfQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajD10l61b5asijUruAx2DiWQV6NvfjqDEMcB4QozJGXXtiLlJkgoihmZFp1YkgjhMRqSrkaOAiLdZLbaFJ5qZQD9UOjDFZypvycSFEg5CTzdGSA1koteJv7ndWPlX7oJ5VGsCMfzh/yYQRXCLCc4oIJgxSYaEBZU/xXiERIIK51mUYdgL668DK1qxdZ8d16qX+VxFMAxOAFlYIMLUAc3oAGaAINH8AxewZvxZLwY78bHvHXFyGeOwJ8yvn4AXJ6enA==</latexit><latexit sha1_base64="/5nz4UlncFSwtmDXk+JKo/ZQBJc=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOyfQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajD10l61b5asijUruAx2DiWQV6NvfjqDEMcB4QozJGXXtiLlJkgoihmZFp1YkgjhMRqSrkaOAiLdZLbaFJ5qZQD9UOjDFZypvycSFEg5CTzdGSA1koteJv7ndWPlX7oJ5VGsCMfzh/yYQRXCLCc4oIJgxSYaEBZU/xXiERIIK51mUYdgL668DK1qxdZ8d16qX+VxFMAxOAFlYIMLUAc3oAGaAINH8AxewZvxZLwY78bHvHXFyGeOwJ8yvn4AXJ6enA==</latexit><latexit sha1_base64="/5nz4UlncFSwtmDXk+JKo/ZQBJc=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOyfQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajD10l61b5asijUruAx2DiWQV6NvfjqDEMcB4QozJGXXtiLlJkgoihmZFp1YkgjhMRqSrkaOAiLdZLbaFJ5qZQD9UOjDFZypvycSFEg5CTzdGSA1koteJv7ndWPlX7oJ5VGsCMfzh/yYQRXCLCc4oIJgxSYaEBZU/xXiERIIK51mUYdgL668DK1qxdZ8d16qX+VxFMAxOAFlYIMLUAc3oAGaAINH8AxewZvxZLwY78bHvHXFyGeOwJ8yvn4AXJ6enA==</latexit><latexit sha1_base64="/5nz4UlncFSwtmDXk+JKo/ZQBJc=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIx2CHoZDL14ESa4F1i7kWbpFpamJUmF0e5zePGrePGgiDfx4rcx3XrQzQcCv/z/z0Py/L2IUaks69tYWV1b39gsbBW3d3b39s2Dw5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF15rcfiJA05PdqEhE3QENOfYqR0lLftKOyfQZr0GGIDxmBTkNSmN72Ei1PYZpdHTG3ajD10l61b5asijUruAx2DiWQV6NvfjqDEMcB4QozJGXXtiLlJkgoihmZFp1YkgjhMRqSrkaOAiLdZLbaFJ5qZQD9UOjDFZypvycSFEg5CTzdGSA1koteJv7ndWPlX7oJ5VGsCMfzh/yYQRXCLCc4oIJgxSYaEBZU/xXiERIIK51mUYdgL668DK1qxdZ8d16qX+VxFMAxOAFlYIMLUAc3oAGaAINH8AxewZvxZLwY78bHvHXFyGeOwJ8yvn4AXJ6enA==</latexit>

BORN RULE: PROVIDES A LINK BETWEEN 
QUANTUM THEORY AND EXPERIMENT}

<latexit sha1_base64="iQ+h3/6Xv/f48kbTXQzfIYdwDck=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYfetO9WvZo3F1kFv4AqFGr03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71pUNOYmyOebTsmZdQYkSrR9Csnc/T2R09iYSRzazpjiyCzXZuZ/tW6G0XWQC5VmyBVbfBRlkmBCZmeTgdCcoZxYoEwLuythI6opQxtOxYbgL5+8Cq2Lmm/5/rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fno6NZw==</latexit><latexit sha1_base64="iQ+h3/6Xv/f48kbTXQzfIYdwDck=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYfetO9WvZo3F1kFv4AqFGr03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71pUNOYmyOebTsmZdQYkSrR9Csnc/T2R09iYSRzazpjiyCzXZuZ/tW6G0XWQC5VmyBVbfBRlkmBCZmeTgdCcoZxYoEwLuythI6opQxtOxYbgL5+8Cq2Lmm/5/rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fno6NZw==</latexit><latexit sha1_base64="iQ+h3/6Xv/f48kbTXQzfIYdwDck=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYfetO9WvZo3F1kFv4AqFGr03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71pUNOYmyOebTsmZdQYkSrR9Csnc/T2R09iYSRzazpjiyCzXZuZ/tW6G0XWQC5VmyBVbfBRlkmBCZmeTgdCcoZxYoEwLuythI6opQxtOxYbgL5+8Cq2Lmm/5/rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fno6NZw==</latexit><latexit sha1_base64="iQ+h3/6Xv/f48kbTXQzfIYdwDck=">AAAB6XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYfetO9WvZo3F1kFv4AqFGr03a/eIGFZzBUySY3p+l6KQU41Cib5tNLLDE8pG9Mh71pUNOYmyOebTsmZdQYkSrR9Csnc/T2R09iYSRzazpjiyCzXZuZ/tW6G0XWQC5VmyBVbfBRlkmBCZmeTgdCcoZxYoEwLuythI6opQxtOxYbgL5+8Cq2Lmm/5/rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fno6NZw==</latexit>



MEASUREMENTS: POSITIVE OPERATOR-VALUED MEASURE (POVM)
X

i

M (a) = 1
<latexit sha1_base64="QzqhRDXjmRTSq4SxjMFZ/R4SVcs=">AAACF3icbVDLSsNAFJ3UV62vqEtdDBahbkoigroQim7cCBWMLTS1zEwm7dDJg5mJUEI2foZf4Fa/wJW4dekH+B9O2ixs64ELh3Pu5d57cMyZVJb1bZQWFpeWV8qrlbX1jc0tc3vnXkaJINQhEY9EGyNJOQupo5jitB0LigLMaQsPr3K/9UiFZFF4p0Yx7QaoHzKfEaS01DP3K65Mgh6DNw9pDR1l8AK6AVIDjFM765lVq26NAeeJXZAqKNDsmT+uF5EkoKEiHEnZsa1YdVMkFCOcZhU3kTRGZIj6tKNpiAIqu+n4iwweasWDfiR0hQqO1b8TKQqkHAVYd+YXylkvF//zOonyz7opC+NE0ZBMFvkJhyqCeSTQY4ISxUeaICKYvhWSARKIKB3c1BaMI+5lUOdiz6YwT5zj+nndvj2pNi6LgMpgDxyAGrDBKWiAa9AEDiDgCbyAV/BmPBvvxofxOWktGcXMLpiC8fULuiWfAQ==</latexit><latexit sha1_base64="QzqhRDXjmRTSq4SxjMFZ/R4SVcs=">AAACF3icbVDLSsNAFJ3UV62vqEtdDBahbkoigroQim7cCBWMLTS1zEwm7dDJg5mJUEI2foZf4Fa/wJW4dekH+B9O2ixs64ELh3Pu5d57cMyZVJb1bZQWFpeWV8qrlbX1jc0tc3vnXkaJINQhEY9EGyNJOQupo5jitB0LigLMaQsPr3K/9UiFZFF4p0Yx7QaoHzKfEaS01DP3K65Mgh6DNw9pDR1l8AK6AVIDjFM765lVq26NAeeJXZAqKNDsmT+uF5EkoKEiHEnZsa1YdVMkFCOcZhU3kTRGZIj6tKNpiAIqu+n4iwweasWDfiR0hQqO1b8TKQqkHAVYd+YXylkvF//zOonyz7opC+NE0ZBMFvkJhyqCeSTQY4ISxUeaICKYvhWSARKIKB3c1BaMI+5lUOdiz6YwT5zj+nndvj2pNi6LgMpgDxyAGrDBKWiAa9AEDiDgCbyAV/BmPBvvxofxOWktGcXMLpiC8fULuiWfAQ==</latexit><latexit sha1_base64="QzqhRDXjmRTSq4SxjMFZ/R4SVcs=">AAACF3icbVDLSsNAFJ3UV62vqEtdDBahbkoigroQim7cCBWMLTS1zEwm7dDJg5mJUEI2foZf4Fa/wJW4dekH+B9O2ixs64ELh3Pu5d57cMyZVJb1bZQWFpeWV8qrlbX1jc0tc3vnXkaJINQhEY9EGyNJOQupo5jitB0LigLMaQsPr3K/9UiFZFF4p0Yx7QaoHzKfEaS01DP3K65Mgh6DNw9pDR1l8AK6AVIDjFM765lVq26NAeeJXZAqKNDsmT+uF5EkoKEiHEnZsa1YdVMkFCOcZhU3kTRGZIj6tKNpiAIqu+n4iwweasWDfiR0hQqO1b8TKQqkHAVYd+YXylkvF//zOonyz7opC+NE0ZBMFvkJhyqCeSTQY4ISxUeaICKYvhWSARKIKB3c1BaMI+5lUOdiz6YwT5zj+nndvj2pNi6LgMpgDxyAGrDBKWiAa9AEDiDgCbyAV/BmPBvvxofxOWktGcXMLpiC8fULuiWfAQ==</latexit><latexit sha1_base64="QzqhRDXjmRTSq4SxjMFZ/R4SVcs=">AAACF3icbVDLSsNAFJ3UV62vqEtdDBahbkoigroQim7cCBWMLTS1zEwm7dDJg5mJUEI2foZf4Fa/wJW4dekH+B9O2ixs64ELh3Pu5d57cMyZVJb1bZQWFpeWV8qrlbX1jc0tc3vnXkaJINQhEY9EGyNJOQupo5jitB0LigLMaQsPr3K/9UiFZFF4p0Yx7QaoHzKfEaS01DP3K65Mgh6DNw9pDR1l8AK6AVIDjFM765lVq26NAeeJXZAqKNDsmT+uF5EkoKEiHEnZsa1YdVMkFCOcZhU3kTRGZIj6tKNpiAIqu+n4iwweasWDfiR0hQqO1b8TKQqkHAVYd+YXylkvF//zOonyz7opC+NE0ZBMFvkJhyqCeSTQY4ISxUeaICKYvhWSARKIKB3c1BaMI+5lUOdiz6YwT5zj+nndvj2pNi6LgMpgDxyAGrDBKWiAa9AEDiDgCbyAV/BmPBvvxofxOWktGcXMLpiC8fULuiWfAQ==</latexit>

M = {M (a) | a 2 {1, ...,m}}
<latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit><latexit sha1_base64="zlNepyu/CDMTOS9ged1uapjan+Q="></latexit>

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

Born rule. Defines a distribution over the generalized 
measurements => link between quantum theory and 
experimental outcome

POVM ELEMENTS

INFORMATIONALLY COMPLETE POVM
•The measurement statistics          contains all of the 

information about the state. 

•If m is at least D2=22N  and M span the entire Hilbert space 

•Relation between      and distribution            can be inverted.  ⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

P (a)
<latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit>

P (a)
<latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit>

O =
X

a

O(a)M (a)

<latexit sha1_base64="YyqNt/C56PuRdQqrAjnvSNXxcUo=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounEjrWAf0MQwmU7aoTNJmJkIJWTvxl9x40IRt/6AO//GSZuFth4Y5nDOvdx7jx8zKpVlfRtLyyura+uljfLm1vbOrrm335FRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77K/e4DEZJG4Z2axMTlaBjSgGKktOSZlSa8gI5MuJc6HKmRH6Qoy2Czho7hzX2qv8wzq1bdmgIuErsgVVCg5ZlfziDCCSehwgxJ2betWLkpEopiRrKyk0gSIzxGQ9LXNEScSDed3pLBI60MYBAJ/UIFp+rvjhRxKSfc15X5vnLey8X/vH6ignM3pWGcKBLi2aAgYVBFMA8GDqggWLGJJggLqneFeIQEwkrHV9Yh2PMnL5LOSd3W/Pa02rgs4iiBQ1ABNWCDM9AA16AF2gCDR/AMXsGb8WS8GO/Gx6x0ySh6DsAfGJ8/uxiZkA==</latexit><latexit sha1_base64="YyqNt/C56PuRdQqrAjnvSNXxcUo=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounEjrWAf0MQwmU7aoTNJmJkIJWTvxl9x40IRt/6AO//GSZuFth4Y5nDOvdx7jx8zKpVlfRtLyyura+uljfLm1vbOrrm335FRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77K/e4DEZJG4Z2axMTlaBjSgGKktOSZlSa8gI5MuJc6HKmRH6Qoy2Czho7hzX2qv8wzq1bdmgIuErsgVVCg5ZlfziDCCSehwgxJ2betWLkpEopiRrKyk0gSIzxGQ9LXNEScSDed3pLBI60MYBAJ/UIFp+rvjhRxKSfc15X5vnLey8X/vH6ignM3pWGcKBLi2aAgYVBFMA8GDqggWLGJJggLqneFeIQEwkrHV9Yh2PMnL5LOSd3W/Pa02rgs4iiBQ1ABNWCDM9AA16AF2gCDR/AMXsGb8WS8GO/Gx6x0ySh6DsAfGJ8/uxiZkA==</latexit><latexit sha1_base64="YyqNt/C56PuRdQqrAjnvSNXxcUo=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounEjrWAf0MQwmU7aoTNJmJkIJWTvxl9x40IRt/6AO//GSZuFth4Y5nDOvdx7jx8zKpVlfRtLyyura+uljfLm1vbOrrm335FRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77K/e4DEZJG4Z2axMTlaBjSgGKktOSZlSa8gI5MuJc6HKmRH6Qoy2Czho7hzX2qv8wzq1bdmgIuErsgVVCg5ZlfziDCCSehwgxJ2betWLkpEopiRrKyk0gSIzxGQ9LXNEScSDed3pLBI60MYBAJ/UIFp+rvjhRxKSfc15X5vnLey8X/vH6ignM3pWGcKBLi2aAgYVBFMA8GDqggWLGJJggLqneFeIQEwkrHV9Yh2PMnL5LOSd3W/Pa02rgs4iiBQ1ABNWCDM9AA16AF2gCDR/AMXsGb8WS8GO/Gx6x0ySh6DsAfGJ8/uxiZkA==</latexit><latexit sha1_base64="YyqNt/C56PuRdQqrAjnvSNXxcUo=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiQi6EYounEjrWAf0MQwmU7aoTNJmJkIJWTvxl9x40IRt/6AO//GSZuFth4Y5nDOvdx7jx8zKpVlfRtLyyura+uljfLm1vbOrrm335FRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77K/e4DEZJG4Z2axMTlaBjSgGKktOSZlSa8gI5MuJc6HKmRH6Qoy2Czho7hzX2qv8wzq1bdmgIuErsgVVCg5ZlfziDCCSehwgxJ2betWLkpEopiRrKyk0gSIzxGQ9LXNEScSDed3pLBI60MYBAJ/UIFp+rvjhRxKSfc15X5vnLey8X/vH6ignM3pWGcKBLi2aAgYVBFMA8GDqggWLGJJggLqneFeIQEwkrHV9Yh2PMnL5LOSd3W/Pa02rgs4iiBQ1ABNWCDM9AA16AF2gCDR/AMXsGb8WS8GO/Gx6x0ySh6DsAfGJ8/uxiZkA==</latexit>



MEASUREMENTS: POSITIVE OPERATOR VALUED MEASURES (POVM)

Experimental realization: pick a random direction with 
probability 1/3, then measure in that direction 

CONSTRUCTING POVMS: TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT OF MANY

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2

664

1

8

1

12

1

12

1

12
1

12

1

8

1

12

1

12
1

12

1

12

1

8

1

12
1

12

1

12

1

12

1

8

3

775 (10)

In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

For multiqubit systems 

we will consider 
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,
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with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p
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(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)
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=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
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M (1) :=
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(11 + s(1) · �),

M (2) :=
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(11 + s(2) · �),

M (3) :=
1
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(11 + s(3) · �),

M (4) :=
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, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1
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|0ih0|), s(2) :=
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3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,
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1
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p
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(|0i±|1i), |ri = 1p

2
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and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
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� 1

r2 =
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� 1

r3 =
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p(3)
=
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p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:
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MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=
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r3 =
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p(3)
=
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p(3)
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Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1
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MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
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, one has, for MTetra,
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,
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with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)
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� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:
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MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)
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is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
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, one has, for MTetra,
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In turn, for MPauli, one has, for the exemplary choice
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p
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(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:
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MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

Pauli measurement for one qubit

   Easy to implement in gate-based QC (Qiskit, Cirq, Rigetti, etc. )



KEY INSIGHT: PARAMETRIZE STATISTICS AND INVERT 

P (a) = Tr ⇢Ma
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=> Unsupervised learning of P(a) 
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VAE, RBM, GAN, autoregressive models, etc 

Goodfellow et al. Deep Learning (2016)

Check out tomorrow’s chalkboard talk: Michael Albergo



WHAT ARE THESE MODELS TYPICALLY USED FOR?

➤ Understand probability distributions defined over high-
dimensional data 

➤ Language translation   

➤ Image generation 

➤ Density estimation 

➤ Anomaly/novelty detection

Pmodel (a)
<latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit><latexit sha1_base64="wQ5TMVsFOKlBO/KOFjAaBBCLf6Y=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEK8hF0R1JvoxWMEY4RsCLOzvcng7M4y0yuGZX/Bz/ALvOoXeBIvHjz6H04eB5NY0FBUddPdFaRSGHTdL2dufmFxaXlltbS2vrG5Vd7euTUq0xwaXEml7wJmQIoEGihQwl2qgcWBhGZwfznwmw+gjVDJDfZTaMesm4hIcIZW6pSr9U7uIzxiHqsQZFH4EiKsUj9m2AuinBW+Ft0eHnbKFbfmDkFniTcmFTJGvVP+8UPFsxgS5JIZ0/LcFNs50yi4hKLkZwZSxu9ZF1qWJiwG086HHxX0wCohjZS2lSAdqn8nchYb048D2zk41Ex7A/E/r5VhdNrORZJmCAkfLYoySVHRQTw0FBo4yr4ljGthb6W8xzTjaEOc2BIESoYFtbl40ynMksZR7azmXR9Xzi/GAa2QPbJPqsQjJ+ScXJE6aRBOnsgLeSVvzrPz7nw4n6PWOWc8s0sm4Hz/Ao7spfs=</latexit>

VAE, RBM, GAN, autoregressive models, etc 

P (English|French)
<latexit sha1_base64="KNNwQjAOLzqXyuVSo1v1A6GuRCQ=">AAACC3icbVDLSgMxFM3UV62vUZduQotQN2VGBF0WRXFZwT6gHUomzbShmcyQ3BHL2L0bf8WNC0Xc+gPu/BvTdhbaeiBw7jn3cnOPHwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDi4nfvGNK80jewihmXkj6kgecEjBS1y7Wyh1g95Beyr5ZNxjjBzwTrhST1NRHXbvkVJwp8CJxM1JCGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdNbxvjQKD0cRMo8CXiq/p5ISaj1KPRNZ0hgoOe9ifif104gOPNSLuMEzGGzRUEiMER4EgzuccUoiJEhhCpu/orpgChCwcRXMCG48ycvksZxxTX85qRUPc/iyKMDVERl5KJTVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx+xN5rO</latexit><latexit sha1_base64="KNNwQjAOLzqXyuVSo1v1A6GuRCQ=">AAACC3icbVDLSgMxFM3UV62vUZduQotQN2VGBF0WRXFZwT6gHUomzbShmcyQ3BHL2L0bf8WNC0Xc+gPu/BvTdhbaeiBw7jn3cnOPHwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDi4nfvGNK80jewihmXkj6kgecEjBS1y7Wyh1g95Beyr5ZNxjjBzwTrhST1NRHXbvkVJwp8CJxM1JCGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdNbxvjQKD0cRMo8CXiq/p5ISaj1KPRNZ0hgoOe9ifif104gOPNSLuMEzGGzRUEiMER4EgzuccUoiJEhhCpu/orpgChCwcRXMCG48ycvksZxxTX85qRUPc/iyKMDVERl5KJTVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx+xN5rO</latexit><latexit sha1_base64="KNNwQjAOLzqXyuVSo1v1A6GuRCQ=">AAACC3icbVDLSgMxFM3UV62vUZduQotQN2VGBF0WRXFZwT6gHUomzbShmcyQ3BHL2L0bf8WNC0Xc+gPu/BvTdhbaeiBw7jn3cnOPHwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDi4nfvGNK80jewihmXkj6kgecEjBS1y7Wyh1g95Beyr5ZNxjjBzwTrhST1NRHXbvkVJwp8CJxM1JCGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdNbxvjQKD0cRMo8CXiq/p5ISaj1KPRNZ0hgoOe9ifif104gOPNSLuMEzGGzRUEiMER4EgzuccUoiJEhhCpu/orpgChCwcRXMCG48ycvksZxxTX85qRUPc/iyKMDVERl5KJTVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx+xN5rO</latexit><latexit sha1_base64="KNNwQjAOLzqXyuVSo1v1A6GuRCQ=">AAACC3icbVDLSgMxFM3UV62vUZduQotQN2VGBF0WRXFZwT6gHUomzbShmcyQ3BHL2L0bf8WNC0Xc+gPu/BvTdhbaeiBw7jn3cnOPHwuuwXG+rdzS8srqWn69sLG5tb1j7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/rDi4nfvGNK80jewihmXkj6kgecEjBS1y7Wyh1g95Beyr5ZNxjjBzwTrhST1NRHXbvkVJwp8CJxM1JCGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdNbxvjQKD0cRMo8CXiq/p5ISaj1KPRNZ0hgoOe9ifif104gOPNSLuMEzGGzRUEiMER4EgzuccUoiJEhhCpu/orpgChCwcRXMCG48ycvksZxxTX85qRUPc/iyKMDVERl5KJTVEXXqIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx+xN5rO</latexit>

Table 11: Some example translations from PBMT [15], our GNMT system (the "NMT before RL", Table 9),
and Human. Source and target sentences (human translations) are from the public benchmark WMT EnæFr
(newstest2014) data set. The right-hand column shows the human ratings on a scale of 0 (complete nonsense)
to 6 (perfect translation). We disagree with some of the human ratings, e.g., the translation “Elle a été
repéré trois jours plus tard par un promeneur de chien piégé dans la carrière” contains grammatical mistakes
and changes semantics, and is still scored 6. We present it to illustrate the potential problems of the scoring
process.

Source
"The reason Boeing are doing this is to cram more seats in to make their plane more
competitive with our products," said Kevin Keniston, head of passenger comfort at
Europe’s Airbus.

PBMT
"La raison pour laquelle Boeing sont en train de faire, c’est de concentrer davantage de
sièges pour prendre leur avion plus compétitive avec nos produits", a déclaré Kevin M.
Keniston, chef du confort des passagers de l’Airbus de l’Europe.

3.0

GNMT
"La raison pour laquelle Boeing fait cela est de créer plus de sièges pour rendre son
avion plus compétitif avec nos produits", a déclaré Kevin Keniston, chef du confort des
passagers chez Airbus.

6.0

Human
"Boeing fait ça pour pouvoir caser plus de sièges et rendre ses avions plus compétitifs
par rapports à nos produits", a déclaré Kevin Keniston, directeur de Confort Passager
chez l’avionneur européen Airbus.

6.0

Source
When asked about this, an o�cial of the American administration replied: "The United
States is not conducting electronic surveillance aimed at o�ces of the World Bank and
IMF in Washington."

PBMT
Interrogé à ce sujet, un responsable de l’administration américaine a répondu : "Les
Etats-Unis n’est pas e�ectuer une surveillance électronique destiné aux bureaux de la
Banque mondiale et du FMI à Washington".

3.0

GNMT
Interrogé à ce sujet, un fonctionnaire de l’administration américaine a répondu: "Les
États-Unis n’e�ectuent pas de surveillance électronique à l’intention des bureaux de la
Banque mondiale et du FMI à Washington".

6.0

Human
Interrogé sur le sujet, un responsable de l’administration américaine a répondu: "les
Etats-Unis ne mènent pas de surveillance électronique visant les sièges de la Banque
mondiale et du FMI à Washington".

6.0

Source Martin told CNN that he asked Daley whether his then-boss knew about the potential
shu�e.

PBMT Martin a déclaré à CNN qu’il a demandé Daley si son patron de l’époque connaissaient
le potentiel remaniement ministériel. 2.0

GNMT Martin a dit à CNN qu’il avait demandé à Daley si son patron d’alors était au courant
du remaniement potentiel. 6.0

Human Martin a dit sur CNN qu’il avait demandé à Daley si son patron d’alors était au
courant du remaniement éventuel. 5.0

Source She was spotted three days later by a dog walker trapped in the quarry
PBMT Elle a été repéré trois jours plus tard par un promeneur de chien piégé dans la carrière 6.0
GNMT Elle a été repérée trois jours plus tard par un traîneau à chiens piégé dans la carrière. 2.0

Human Elle a été repérée trois jours plus tard par une personne qui promenait son chien
coincée dans la carrière 5.0

Source Analysts believe the country is unlikely to slide back into full-blown conflict, but recent
events have unnerved foreign investors and locals.

PBMT Les analystes estiment que le pays a peu de chances de retomber dans un conflit total,
mais les événements récents ont inquiété les investisseurs étrangers et locaux. 5.0

GNMT
Selon les analystes, il est peu probable que le pays retombe dans un conflit généralisé,
mais les événements récents ont attiré des investisseurs étrangers et des habitants
locaux.

2.0

Human Les analystes pensent que le pays ne devrait pas retomber dans un conflit ouvert, mais
les récents évènements ont ébranlé les investisseurs étrangers et la population locale. 5.0
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GRAPHICAL NOTATION

⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

P (a)
<latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit><latexit sha1_base64="ZOwE1fMXiaHHQT2PIki7wNAZJt0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG5cV7APaoWTSTBuayYzJnUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7nK/NebaiFg94iThfkQHSoSCUbSSX690I4rDIMzo9KJXKrtVdwaySrwFKcMC9V7pq9uPWRpxhUxSYzqem6CfUY2CST4tdlPDE8pGdMA7lioaceNns9BTcm6VPgljbZ9CMlN/b2Q0MmYSBXYyj2iWvVz8z+ukGN74mVBJilyx+aEwlQRjkjdA+kJzhnJiCWVa2KyEDammDG1PRVuCt/zlVdK8rHqWP1yVa7eLOgpwCmdQAQ+uoQb3UIcGMHiCZ3iFN2fsvDjvzsd8dM1Z7JzAHzifP0bxkcQ=</latexit>

M
<latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit><latexit sha1_base64="KZjDXoo6wrSGslBQE0wuPw28z18=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiGzdCBfuAdiyZTKYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QcjjnXnJygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvs79ziNVmklxbyYJ9WM8FCxiBBsrPfQDyUM9ie2V3U4H1Zpbd2dAy8QrSA0KNAfVr34oSRpTYQjHWvc8NzF+hpVhhNNppZ9qmmAyxkPas1TgmGo/m6WeohOrhCiSyh5h0Ez9vZHhWOfR7GSMzUgvern4n9dLTXTpZ0wkqaGCzB+KUo6MRHkFKGSKEsMnlmCimM2KyAgrTIwtqmJL8Ba/vEzaZ3XPrXt357XGVVFHGY7gGE7BgwtowA00oQUEFDzDK7w5T86L8+58zEdLTrFzCH/gfP4AEfWS3g==</latexit>

Physical indices

POVM indices
M =

�
M (a1) ⌦M (a2) ⌦ . . .M (aN )

 
a1,...aN

<latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit><latexit sha1_base64="oWJNQamk8PWxAx0koTVfX1AVjBU="></latexit>

Density matrix

Statistics of measurement



GRAPHICAL NOTATION AND INVERSE
=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>P (a) = Tr ⇢Ma

<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

Born rule

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))

<latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit>

T↵,� = Tr M↵M�
<latexit sha1_base64="HjsZI+wG8r8HUwDrqdn483AEoVA="></latexit><latexit sha1_base64="HjsZI+wG8r8HUwDrqdn483AEoVA="></latexit><latexit sha1_base64="HjsZI+wG8r8HUwDrqdn483AEoVA="></latexit><latexit sha1_base64="HjsZI+wG8r8HUwDrqdn483AEoVA="></latexit>

T�1
<latexit sha1_base64="5DZnpD8fIkzJtLDcRI11xrdnhik=">AAACCnicbVDLSsNAFJ34rPXRqEs3g0VwY0lEUHdFNy4rNLbQxjKZTNqhk5kwMxFKyCf4BW71C1yJW3/CD/A/nLRZ2NYDFw7n3Ms9nCBhVGnH+bZWVtfWNzYrW9Xtnd29mr1/8KBEKjHxsGBCdgOkCKOceJpqRrqJJCgOGOkE49vC7zwRqajgbT1JiB+jIacRxUgbaWDX+jHSoyDK2vljdubmA7vuNJwp4DJxS1IHJVoD+6cfCpzGhGvMkFI910m0nyGpKWYkr/ZTRRKEx2hIeoZyFBPlZ9PgOTwxSggjIc1wDafq34sMxUpN4sBsFjHVoleI/3m9VEdXfkZ5kmrC8exRlDKoBSxagCGVBGs2MQRhSU1WiEdIIqxNV3NfgkCwMIemF3exhWXinTeuG+79Rb15UxZUAUfgGJwCF1yCJrgDLeABDFLwAl7Bm/VsvVsf1udsdcUqbw7BHKyvX88vmuU=</latexit><latexit sha1_base64="5DZnpD8fIkzJtLDcRI11xrdnhik=">AAACCnicbVDLSsNAFJ34rPXRqEs3g0VwY0lEUHdFNy4rNLbQxjKZTNqhk5kwMxFKyCf4BW71C1yJW3/CD/A/nLRZ2NYDFw7n3Ms9nCBhVGnH+bZWVtfWNzYrW9Xtnd29mr1/8KBEKjHxsGBCdgOkCKOceJpqRrqJJCgOGOkE49vC7zwRqajgbT1JiB+jIacRxUgbaWDX+jHSoyDK2vljdubmA7vuNJwp4DJxS1IHJVoD+6cfCpzGhGvMkFI910m0nyGpKWYkr/ZTRRKEx2hIeoZyFBPlZ9PgOTwxSggjIc1wDafq34sMxUpN4sBsFjHVoleI/3m9VEdXfkZ5kmrC8exRlDKoBSxagCGVBGs2MQRhSU1WiEdIIqxNV3NfgkCwMIemF3exhWXinTeuG+79Rb15UxZUAUfgGJwCF1yCJrgDLeABDFLwAl7Bm/VsvVsf1udsdcUqbw7BHKyvX88vmuU=</latexit><latexit sha1_base64="5DZnpD8fIkzJtLDcRI11xrdnhik=">AAACCnicbVDLSsNAFJ34rPXRqEs3g0VwY0lEUHdFNy4rNLbQxjKZTNqhk5kwMxFKyCf4BW71C1yJW3/CD/A/nLRZ2NYDFw7n3Ms9nCBhVGnH+bZWVtfWNzYrW9Xtnd29mr1/8KBEKjHxsGBCdgOkCKOceJpqRrqJJCgOGOkE49vC7zwRqajgbT1JiB+jIacRxUgbaWDX+jHSoyDK2vljdubmA7vuNJwp4DJxS1IHJVoD+6cfCpzGhGvMkFI910m0nyGpKWYkr/ZTRRKEx2hIeoZyFBPlZ9PgOTwxSggjIc1wDafq34sMxUpN4sBsFjHVoleI/3m9VEdXfkZ5kmrC8exRlDKoBSxagCGVBGs2MQRhSU1WiEdIIqxNV3NfgkCwMIemF3exhWXinTeuG+79Rb15UxZUAUfgGJwCF1yCJrgDLeABDFLwAl7Bm/VsvVsf1udsdcUqbw7BHKyvX88vmuU=</latexit><latexit sha1_base64="5DZnpD8fIkzJtLDcRI11xrdnhik=">AAACCnicbVDLSsNAFJ34rPXRqEs3g0VwY0lEUHdFNy4rNLbQxjKZTNqhk5kwMxFKyCf4BW71C1yJW3/CD/A/nLRZ2NYDFw7n3Ms9nCBhVGnH+bZWVtfWNzYrW9Xtnd29mr1/8KBEKjHxsGBCdgOkCKOceJpqRrqJJCgOGOkE49vC7zwRqajgbT1JiB+jIacRxUgbaWDX+jHSoyDK2vljdubmA7vuNJwp4DJxS1IHJVoD+6cfCpzGhGvMkFI910m0nyGpKWYkr/ZTRRKEx2hIeoZyFBPlZ9PgOTwxSggjIc1wDafq34sMxUpN4sBsFjHVoleI/3m9VEdXfkZ5kmrC8exRlDKoBSxagCGVBGs2MQRhSU1WiEdIIqxNV3NfgkCwMIemF3exhWXinTeuG+79Rb15UxZUAUfgGJwCF1yCJrgDLeABDFLwAl7Bm/VsvVsf1udsdcUqbw7BHKyvX88vmuU=</latexit>

If the POVM is informationally complete then 

⇢ =
X

a

O⇢(a)M
(a)

<latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit><latexit sha1_base64="FiyBufYPo3SVCb7REqy/J+rHrlw=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqpeyKoBeh6MWLWMH+QHddsmm2DU02S5IVyrIP4MVX8eJBEa8+gDffxmy7B20dCBlm5iP5JogZVdq2v62FxaXlldXSWnl9Y3Nru7Kz21YikZi0sGBCdgOkCKMRaWmqGenGkiAeMNIJRpe533kgUlER3elxTDyOBhENKUbaSH6l6sqhgOfQVQn3U5TBGz/NpayGjuD1fWquzKTsuj0BnCdOQaqgQNOvfLl9gRNOIo0ZUqrn2LH2UiQ1xYxkZTdRJEZ4hAakZ2iEOFFeOlkmg4dG6cNQSHMiDSfq74kUcaXGPDBJjvRQzXq5+J/XS3R45qU0ihNNIjx9KEwY1ALmzcA+lQRrNjYEYUnNXyEeIomwNv2VTQnO7MrzpH1cd+y6c3tSbVwUdZTAPjgANeCAU9AAV6AJWgCDR/AMXsGb9WS9WO/WxzS6YBUze+APrM8fxVuaJg==</latexit>

Insert this relation into Born’s rule P (a) =
X

a0

O⇢(a
0)Tr[M (a)

M
(a0)] =

X

a0

O⇢(a
0)Ta0a

<latexit sha1_base64="gqZW3CTzpCTrnRqlkksj8dHZfek="></latexit><latexit sha1_base64="gqZW3CTzpCTrnRqlkksj8dHZfek="></latexit><latexit sha1_base64="gqZW3CTzpCTrnRqlkksj8dHZfek="></latexit><latexit sha1_base64="gqZW3CTzpCTrnRqlkksj8dHZfek="></latexit>

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))

<latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit>

=<latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit><latexit sha1_base64="8uDF8DVeQnsAQmi3YnN5BydvDus=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14bMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkeywczSdCP6FDykDNqrNW46ZcrbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7TaPowgncArn4MEV1OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/jM+MwQ==</latexit>



LEARNING MIXED STATES USING POSITIVE OPERATOR VALUED MEASURE

P (a) = Tr ⇢Ma
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=> Unsupervised learning of P(a) 
Pmodel (a)
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VAE, RBM, GAN, autoregressive models, any model 

Goodfellow et al. Deep Learning (2016)

⇢model = (T�1Pmodel)
TM
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Neural Probabilistic model
The statistics of the measurements is given by Born rule

Measurements

quantum state

Statistics of the measurements



BORN RULE IS A LINEAR RELATION AND CAN BE INVERTED 

⇢model = (T�1Pmodel)
TM
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Neural Probabilistic model



MODEL FOR THE DENSITY MATRIX

•Factorization of the state in terms of a 
probability distribution and a set of 
tensors 

•All the entanglement and potential 
complexity of the state comes from the 
structure of the P(a) 

•P(a) is approximated by powerful neural 
network probabilistic models

⇢model = (T�1Pmodel)
TM
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Generative model



CERTIFICATION: FIDELITY, CLASSICAL FIDELITY, CORRELATION FUNCTIONS

➤ Fidelity 
➤ Classical fidelity in POVM space 
➤ Kullback–Leibler divergence in POVM space 
➤ Correlation functions

FClassical =
X

a

p
P (a)Pmodel(a)
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KL (Pmodel|P ) = �
X

a

P (a) log
Pmodel(a)

P (a)
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F (⇢,�) = Tr

qp
⇢�

p
⇢

�2
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LEARNING MIXED STATES USING POVM: PROCEDURE

•Prepare a desired quantum state repeatedly 
•Perform generalized measurements 
•Reconstruct P(a) using unsupervised learning 
•“Invert”  
•Perform some sort of certification via fidelity 
or classical fidelity or measure correlation 
functions etc. 

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))
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Combines the idea of MLE with linear inversion in one method 
(observables/certification)



RESULTS 
GHZ + NOISE, GROUND STATES OF QUANTUM SYSTEMS 

APPROXIMATED BY MPS STATES



RESULTS ON SYNTHETIC DATASETS FOR GHZ STATES

Pure GHZ 

5

multinomial RBM is again Gibbs sampling, with the dif-
ference that the conditional probabilities are generalized
to this expression
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Here F is the number if hidden units, L is the number
of states per quibit in the hidden layer. W kl

ij are now the
weight matrix, which is now a 4-rank tensor encoding the
interaction between the di↵erent states k and l from the
visible and hidden units i and j, respectively. The bki
are the biases in the visible unit and there is an analog
expression for the hidden units alj . To make things a little
clearer, here is the expression that defines the energy of
the multinomial RBM
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The probability is

P (~V , ~H) =
e�E(~V , ~H)

Z

, where Z =
P

~V , ~H e�E(~V , ~H).

VIII. EXEMPLARY MIXED STATES TO TRY
THE TECHNIQUE

A. Locally depolarized generalized GHZ states

One paradigmatic genuinely multipartite entangled in
quantum information is the so-called GHZ state. Here,
we considered a generalised version of it. More precisely,
for N qubits, we consider:

| 0i ⌘ ↵ |0i⌦N + � |1i⌦N , (23)

with ↵ and � 2 C such that |↵|2 + |�|2 = 1. The usual
GHZ state is recovered for ↵ = 1p

2
= �. Moreover, we

consider the action of a local (single-qubit) noise channel
E on the initial state

%0 := | 0i h 0|

= |↵|2 |0i h0|⌦N + |�|2 |1i h1|⌦N +
⇣
↵�⇤

|0i h1|⌦N + h.c.
⌘
,

(24)

such that the resulting noisy state is

% ⌘ E1 E2 ... EN %0. (25)

In particular, here we choose E as the depolarising chan-
nel. This is the most detrimental type of local noisea,

as it models not only the loss of quantum coherence but
also of classical information. The i-th qubit depolarising
channel can expressed concisely (see also Krauss decom-
position of the channel) as

Ei%0 = (1� p) %0+
p

3

⇣
�(1)

i %0 �
(1)

i + �(2)

i %0 �
(2)

i + �(3)

i %0 �
(3)

i

⌘
,

(26)
The explicit expression of the depolarised state (25)

has been calculated elsewhere [9, 10]. It is:
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+
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where �k ⌘ |↵|2(1 �
p
2
)N�k(p

2
)k + |�|2(1 �

p
2
)k(p

2
)N�k,

⇧⇡

⇣
|1i h1|⌦k

|0i h0|⌦N�k
⌘
stands for the ⇡-th permuta-

tion of |1i h1|⌦k
|0i h0|⌦N�k, and the sum over ⇡ runs

over all permutations without repeating. Each diag-
onal element �k corresponds to k qubits flipped, in-
dependently of which k qubits are flipped, and thus
repeats itself along the diagonal

�N
k

�
times. For in-

stance, the second and third diagonal elements, cor-
responding to |01 ... 0N�20N�11N i h01 ... 0N�20N�11N |

and |01 ... 0N�21N�10N i h01 ... 0N�21N�10N |, respec-
tively, have the same coe�cient, �1, and so do all other
diagonal elements corresponding to states with a single
qubit flip. In turn, the third diagonal element, cor-
responding to |01 ... 0N�21N�11N i h01 ... 0N�21N�11N |

has the coe�cient �2, and so do all other diagonal ele-
ments corresponding to states with two qubit flips; and
so on and so forth.

B. Thermal graph-Hamiltonian states

Thermal graph-Hamiltonian states are equivalent to lo-
cally dephased graph states. They are described in detail
in subsections V.3-V.5 of Ref. [10].

IX. FINAL COMMENTS

A final interesting aspect for marketing is that we will
be leaving the domain of neural-network states (NNSs) –
whose popularity is growing at an accelerated pace [6–8]
– and will enter the domain of neural network operators
(NNOs). This should be more or less as relevant as when
matrix-product operators were introduced in quantum
info, after matrix-product states.
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has the coe�cient �2, and so do all other diagonal ele-
ments corresponding to states with two qubit flips; and
so on and so forth.

B. Thermal graph-Hamiltonian states

Thermal graph-Hamiltonian states are equivalent to lo-
cally dephased graph states. They are described in detail
in subsections V.3-V.5 of Ref. [10].

IX. FINAL COMMENTS

A final interesting aspect for marketing is that we will
be leaving the domain of neural-network states (NNSs) –
whose popularity is growing at an accelerated pace [6–8]
– and will enter the domain of neural network operators
(NNOs). This should be more or less as relevant as when
matrix-product operators were introduced in quantum
info, after matrix-product states.
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qubit remains intact, while with probability p an “error” occurs.  
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FIG. 2. Learning the first Bell state. (a) The Kullback-Liebler divergence as a function of the

training epochs for di↵erent values of noise p. The size of the dataset used during the training is

Ns = 6 ⇥ 104 observations. The inset displays a graphical representation of the RBM employed

in the reconstruction of the state. This architecture features a visible layer with multinomial

variables ai = 1, 2, 3, 4 (white circles) and binary hidden units hi = 0, 1 (green) connected via a

set of weight parameters represented by the grey connections.(b) The classical fidelity Cf between

the reconstructed distribution Pmodel(a) and the ideal PGHZ(a). (c) The fidelity between the GHZ

state and the reconstructed state.

We apply an IC set of measurements Mtetra, termed tetrahedral POVM, formed by four

(m = 4) operators defined over the vertices of a tetrahedron on the Bloch sphere (see ap-

pendix A). Through Neumark’s dillation theorem [13], these measurements can be realized

in experiments by coupling the system to a set of ancilla qubits and performing a von Neu-

mann measurements on the full system. To begin the implementation of our method, we

require a parameterization of Pmodel(a). Because of their extensive familiarity as a tool to

represent quantum states [4, 5, 8, 9, 14–18], we consider parametrizing Pmodel(a) in terms

of an RBM as a first demonstration. The main extension over more famililar RBMs is the

need for four-dimensional multinomial visible units. Luckily, such multinomial units were

introduced previously in the context of collaborative filtering [19], for applications such as

the famous Netflix Prize. [20] Using this approach, in Fig. 2 we show results using numer-

ically generated measurements of the GHZ state with N = 2 qubits, commonly known as

the first Bell state, subject to local depolarization with error probabilities 0  p  1.

LEARNING 2 QUBIT LOCALLY DEPOLARIZED GHZ

This result is obtained by parametrizing the P(a) with an RBM with 
multinomial visible units (4 states per qubit for the corresponding to the 
outcomes of the POVMs)
vi = 0, 1, 2, 3, 4
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hj = 0, 1
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Restricted Boltzmann Machines for Collaborative Filtering. Salakhutdinov, Mnih, Hinton.  2007

FClassical =
X

a

p
P (a)Pmodel(a)
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KL (Pmodel|P ) = �
X

a

P (a) log
Pmodel(a)

P (a)
<latexit sha1_base64="1p8HjPyEJU4MXlbSPiGTLR+8yqU="></latexit><latexit sha1_base64="1p8HjPyEJU4MXlbSPiGTLR+8yqU="></latexit><latexit sha1_base64="1p8HjPyEJU4MXlbSPiGTLR+8yqU="></latexit><latexit sha1_base64="1p8HjPyEJU4MXlbSPiGTLR+8yqU="></latexit>

F (⇢,�) = Tr

qp
⇢�

p
⇢

�2

<latexit sha1_base64="PcNqFji+w8VRyQUcumKh3YAUFhc="></latexit><latexit sha1_base64="PcNqFji+w8VRyQUcumKh3YAUFhc="></latexit><latexit sha1_base64="PcNqFji+w8VRyQUcumKh3YAUFhc="></latexit><latexit sha1_base64="PcNqFji+w8VRyQUcumKh3YAUFhc="></latexit>



40 qubit p=0    
Fc = 0.9992(4)    
80 qubits p =0.01  
Fc =  0.9988(1)  
KL = 0.0050(2) 

GHZ results

RECURRENT NEURAL NETWORK MODEL AND RESULTS

Basi unit is a gated recurrent unit

[z, at]
<latexit sha1_base64="QhsKNIW3mISv5HzQHGyvhETl9Uo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7AekoWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzdJWeXtnd2+/cnDYMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Obqd++5FrIxL1gOOUBzEdKBEJRtFKbf/pnPYw6FWqbs2dgSwTryBVKNDoVb66/YRlMVfIJDXG99wUg5xqFEzySbmbGZ5SNqID7luqaMxNkM/OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/z88wug5yodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXSeui5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3pzUeXHenY9564pTzBzBHzifP/rcj1I=</latexit><latexit sha1_base64="QhsKNIW3mISv5HzQHGyvhETl9Uo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7AekoWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzdJWeXtnd2+/cnDYMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Obqd++5FrIxL1gOOUBzEdKBEJRtFKbf/pnPYw6FWqbs2dgSwTryBVKNDoVb66/YRlMVfIJDXG99wUg5xqFEzySbmbGZ5SNqID7luqaMxNkM/OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/z88wug5yodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXSeui5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3pzUeXHenY9564pTzBzBHzifP/rcj1I=</latexit><latexit sha1_base64="QhsKNIW3mISv5HzQHGyvhETl9Uo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7AekoWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzdJWeXtnd2+/cnDYMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Obqd++5FrIxL1gOOUBzEdKBEJRtFKbf/pnPYw6FWqbs2dgSwTryBVKNDoVb66/YRlMVfIJDXG99wUg5xqFEzySbmbGZ5SNqID7luqaMxNkM/OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/z88wug5yodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXSeui5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3pzUeXHenY9564pTzBzBHzifP/rcj1I=</latexit><latexit sha1_base64="QhsKNIW3mISv5HzQHGyvhETl9Uo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7AekoWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzdJWeXtnd2+/cnDYMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Obqd++5FrIxL1gOOUBzEdKBEJRtFKbf/pnPYw6FWqbs2dgSwTryBVKNDoVb66/YRlMVfIJDXG99wUg5xqFEzySbmbGZ5SNqID7luqaMxNkM/OnZBTq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/z88wug5yodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXSeui5rk17/6yWr8p4ijBMZzAGXhwBXW4gwY0gcEInuEV3pzUeXHenY9564pTzBzBHzifP/rcj1I=</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

S
<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�
<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

ht�1
<latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit><latexit sha1_base64="SUHSvLNeIcj9hGssmx/DCzD7Yv8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilzniQ4YU3G1Rrbt2dg6wSryA1KNAcVL/6w5ilEVfIJDWm57kJ+hnVKJjks0o/NTyhbEJHvGepohE3fjY/d0bOrDIkYaxtKSRz9fdERiNjplFgOyOKY7Ps5eJ/Xi/F8MbPhEpS5IotFoWpJBiT/HcyFJozlFNLKNPC3krYmGrK0CZUsSF4yy+vkvZl3XPr3sNVrXFbxFGGEziFc/DgGhpwD01oAYMJPMMrvDmJ8+K8Ox+L1pJTzBzDHzifP/ntj1E=</latexit>

ht
<latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit>

ht
<latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit><latexit sha1_base64="WteQgpXhlak+foeZDtlFjIhYDqE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx7kOBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFNkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7aV3XPrXsP17XmbRFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wcdpI7f</latexit>

rt
<latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit><latexit sha1_base64="Bmobwtq6d1VdnrQp0oh1JwbYUlg=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpQfex71a9mjcHWSV+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOTTSi8zPKVsTIe8a6miMTdBPj91Ss6sMiBRom0pJHP190ROY2MmcWg7Y4ojs+zNxP+8bobRdZALlWbIFVssijJJMCGzv8lAaM5QTiyhTAt7K2EjqilDm07FhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AGgYjd0=</latexit>

zt
<latexit sha1_base64="FwGNjDpgT/rE3ScCnb/RkjaEFLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3RIjeU=</latexit><latexit sha1_base64="FwGNjDpgT/rE3ScCnb/RkjaEFLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3RIjeU=</latexit><latexit sha1_base64="FwGNjDpgT/rE3ScCnb/RkjaEFLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3RIjeU=</latexit><latexit sha1_base64="FwGNjDpgT/rE3ScCnb/RkjaEFLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3RIjeU=</latexit> h̃t

<latexit sha1_base64="TTCj9CyuZ0lfDSL8+WcLvayr/QQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbSUDabTbt0kw27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51jco14x2mpNK9kBouRco7KFDyXqY5TULJH8Px7cx/fOLaCJU+4CTjQUKHqYgFo2glv49CRrwYTQc4qDfcpjsHWSVeSRpQoj2of/UjxfKEp8gkNcb33AyDgmoUTPJprZ8bnlE2pkPuW5rShJugmJ88JWdWiUistK0UyVz9PVHQxJhJEtrOhOLILHsz8T/PzzG+DgqRZjnylC0WxbkkqMjsfxIJzRnKiSWUaWFvJWxENWVoU6rZELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAgYJneIU3B50X5935WLRWnHLmGP7A+fwBvM2RiQ==</latexit><latexit sha1_base64="TTCj9CyuZ0lfDSL8+WcLvayr/QQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbSUDabTbt0kw27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51jco14x2mpNK9kBouRco7KFDyXqY5TULJH8Px7cx/fOLaCJU+4CTjQUKHqYgFo2glv49CRrwYTQc4qDfcpjsHWSVeSRpQoj2of/UjxfKEp8gkNcb33AyDgmoUTPJprZ8bnlE2pkPuW5rShJugmJ88JWdWiUistK0UyVz9PVHQxJhJEtrOhOLILHsz8T/PzzG+DgqRZjnylC0WxbkkqMjsfxIJzRnKiSWUaWFvJWxENWVoU6rZELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAgYJneIU3B50X5935WLRWnHLmGP7A+fwBvM2RiQ==</latexit><latexit sha1_base64="TTCj9CyuZ0lfDSL8+WcLvayr/QQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbSUDabTbt0kw27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51jco14x2mpNK9kBouRco7KFDyXqY5TULJH8Px7cx/fOLaCJU+4CTjQUKHqYgFo2glv49CRrwYTQc4qDfcpjsHWSVeSRpQoj2of/UjxfKEp8gkNcb33AyDgmoUTPJprZ8bnlE2pkPuW5rShJugmJ88JWdWiUistK0UyVz9PVHQxJhJEtrOhOLILHsz8T/PzzG+DgqRZjnylC0WxbkkqMjsfxIJzRnKiSWUaWFvJWxENWVoU6rZELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAgYJneIU3B50X5935WLRWnHLmGP7A+fwBvM2RiQ==</latexit><latexit sha1_base64="TTCj9CyuZ0lfDSL8+WcLvayr/QQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbSUDabTbt0kw27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51jco14x2mpNK9kBouRco7KFDyXqY5TULJH8Px7cx/fOLaCJU+4CTjQUKHqYgFo2glv49CRrwYTQc4qDfcpjsHWSVeSRpQoj2of/UjxfKEp8gkNcb33AyDgmoUTPJprZ8bnlE2pkPuW5rShJugmJ88JWdWiUistK0UyVz9PVHQxJhJEtrOhOLILHsz8T/PzzG+DgqRZjnylC0WxbkkqMjsfxIJzRnKiSWUaWFvJWxENWVoU6rZELzll1dJ96LpuU3v/rLRuinjqMIJnMI5eHAFLbiDNnSAgYJneIU3B50X5935WLRWnHLmGP7A+fwBvM2RiQ==</latexit>

tanh
<latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit>

xt
<latexit sha1_base64="NHiqf4cvCuRDOUL/QX8cKwAbK3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3E8jeM=</latexit><latexit sha1_base64="NHiqf4cvCuRDOUL/QX8cKwAbK3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3E8jeM=</latexit><latexit sha1_base64="NHiqf4cvCuRDOUL/QX8cKwAbK3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3E8jeM=</latexit><latexit sha1_base64="NHiqf4cvCuRDOUL/QX8cKwAbK3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqudWvbvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH3E8jeM=</latexit>

Full model stacks three of these 
units and adds a softmax dense  
layer at each time step
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FIG. 3. Finite-size scaling of the learning of GHZ states. (a) Average classical fidelity as a function

of the number of measurements performed on the GHZ state for two di↵erent values of noise p = 0

(red) and p = 0.4 (blue) using the tetrahedral POVM. The reported classical fidelity is an average

over a few (Nm = 30) models taken around the optimal model during training. The classical

fidelity for each model during training is estimated based upon 105 samples drawn from the RNN

model (see appendix). (b) The number of samples N
⇤
s necessary to achieve an average classical

fidelity F (Pmodel, PGHZ) = 0.99. (c) and (d) are analogous to (a) and (b) for the Pauli POVM.

Dashed lines represent linear fits, all of which exhibit a correlation coe�cient r > 0.94.

models are faster to train compared to RBMs.

To study the GHZ state for large N , we produce synthetic datasets mimicking experimen-

tal measurements of the exact distribution PGHZ(a) (see Appendix for details). Using the

tetrahedral POVM, in Fig. 3(a) we investigate the classical fidelity as a function of the num-

ber of measurements Ns used for training a RNN model PRNN(a) for di↵erent values of N and
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FIG. 4. Learning ground states of local Hamiltonians. (a) (b) (c) (d)

thetic samples from the di↵erent POVM measurements (see Appendix for details ). Apart

from the classical fidelity, which, e.g., reaches FRNN (PRNN, PGHZ) ⇡ 0.98 for the modified

Pauli measurement, we observe a remarkable agreement between the correlation function

h�1 ·�ri gleaned from our reconstruction and the exact correlation function of the synthetic

state.

We use this example to emphasize that the ansatz used in our setting can be under-

stood as a factorization of the quantum state in terms of a neural function approximator

parametrizing P (a) �= 0 and a Kronecker factorized tensor network composed of local,

complex-valued three dimensional tensors. The sign structure of the state is provided by

th efactorized tensor, weighted by the experimentally observable distribution P (a). Impor-

H = J

X

i,j

�i.�j
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tum chemistry, atomic and molecular optics, and quantum computing. This class of states

exhibit a extraordinary set of intriguing phenomena, including quantum phase transitions,

exotic quantum disorder, topological order, superconductivity, and Bose-Einstein condensa-

tion, among others [29, 30]. We begin with the prototypical example of the antiferromagnetic

transverse-field Ising model in one dimension, with Hamiltonian H = J
P

ij �z
i �

z
j + h

P
i �

x
i .

This Hamiltonian is relevant for state-of-the-art quantum simulators with cold atoms and

quantum annealers [31], which have been experimentally demonstrated for 51 qubits. We

focus on the most challenging parameters for state preparation, the quantum critical point

at h/J = 1.0. For a system of 50 qubits, we first obtain synthetic data mimicking 106

experimental POVM measurements, then perform a reconstruction of the state from these

measurements using the same RNN model used for the GHZ state discussed in Fig. 3. These

reconstructions attain a fidelity FRNN (Pmodel, PGHZ) ⇡ 0.998. Furthermore, local correlation

functions, which can be obtained e�ciently for the tetrahedral and a modified Pauli POVM

(termed 4�Pauli POVM, see appendix) via stochastic sampling of the RNN model, display

good agreement with the exact synthetic state, including the total energy of the recon-

structed state which is consistent with the exact value within the error bars. In Fig.4(a)

and (b) we display the 1- and 2-body correlators from the exact state and from our RNN

model, namely h�x
i i and h�z

1�
z
i i as a function of site i.

While the above results demonstrate the power and scalability of our machine learning

technique, we note that the states thus reconstructed either lie in one dimension or other-

wise have a structure that makes them amenable to previous tomography approaches [1–5].

[Giacomo: how feasible is to apply the RBM*complexRBM to this problem before com-

mitting to this phrase?] We now investigate the applicability of our method to a case that

lies outside of conventional approaches. We thus study a two-dimensional model of frus-

trated magnetism, whose ground state possesses a highly non-trivial sign structure in the

computational basis – the antiferromagnetic Heisenberg model in the triangular lattice with

Hamiltonian H =
P

hiji �i · �j, where the Pauli vector at site i is given by �i = (�x
i , �y

i , �
z
i ).

We use a tensor network approximation to the ground state of the model to produce syn-

21

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

�
<latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit><latexit sha1_base64="Amcc2WotHzhALeYb90uhGTSoR14=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJJBkyM7vM9AphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdop7+7tHxxWjo5bNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29HkLvfbT9xYEetHnCY8VHSkxVAwik5q96wYKVruV6p+zZ+DrJKgIFUo0OhXvnqDmKWKa2SSWtsN/ATDjBoUTPJZuZdanlA2oSPedVRTxW2Yzc+dkXOnDMgwNq40krn6eyKjytqpilynoji2y14u/ud1UxzehJnQSYpcs8WiYSoJxiT/nQyE4Qzl1BHKjHC3EjamhjJ0CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8A0uKPNw==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

+
<latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit><latexit sha1_base64="urqLWPRaL5Nr6xjZvSsiAgBKmHw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsbbQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777ZRWVtfWN8qbla3tnd296v7Bo45TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ2A7GN7nffkKleSwfzCRBP6JDyUPOqLHS/VmlX625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nrt0Sk6sMiBhrGxJQ2bq74mMRlpPosB2RtSM9KKXi/953dSEV37GZZIalGy+KEwFMTHJ3yYDrpAZMbGEMsXtrYSNqKLM2HDyELzFl5fJ43ndc+ve3UWtcV3EUYYjOIZT8OASGnALTWgBgxCe4RXenLHz4rw7H/PWklPMHMIfOJ8/pbyMww==</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

⇥
<latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit><latexit sha1_base64="ogoQlRxMOWaCgYkILiecsDLFtRU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSd4Ai4qYyrNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JF7RY/W5w7JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+OxkJzRnKmSWUaWFvJWxCNWVoE8pD8FZfXiedq7rn1r2H61rztoijDGdwDpfgQQOacA8taAODKTzDK7w5ifPivDsfy9aSU8ycwh84nz/sv49I</latexit>

1�<latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit><latexit sha1_base64="bmvOfqIpEVy0bJXRrTuHH23Bjcs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PmjOw=</latexit>

tanh
<latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit><latexit sha1_base64="MqeUvUdo2a8KQbSmoLoOgC9Ew5U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30eqxoNqza27C5B14hWkBgVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsVTTmJsgXx87IhVWGJEq0LYVkof6eyGlszDQObWdMcWxWvbn4n9fLMLoJcqHSDLliy0VRJgkmZP45GQrNGcqpJZRpYW8lbEw1ZWjzqdgQvNWX10n7qu65de/huta8LeIowxmcwyV40IAm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDauo6z</latexit>

ai
<latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit><latexit sha1_base64="ugNieW9JIURNRDcRaoSX6Jeqvx8=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m9cjwPWejWvYa3AFonfknqUKIVul+DWJIsocIQjrXu+15qghwrwwin89og0zTFZIJHtG+pwAnVQb5IPkcXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LJqtgR/9cvrpHPV8L2G/3hdb96VdVThDM7hEny4gSY8QAvaQGAKz/AKb07uvDjvzsdytOKUO6fwB87nDy2gk/8=</latexit>

hi�1
<latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit><latexit sha1_base64="JMVnjhHjp047vZKE36jOx882WWg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEN5ZEBF0W3bisYGuhDWEymbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAMIdz7mXOnCDhTGnH+bYqS8srq2vV9drG5tb2jr2711FxKgltk5jHshtgRTkTtK2Z5rSbSIqjgNP7YHxd+PcPVCoWizs9SagX4aFgA0awNpJvH/SDmIdqEpkrG+V+xk7d3LfrTsOZAi0StyR1KNHy7a9+GJM0okITjpXquU6ivQxLzQinea2fKppgMsZD2jNU4IgqL5umz9GxUUI0iKU5QqOp+nsjw5EqAprJCOuRmvcK8T+vl+rBpZcxkaSaCjJ7aJBypGNUVIFCJinRfGIIJpKZrIiMsMREm8JqpgR3/suLpHPWcJ2Ge3teb16VdVThEI7gBFy4gCbcQAvaQOARnuEV3qwn68V6tz5moxWr3NmHP7A+fwDwUZWE</latexit>

hi
<latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit>

hi
<latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit><latexit sha1_base64="UEwrbkgBA+OUFeta7M38wsQVgmo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqANYTKZtEMnmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJUs6Udpxva219Y3Nru7ZT393bPzi0jxo9JTJJaJcILuQgwIpyltCuZprTQSopjgNO+8H0tvT7j1QqJpIHPUupF+NxwiJGsDaSbzdGgeChmsXmyieFn7PCt5tOy5kDrRK3Ik2o0PHtr1EoSBbTRBOOlRq6Tqq9HEvNCKdFfZQpmmIyxWM6NDTBMVVePs9eoDOjhCgS0pxEo7n6eyPHsSrjmckY64la9krxP2+Y6ejay1mSZpomZPFQlHGkBSqLQCGTlGg+MwQTyUxWRCZYYqJNXXVTgrv85VXSu2i5Tsu9v2y2b6o6anACp3AOLlxBG+6gA10g8ATP8ApvVmG9WO/Wx2J0zap2juEPrM8fCJaVEg==</latexit>

ĥi
<latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit><latexit sha1_base64="mjYzaOpYWmdLbU984R3y8iwF+Ow=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEBF0W3bisYB/QhDCZTNqhk5kwMxFKiBt/xY0LRdz6F+78GydtFtp6YJjDOfdy7z1hyqjSjvNt1VZW19Y36puNre2d3T17/6CnRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uSr//QKSigt/raUr8BI04jSlG2kiBfeSFgkVqmpgv98ZI5+OiCHJaBHbTaTkzwGXiVqQJKnQC+8uLBM4SwjVmSKmh66Taz5HUFDNSNLxMkRThCRqRoaEcJUT5+eyCAp4aJYKxkOZxDWfq744cJapc0lQmSI/VoleK/3nDTMdXfk55mmnC8XxQnDGoBSzjgBGVBGs2NQRhSc2uEI+RRFib0BomBHfx5GXSO2+5Tsu9u2i2r6s46uAYnIAz4IJL0Aa3oAO6AINH8AxewZv1ZL1Y79bHvLRmVT2H4A+szx//KZff</latexit>

zi
<latexit sha1_base64="EOyvDnWTJw/uCaGX6ggG4umR99M=">AAAB+3icbVC7TsMwFL0pr1JeoYwsERUSU5UgJBgrWBiLRB9SG0WO47ZWHTuyHUSJ8issDCDEyo+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W5W19Y3Nrep2bWd3b//APqx3lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLpTeH3HohUVPB7PUuIH6MxpyOKkTZSYNeHoWCRmsXmyp7yIKN5YDfcpjuHs0q8kjSgRDuwv4aRwGlMuMYMKTXw3ET7GZKaYkby2jBVJEF4isZkYChHMVF+Ns+eO6dGiZyRkOZw7czV3xsZilURz0zGSE/UsleI/3mDVI+u/IzyJNWE48VDo5Q5WjhFEU5EJcGazQxBWFKT1cETJBHWpq6aKcFb/vIq6Z43Pbfp3V00WtdlHVU4hhM4Aw8uoQW30IYOYHiEZ3iFNyu3Xqx362MxWrHKnSP4A+vzByQ4lSQ=</latexit><latexit sha1_base64="EOyvDnWTJw/uCaGX6ggG4umR99M=">AAAB+3icbVC7TsMwFL0pr1JeoYwsERUSU5UgJBgrWBiLRB9SG0WO47ZWHTuyHUSJ8issDCDEyo+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W5W19Y3Nrep2bWd3b//APqx3lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLpTeH3HohUVPB7PUuIH6MxpyOKkTZSYNeHoWCRmsXmyp7yIKN5YDfcpjuHs0q8kjSgRDuwv4aRwGlMuMYMKTXw3ET7GZKaYkby2jBVJEF4isZkYChHMVF+Ns+eO6dGiZyRkOZw7czV3xsZilURz0zGSE/UsleI/3mDVI+u/IzyJNWE48VDo5Q5WjhFEU5EJcGazQxBWFKT1cETJBHWpq6aKcFb/vIq6Z43Pbfp3V00WtdlHVU4hhM4Aw8uoQW30IYOYHiEZ3iFNyu3Xqx362MxWrHKnSP4A+vzByQ4lSQ=</latexit><latexit sha1_base64="EOyvDnWTJw/uCaGX6ggG4umR99M=">AAAB+3icbVC7TsMwFL0pr1JeoYwsERUSU5UgJBgrWBiLRB9SG0WO47ZWHTuyHUSJ8issDCDEyo+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W5W19Y3Nrep2bWd3b//APqx3lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLpTeH3HohUVPB7PUuIH6MxpyOKkTZSYNeHoWCRmsXmyp7yIKN5YDfcpjuHs0q8kjSgRDuwv4aRwGlMuMYMKTXw3ET7GZKaYkby2jBVJEF4isZkYChHMVF+Ns+eO6dGiZyRkOZw7czV3xsZilURz0zGSE/UsleI/3mDVI+u/IzyJNWE48VDo5Q5WjhFEU5EJcGazQxBWFKT1cETJBHWpq6aKcFb/vIq6Z43Pbfp3V00WtdlHVU4hhM4Aw8uoQW30IYOYHiEZ3iFNyu3Xqx362MxWrHKnSP4A+vzByQ4lSQ=</latexit><latexit sha1_base64="EOyvDnWTJw/uCaGX6ggG4umR99M=">AAAB+3icbVC7TsMwFL0pr1JeoYwsERUSU5UgJBgrWBiLRB9SG0WO47ZWHTuyHUSJ8issDCDEyo+w8Tc4bQZoOZLlo3PulY9PmDCqtOt+W5W19Y3Nrep2bWd3b//APqx3lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLpTeH3HohUVPB7PUuIH6MxpyOKkTZSYNeHoWCRmsXmyp7yIKN5YDfcpjuHs0q8kjSgRDuwv4aRwGlMuMYMKTXw3ET7GZKaYkby2jBVJEF4isZkYChHMVF+Ns+eO6dGiZyRkOZw7czV3xsZilURz0zGSE/UsleI/3mDVI+u/IzyJNWE48VDo5Q5WjhFEU5EJcGazQxBWFKT1cETJBHWpq6aKcFb/vIq6Z43Pbfp3V00WtdlHVU4hhM4Aw8uoQW30IYOYHiEZ3iFNyu3Xqx362MxWrHKnSP4A+vzByQ4lSQ=</latexit>

ri
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FIG. 5. Probabilistic RNN model. (a) Graphical representation of the gated recurrent unit de-

scribed in Eq. B6 and used in our numerical experiments. (b) Our deep RNN model stacks three

GRU units (yellow blocks) followed by a fully connected layer with a softmax activation denoted by

S. (c) Enumeration and one-dimensional path along which the RNN processes the measurement

outcomes.

to 100. In one spatial dimensional there is a natural enumeration scheme for the lattice

sites (e.g. from right to left or viceversa) along which the RNN model processes the data.

In the absence of a notion of spatial dimensionality, like in the GHZ state, one can choose

an arbitrary enumeration of the qubits. In two dimensional systems, such as the triangular

Heisenberg model in the manuscript, we define an enumeration of the lattice sites which, in

turn,defines a one-dimensional path defined by this enumeration. The RNN then uses this

path to process and learn the data. This is exemplified in Fig. 5(c) for a 4 ⇥ 4 triangular

lattice. An analogous enumeration is used in our experiments in the main text.

Appendix C: Stochastic estimation of local observables and fidelity

Given a samplable model Pmodel(a) parametrizing a quantum state ⇢model, it is possible

to compute expectation value of local observables hOii = Tr [⇢modelOi].

The fact that a POVM M is IC means that its elements span the entire space of linear

operators acting on the Hilbert space H. Therefore, one can expand any observable O on

N=50 spins. P(a) is a 
deep (3 layer GRU) 
recurrent neural  network 
language  model.
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FIG. 5. Direct estimation of local observables from Ns model samples (i.e., without %model), for

the exemplary case of a single-qubit observable O (orange tensor) and N = 3. The expectation

value Tr [O %model] (left-hand side) equals the expected value Ea⇠Pmodel
[QO(a)] of a random vari-

able QO(a) defined by an a-dependent tensor contraction (right-hand side), with the string a

schematically represented by the blue, rhombus-shaped single-index tensors. The expected value

can in turn be e�ciently Monte-Carlo estimated as an average over Ns realizations of QO(a) with

a sampled from Pmodel.

operator decomposition, provided that the variance of QOMPO
(a) scales polynomially with

N . This includes the quantum fidelity between %model and a target MPS of constant bond

dimension, again provided that the corresponding variance scales well (see the appendix).

DATA AVAILABILITY

The numerically generated measurements used to produce for Fig.4, the implementation

of the generative models, as well as code to numerically generate the datasets used in the

manuscript are available at http://github.com/carrasqu/XXXX.
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FIG. 2. Estimation of the quantum fidelity between %model and a target | i directly from Ns

samples from the model distribution Pmodel for N = 3. If | i is an MPS (blue circles) of constant

bond dimension, it can be expressed as the virtual-index contraction of 2- and 3-index tensors of

constant size. The squared fidelity corresponds to the contraction of the MPS with %model (left-

hand side). This, in turn, can be e�ciently Monte-Carlo estimated as an average (right-hand side)

over Ns realizations of Q| ih |(a) with a sampled from Pmodel

.

In the absence of a notion of spatial dimensionality, like in the GHZ state, one can choose

an arbitrary enumeration of the qubits. In two dimensional systems, such as the triangular

Heisenberg model in the manuscript, we choose an enumeration of the lattice sites which,

in turn, defines a one-dimensional path filling the two-dimensional lattice. The RNN then

uses this path to process and learn the data. This is exemplified in Fig. 1(c) for a 4 ⇥ 4

triangular lattice. An analogous enumeration is used in our experiments in the main text.

II. DIRECT STOCHASTIC ESTIMATION OF QUANTUM FIDELITY WITH

RESPECT TO AN MPS

For POVMs with invertible overlap matrix, the quantum fidelity between a reconstructed

state %model and a generic pure state | i can in principle be computed sampling the model

distribution Pmodel. Since one of the states is pure, the squared fidelity is given by

F 2 (| ih | , %model) = EPmodel

⇥
Q| ih |(a)

⇤
, (9)

with Q| ih |(a) =
P

a0 T�1

a,a0 h |M (a0
) | i. Whereas the computation of each Q| ih |(a) is in

general intractable, it can be done e�ciently for any state | i admitting an e�cient MPS



REGULARIZATION ISSUES

Requisite to specifying a quantum state through P(a), one must have 
an understanding of the allowed probabilities since not every choice 
of P(a) will give rise to positive semi-definite density matrix.  

Requires regularization that is tricky to perform for large systems 

For this tomography problem in particular we just use a lot of data 

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))
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(0, 0, 1)
<latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit>

(1, 0, 0)
<latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit>

(0, 1, 0)
<latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit>

P1
<latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit>

P2
<latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit>

P3
<latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit>

Energy minimization is not variational. How to fix this?

|0i
<latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit>

|1i
<latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit>x

<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z
<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>

⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>



THE STANDARD SIMPLEX AND QUANTUM STATES

(0, 0, 1)
<latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit><latexit sha1_base64="1i+Erzf6OaLxOaLiXuSkn05FwYU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW3Wr3kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgI36</latexit>

(1, 0, 0)
<latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit><latexit sha1_base64="WfoZciCRs57wswvEtRmNFddkyGI=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KV3Wr7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wfthI36</latexit>

(0, 1, 0)
<latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit><latexit sha1_base64="+xPQSkluUGKUYQR81X4Z4cWGQwo=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEIFUpJRNBj0YvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDSTBP2IDiUPOaPGWu2KW/Wq7kW/VHZr7lxkFbwcypCr0S999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrUdIItZ/N152Sc+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxPe+BmXSWpQssVHYSqIicnsdjLgCpkREwuUKW53JWxEFWXGJlS0IXjLJ69C67LmWX64Ktdv8zgKcApnUAEPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+CPn8wftgo36</latexit>

P1
<latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit><latexit sha1_base64="envDrMgkPmxAcv21pOMxw0cQ47k=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdG3++7Va/mzUVWwS+gCoUafferN0hYFnOFTFJjur6XYpBTjYJJPq30MsNTysZ0yLsWFY25CfL5qlNyZp0BiRJtn0Iyd39P5DQ2ZhKHtjOmODLLtZn5X62bYXQd5EKlGXLFFh9FmSSYkNndZCA0ZygnFijTwu5K2IhqytCmU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8kfP5A86zjXg=</latexit>

P2
<latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit><latexit sha1_base64="fgSbhdi+DKzEaS2mFM6FlM67RUI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfmoDYoV9yquxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91ITXfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQrlU9y/dXlcZNHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP9A3jXk=</latexit>

P3
<latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit><latexit sha1_base64="MRKGhxUmphWBitF9ZOeJe/e6Y5E=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLeix6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kOjf9kvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1ITXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQuqh6lu9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwDRu416</latexit>

P1 + P2 + P3 = 1
<latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit><latexit sha1_base64="PcNyFAatm4uhKM1LED04CCtzGN0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJWkE3QtGNywj2Am0Ik+mkHTqZxJlJoYQ+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfMHCWdK2/a3VVhb39jcKm6Xdnb39g/Kh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQeju1m/PaZSsVg86klCvQgPBAsZwdpYnus7F65fM1W/cfxyxa7ac6FVcHKoQC7XL3/1+jFJIyo04ViprmMn2suw1IxwOi31UkUTTEZ4QLsGBY6o8rL50VN0Zpw+CmNpSmg0d39vZDhSahIFZjLCeqiWezPzv1431eG1lzGRpJoKsngoTDnSMZolgPpMUqL5xAAmkplbERliiYk2OZVMCM7yl1ehVas6hh8uK43bPI4inMApnIMDV9CAe3ChCQSe4Ble4c0aWy/Wu/WxGC1Y+c4x/JH1+QMpcpBj</latexit>

{x 2 Rk+1 : x0 + x1 + . . .+ xk = 1, xi � 0, i = 0, 1, . . . k}
<latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit><latexit sha1_base64="fmxdqfiUp/BDe1Tr7NsEm8Sc++A="></latexit>

In probability, the points of the standard n-simplex in (n + 1)-space are 
the space of possible parameters (probabilities) of the categorical 
distribution on n + 1 possible outcomes. 

“All convex bodies behave a bit like Euclidean balls.” Keith Ball

⇢ =
X

a,a0

T�1
a,a0P (a0)M (a), with Ta,b = Tr(M (a)M (b))

<latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit><latexit sha1_base64="B9/njWHihJNcKq5LXhc0aSXLm+E="></latexit>

BORN RULE

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

|0i
<latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit><latexit sha1_base64="JrTQAfMv9YkucWFemezYimI0Qgg=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC1K5BV</latexit>

|1i
<latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit><latexit sha1_base64="JWEjF0TSBR9i+0mDMHYAD6uqyI0=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fAUdDRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PYvw4yrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Su8jiKcATHcAoBXEANbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gC2tpBW</latexit>x

<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z
<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>

⇢
<latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit><latexit sha1_base64="yXjtFj01ayGEtbxyWlOC8kSd3gg=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwdZCG8pkOmmGziXMTIQS+gpuXCji1hdy59s4abPQ1h8GPv5zDnPOH6WcGev7315lbX1jc6u6XdvZ3ds/qB8edY3KNKEdorjSvQgbypmkHcssp71UUywiTh+jyW1Rf3yi2jAlH+w0paHAY8liRrAtrIFO1LDe8Jv+XGgVghIaUKo9rH8NRopkgkpLODamH/ipDXOsLSOczmqDzNAUkwke075DiQU1YT7fdYbOnDNCsdLuSYvm7u+JHAtjpiJynQLbxCzXCvO/Wj+z8XWYM5lmlkqy+CjOOLIKFYejEdOUWD51gIlmbldEEqwxsS6emgshWD55FboXzcDx/WWjdVPGUYUTOIVzCOAKWnAHbegAgQSe4RXePOG9eO/ex6K14pUzx/BH3ucPH66ORw==</latexit>

https://en.wikipedia.org/wiki/Categorical_distribution
https://en.wikipedia.org/wiki/Categorical_distribution


THE STANDARD SIMPLEX AND QUANTUM STATES

BORN RULE

i
@⇢

@t
= [H, ⇢]

<latexit sha1_base64="m7b1cFu5YAGgztTlqoGN2anemCI=">AAACF3icbVDNS8MwHE39nPOr6tFLcAgeZLQi6EUYetlxgvuAtow0S7ewNClJKoyy/8KL/4oXD4p41Zv/jWlXUDcfBF7e7yN5L0wYVdpxvqyl5ZXVtfXKRnVza3tn197b7yiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG45u83r0nUlHB7/QkIUGMhpxGFCNtpL5dp9CPJMKZnyCpKWLQlyMx/bnqKbyCXvO00IO+XXPqTgG4SNyS1ECJVt/+9AcCpzHhGjOklOc6iQ6yfDlmZFr1U0UShMdoSDxDOYqJCrLC1xQeG2UAIyHN4RoW6u+JDMVKTeLQdMZIj9R8LRf/q3mpji6DjPIk1YTj2UNRaswKmIcEB1QSrNnEEIQlNX+FeIRMTNpEWTUhuPOWF0nnrO4afntea1yXcVTAITgCJ8AFF6ABmqAF2gCDB/AEXsCr9Wg9W2/W+6x1ySpnDsAfWB/fLAOfQQ==</latexit><latexit sha1_base64="m7b1cFu5YAGgztTlqoGN2anemCI=">AAACF3icbVDNS8MwHE39nPOr6tFLcAgeZLQi6EUYetlxgvuAtow0S7ewNClJKoyy/8KL/4oXD4p41Zv/jWlXUDcfBF7e7yN5L0wYVdpxvqyl5ZXVtfXKRnVza3tn197b7yiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG45u83r0nUlHB7/QkIUGMhpxGFCNtpL5dp9CPJMKZnyCpKWLQlyMx/bnqKbyCXvO00IO+XXPqTgG4SNyS1ECJVt/+9AcCpzHhGjOklOc6iQ6yfDlmZFr1U0UShMdoSDxDOYqJCrLC1xQeG2UAIyHN4RoW6u+JDMVKTeLQdMZIj9R8LRf/q3mpji6DjPIk1YTj2UNRaswKmIcEB1QSrNnEEIQlNX+FeIRMTNpEWTUhuPOWF0nnrO4afntea1yXcVTAITgCJ8AFF6ABmqAF2gCDB/AEXsCr9Wg9W2/W+6x1ySpnDsAfWB/fLAOfQQ==</latexit><latexit sha1_base64="m7b1cFu5YAGgztTlqoGN2anemCI=">AAACF3icbVDNS8MwHE39nPOr6tFLcAgeZLQi6EUYetlxgvuAtow0S7ewNClJKoyy/8KL/4oXD4p41Zv/jWlXUDcfBF7e7yN5L0wYVdpxvqyl5ZXVtfXKRnVza3tn197b7yiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG45u83r0nUlHB7/QkIUGMhpxGFCNtpL5dp9CPJMKZnyCpKWLQlyMx/bnqKbyCXvO00IO+XXPqTgG4SNyS1ECJVt/+9AcCpzHhGjOklOc6iQ6yfDlmZFr1U0UShMdoSDxDOYqJCrLC1xQeG2UAIyHN4RoW6u+JDMVKTeLQdMZIj9R8LRf/q3mpji6DjPIk1YTj2UNRaswKmIcEB1QSrNnEEIQlNX+FeIRMTNpEWTUhuPOWF0nnrO4afntea1yXcVTAITgCJ8AFF6ABmqAF2gCDB/AEXsCr9Wg9W2/W+6x1ySpnDsAfWB/fLAOfQQ==</latexit><latexit sha1_base64="m7b1cFu5YAGgztTlqoGN2anemCI=">AAACF3icbVDNS8MwHE39nPOr6tFLcAgeZLQi6EUYetlxgvuAtow0S7ewNClJKoyy/8KL/4oXD4p41Zv/jWlXUDcfBF7e7yN5L0wYVdpxvqyl5ZXVtfXKRnVza3tn197b7yiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG45u83r0nUlHB7/QkIUGMhpxGFCNtpL5dp9CPJMKZnyCpKWLQlyMx/bnqKbyCXvO00IO+XXPqTgG4SNyS1ECJVt/+9AcCpzHhGjOklOc6iQ6yfDlmZFr1U0UShMdoSDxDOYqJCrLC1xQeG2UAIyHN4RoW6u+JDMVKTeLQdMZIj9R8LRf/q3mpji6DjPIk1YTj2UNRaswKmIcEB1QSrNnEEIQlNX+FeIRMTNpEWTUhuPOWF0nnrO4afntea1yXcVTAITgCJ8AFF6ABmqAF2gCDB/AEXsCr9Wg9W2/W+6x1ySpnDsAfWB/fLAOfQQ==</latexit>
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<latexit sha1_base64="nVP3dVg657jMCBI65uU8oXmzyEc="></latexit><latexit sha1_base64="nVP3dVg657jMCBI65uU8oXmzyEc="></latexit><latexit sha1_base64="nVP3dVg657jMCBI65uU8oXmzyEc="></latexit><latexit sha1_base64="nVP3dVg657jMCBI65uU8oXmzyEc="></latexit>

⇢U = U⇢U†
<latexit sha1_base64="0GHesTzmwoNebQt8NYquYkfQBso=">AAACB3icbZDNSsNAFIUn/tb6F3UpyGARXEhJRNCNUHTjsoJpC00Mk8kkHTqZhJmJUEJ3bnwVNy4UcesruPNtnLRZaOuBgY9z7+XOPUHGqFSW9W0sLC4tr6zW1urrG5tb2+bObkemucDEwSlLRS9AkjDKiaOoYqSXCYKSgJFuMLwu690HIiRN+Z0aZcRLUMxpRDFS2vLNA1cMUt+Bl9CBJUL3BDr3hRuiOCZi7JsNq2lNBOfBrqABKrV988sNU5wnhCvMkJR928qUVyChKGZkXHdzSTKEhygmfY0cJUR6xeSOMTzSTgijVOjHFZy4vycKlEg5SgLdmSA1kLO10vyv1s9VdOEVlGe5IhxPF0U5gyqFZSgwpIJgxUYaEBZU/xXiARIIKx1dXYdgz548D53Tpq359qzRuqriqIF9cAiOgQ3OQQvcgDZwAAaP4Bm8gjfjyXgx3o2PaeuCUc3sgT8yPn8AzoGYAA==</latexit><latexit sha1_base64="0GHesTzmwoNebQt8NYquYkfQBso=">AAACB3icbZDNSsNAFIUn/tb6F3UpyGARXEhJRNCNUHTjsoJpC00Mk8kkHTqZhJmJUEJ3bnwVNy4UcesruPNtnLRZaOuBgY9z7+XOPUHGqFSW9W0sLC4tr6zW1urrG5tb2+bObkemucDEwSlLRS9AkjDKiaOoYqSXCYKSgJFuMLwu690HIiRN+Z0aZcRLUMxpRDFS2vLNA1cMUt+Bl9CBJUL3BDr3hRuiOCZi7JsNq2lNBOfBrqABKrV988sNU5wnhCvMkJR928qUVyChKGZkXHdzSTKEhygmfY0cJUR6xeSOMTzSTgijVOjHFZy4vycKlEg5SgLdmSA1kLO10vyv1s9VdOEVlGe5IhxPF0U5gyqFZSgwpIJgxUYaEBZU/xXiARIIKx1dXYdgz548D53Tpq359qzRuqriqIF9cAiOgQ3OQQvcgDZwAAaP4Bm8gjfjyXgx3o2PaeuCUc3sgT8yPn8AzoGYAA==</latexit><latexit sha1_base64="0GHesTzmwoNebQt8NYquYkfQBso=">AAACB3icbZDNSsNAFIUn/tb6F3UpyGARXEhJRNCNUHTjsoJpC00Mk8kkHTqZhJmJUEJ3bnwVNy4UcesruPNtnLRZaOuBgY9z7+XOPUHGqFSW9W0sLC4tr6zW1urrG5tb2+bObkemucDEwSlLRS9AkjDKiaOoYqSXCYKSgJFuMLwu690HIiRN+Z0aZcRLUMxpRDFS2vLNA1cMUt+Bl9CBJUL3BDr3hRuiOCZi7JsNq2lNBOfBrqABKrV988sNU5wnhCvMkJR928qUVyChKGZkXHdzSTKEhygmfY0cJUR6xeSOMTzSTgijVOjHFZy4vycKlEg5SgLdmSA1kLO10vyv1s9VdOEVlGe5IhxPF0U5gyqFZSgwpIJgxUYaEBZU/xXiARIIKx1dXYdgz548D53Tpq359qzRuqriqIF9cAiOgQ3OQQvcgDZwAAaP4Bm8gjfjyXgx3o2PaeuCUc3sgT8yPn8AzoGYAA==</latexit><latexit sha1_base64="0GHesTzmwoNebQt8NYquYkfQBso=">AAACB3icbZDNSsNAFIUn/tb6F3UpyGARXEhJRNCNUHTjsoJpC00Mk8kkHTqZhJmJUEJ3bnwVNy4UcesruPNtnLRZaOuBgY9z7+XOPUHGqFSW9W0sLC4tr6zW1urrG5tb2+bObkemucDEwSlLRS9AkjDKiaOoYqSXCYKSgJFuMLwu690HIiRN+Z0aZcRLUMxpRDFS2vLNA1cMUt+Bl9CBJUL3BDr3hRuiOCZi7JsNq2lNBOfBrqABKrV988sNU5wnhCvMkJR928qUVyChKGZkXHdzSTKEhygmfY0cJUR6xeSOMTzSTgijVOjHFZy4vycKlEg5SgLdmSA1kLO10vyv1s9VdOEVlGe5IhxPF0U5gyqFZSgwpIJgxUYaEBZU/xXiARIIKx1dXYdgz548D53Tpq359qzRuqriqIF9cAiOgQ3OQQvcgDZwAAaP4Bm8gjfjyXgx3o2PaeuCUc3sgT8yPn8AzoGYAA==</latexit>

PU (a
00) =

X

a0

P (a0)Oa0,a00

<latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit><latexit sha1_base64="D/moL+9BvPbYzlW4MczwKmiwI6Q=">AAACO3icbVBLS8NAGNz4rPVV9ehlsUhbkJKIoBeh6MWbVUxbaELYbDft0s0m7G6EEvK/vPgnvHnx4kERr97dPsA+HFgYZuZjv2/8mFGpTPPVWFpeWV1bz23kN7e2d3YLe/sNGSUCExtHLBItH0nCKCe2ooqRViwICn1Gmn7/eug3H4mQNOIPahATN0RdTgOKkdKSV7ive6mdlZ0QqZ4fpKhUyiqXjkxCL/3TsgzWpyJZBd7O2CfT45lXKJpVcwS4SKwJKYIJ6l7hxelEOAkJV5ghKduWGSs3RUJRzEiWdxJJYoT7qEvamnIUEummo9szeKyVDgwioR9XcKROT6QolHIQ+jo5XFLOe0PxP6+dqODCTSmPE0U4Hn8UJAyqCA6LhB0qCFZsoAnCgupdIe4hgbDSded1Cdb8yYukcVq1NL87K9auJnXkwCE4AmVggXNQAzegDmyAwRN4Ax/g03g23o0v43scXTImMwdgBsbPL9oXrfg=</latexit>

Oa0a00 =
X

a

Tr(UM
(a)

U
†
M

(a00))T�1
a,a0

<latexit sha1_base64="m4ZKZmEbNbv2Az142rHGAV37l44="></latexit><latexit sha1_base64="m4ZKZmEbNbv2Az142rHGAV37l44="></latexit><latexit sha1_base64="m4ZKZmEbNbv2Az142rHGAV37l44="></latexit><latexit sha1_base64="m4ZKZmEbNbv2Az142rHGAV37l44="></latexit>

Generalization of stochastic matrices:  
Somewhat stochastic matrices: 
https://arxiv.org/abs/0709.0309

Unitary matrices U
<latexit sha1_base64="2VGBWFBtOAt4MFtLT2+Bt+Y1D9s=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vpvV20+oNE/kg5mkGMR0KHnEGTXWavr9StWtuXORVfAKqEKhRr/y1RskLItRGiao1l3PTU2QU2U4Ezgt9zKNKWVjOsSuRUlj1EE+X3RKzq0zIFGi7JOGzN3fEzmNtZ7Eoe2MqRnp5drM/K/WzUx0E+RcpplByRYfRZkgJiGzq8mAK2RGTCxQprjdlbARVZQZm03ZhuAtn7wKrcuaZ7l5Va3fFnGU4BTO4AI8uIY63EMDfGCA8Ayv8OY8Oi/Ou/OxaF1zipkT+CPn8wexL4zZ</latexit><latexit sha1_base64="2VGBWFBtOAt4MFtLT2+Bt+Y1D9s=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vpvV20+oNE/kg5mkGMR0KHnEGTXWavr9StWtuXORVfAKqEKhRr/y1RskLItRGiao1l3PTU2QU2U4Ezgt9zKNKWVjOsSuRUlj1EE+X3RKzq0zIFGi7JOGzN3fEzmNtZ7Eoe2MqRnp5drM/K/WzUx0E+RcpplByRYfRZkgJiGzq8mAK2RGTCxQprjdlbARVZQZm03ZhuAtn7wKrcuaZ7l5Va3fFnGU4BTO4AI8uIY63EMDfGCA8Ayv8OY8Oi/Ou/OxaF1zipkT+CPn8wexL4zZ</latexit><latexit sha1_base64="2VGBWFBtOAt4MFtLT2+Bt+Y1D9s=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vpvV20+oNE/kg5mkGMR0KHnEGTXWavr9StWtuXORVfAKqEKhRr/y1RskLItRGiao1l3PTU2QU2U4Ezgt9zKNKWVjOsSuRUlj1EE+X3RKzq0zIFGi7JOGzN3fEzmNtZ7Eoe2MqRnp5drM/K/WzUx0E+RcpplByRYfRZkgJiGzq8mAK2RGTCxQprjdlbARVZQZm03ZhuAtn7wKrcuaZ7l5Va3fFnGU4BTO4AI8uIY63EMDfGCA8Ayv8OY8Oi/Ou/OxaF1zipkT+CPn8wexL4zZ</latexit><latexit sha1_base64="2VGBWFBtOAt4MFtLT2+Bt+Y1D9s=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0wF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vpvV20+oNE/kg5mkGMR0KHnEGTXWavr9StWtuXORVfAKqEKhRr/y1RskLItRGiao1l3PTU2QU2U4Ezgt9zKNKWVjOsSuRUlj1EE+X3RKzq0zIFGi7JOGzN3fEzmNtZ7Eoe2MqRnp5drM/K/WzUx0E+RcpplByRYfRZkgJiGzq8mAK2RGTCxQprjdlbARVZQZm03ZhuAtn7wKrcuaZ7l5Va3fFnGU4BTO4AI8uIY63EMDfGCA8Ayv8OY8Oi/Ou/OxaF1zipkT+CPn8wexL4zZ</latexit>



CONCLUSION

➤ We are starting to explore a machine learning perspective on 
many-body problems in classical and quantum physics. 

➤ We have performed QST based on neural networks which 
enable us to study of 2- and potentially 3-dimensional 
quantum systems and quantum devices 

➤ I believe there are a lot of opportunities for us physicists. 
〈 PHYSICS | MACHINE LEARNING 〉 

⇢model = (T�1Pmodel)
TM

<latexit sha1_base64="CRF6omEkxe8xklhL1yTFO42+gT0="></latexit><latexit sha1_base64="CRF6omEkxe8xklhL1yTFO42+gT0="></latexit><latexit sha1_base64="CRF6omEkxe8xklhL1yTFO42+gT0="></latexit><latexit sha1_base64="CRF6omEkxe8xklhL1yTFO42+gT0="></latexit>



FOR LARGER GHZ STATES USE MPS/MPO
GENERATING SYNTHETIC DATA FOR BIG SYSTEMS EFFICIENTLY USING TENSOR 
NETWORKS

⇢
<latexit sha1_base64="++gDuBWc6MVASkWrxKkATkRoAzk=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk0g6dzISZiVBCF36BW/0CV+LWX/ED/A8nbRa29cCFwzn3cu89YcqZNq777aysrq1vbFa2qts7u3v7tYPDRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3RZ++4kqzaR4MOOUBgkeCBYzgo2V/J4aStSv1d2GOwVaJl5J6lCi1a/99CJJsoQKQzjWuuu5qQlyrAwjnE6qvUzTFJMRHtCupQInVAf59NgJOrVKhGKpbAmDpurfiRwnWo+T0HYm2Az1oleI/3ndzMRXQc5EmhkqyGxRnHFkJCo+RxFTlBg+tgQTxeytiAyxwsTYfOa2hKHk0aTIxVtMYZn4543rhnd/UW/elAFV4BhO4Aw8uIQm3EELfCDA4AVe4c15dt6dD+dz1rrilDNHMAfn6xdWSJZH</latexit><latexit sha1_base64="++gDuBWc6MVASkWrxKkATkRoAzk=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk0g6dzISZiVBCF36BW/0CV+LWX/ED/A8nbRa29cCFwzn3cu89YcqZNq777aysrq1vbFa2qts7u3v7tYPDRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3RZ++4kqzaR4MOOUBgkeCBYzgo2V/J4aStSv1d2GOwVaJl5J6lCi1a/99CJJsoQKQzjWuuu5qQlyrAwjnE6qvUzTFJMRHtCupQInVAf59NgJOrVKhGKpbAmDpurfiRwnWo+T0HYm2Az1oleI/3ndzMRXQc5EmhkqyGxRnHFkJCo+RxFTlBg+tgQTxeytiAyxwsTYfOa2hKHk0aTIxVtMYZn4543rhnd/UW/elAFV4BhO4Aw8uIQm3EELfCDA4AVe4c15dt6dD+dz1rrilDNHMAfn6xdWSJZH</latexit><latexit sha1_base64="++gDuBWc6MVASkWrxKkATkRoAzk=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk0g6dzISZiVBCF36BW/0CV+LWX/ED/A8nbRa29cCFwzn3cu89YcqZNq777aysrq1vbFa2qts7u3v7tYPDRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3RZ++4kqzaR4MOOUBgkeCBYzgo2V/J4aStSv1d2GOwVaJl5J6lCi1a/99CJJsoQKQzjWuuu5qQlyrAwjnE6qvUzTFJMRHtCupQInVAf59NgJOrVKhGKpbAmDpurfiRwnWo+T0HYm2Az1oleI/3ndzMRXQc5EmhkqyGxRnHFkJCo+RxFTlBg+tgQTxeytiAyxwsTYfOa2hKHk0aTIxVtMYZn4543rhnd/UW/elAFV4BhO4Aw8uIQm3EELfCDA4AVe4c15dt6dD+dz1rrilDNHMAfn6xdWSJZH</latexit><latexit sha1_base64="++gDuBWc6MVASkWrxKkATkRoAzk=">AAAB/nicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk0g6dzISZiVBCF36BW/0CV+LWX/ED/A8nbRa29cCFwzn3cu89YcqZNq777aysrq1vbFa2qts7u3v7tYPDRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3RZ++4kqzaR4MOOUBgkeCBYzgo2V/J4aStSv1d2GOwVaJl5J6lCi1a/99CJJsoQKQzjWuuu5qQlyrAwjnE6qvUzTFJMRHtCupQInVAf59NgJOrVKhGKpbAmDpurfiRwnWo+T0HYm2Az1oleI/3ndzMRXQc5EmhkqyGxRnHFkJCo+RxFTlBg+tgQTxeytiAyxwsTYfOa2hKHk0aTIxVtMYZn4543rhnd/UW/elAFV4BhO4Aw8uIQm3EELfCDA4AVe4c15dt6dD+dz1rrilDNHMAfn6xdWSJZH</latexit>

M
<latexit sha1_base64="iydiV1vBghXT8GihXbk26j6xS5U=">AAACA3icbVDNSgMxGMzWv1r/qh69BIvgqeyKoN6KXrwIFVxbbJeSZLNtaDZZkqxQlr36BF71CTyJVx/EB/A9zLZ7sNWBwDDzfXyTwQln2rjul1NZWl5ZXauu1zY2t7Z36rt791qmilCfSC5VFyNNORPUN8xw2k0URTHmtIPHV4XfeaRKMynuzCShQYyGgkWMIGOlh36MzAhH2U0+qDfcpjsF/Eu8kjRAifag/t0PJUljKgzhSOue5yYmyJAyjHCa1/qppgkiYzSkPUsFiqkOsmniHB5ZJYSRVPYJA6fq740MxVpPYmwni4R60SvE/7xeaqLzIGMiSQ0VZHYoSjk0EhbfhyFTlBg+sQQRxWxWSEZIIWJsSXNXMJY8zKHtxVts4S/xT5oXTe/2tNG6LAuqggNwCI6BB85AC1yDNvABAQI8gxfw6jw5b8678zEbrTjlzj6Yg/P5A8VFmMc=</latexit><latexit sha1_base64="iydiV1vBghXT8GihXbk26j6xS5U=">AAACA3icbVDNSgMxGMzWv1r/qh69BIvgqeyKoN6KXrwIFVxbbJeSZLNtaDZZkqxQlr36BF71CTyJVx/EB/A9zLZ7sNWBwDDzfXyTwQln2rjul1NZWl5ZXauu1zY2t7Z36rt791qmilCfSC5VFyNNORPUN8xw2k0URTHmtIPHV4XfeaRKMynuzCShQYyGgkWMIGOlh36MzAhH2U0+qDfcpjsF/Eu8kjRAifag/t0PJUljKgzhSOue5yYmyJAyjHCa1/qppgkiYzSkPUsFiqkOsmniHB5ZJYSRVPYJA6fq740MxVpPYmwni4R60SvE/7xeaqLzIGMiSQ0VZHYoSjk0EhbfhyFTlBg+sQQRxWxWSEZIIWJsSXNXMJY8zKHtxVts4S/xT5oXTe/2tNG6LAuqggNwCI6BB85AC1yDNvABAQI8gxfw6jw5b8678zEbrTjlzj6Yg/P5A8VFmMc=</latexit><latexit sha1_base64="iydiV1vBghXT8GihXbk26j6xS5U=">AAACA3icbVDNSgMxGMzWv1r/qh69BIvgqeyKoN6KXrwIFVxbbJeSZLNtaDZZkqxQlr36BF71CTyJVx/EB/A9zLZ7sNWBwDDzfXyTwQln2rjul1NZWl5ZXauu1zY2t7Z36rt791qmilCfSC5VFyNNORPUN8xw2k0URTHmtIPHV4XfeaRKMynuzCShQYyGgkWMIGOlh36MzAhH2U0+qDfcpjsF/Eu8kjRAifag/t0PJUljKgzhSOue5yYmyJAyjHCa1/qppgkiYzSkPUsFiqkOsmniHB5ZJYSRVPYJA6fq740MxVpPYmwni4R60SvE/7xeaqLzIGMiSQ0VZHYoSjk0EhbfhyFTlBg+sQQRxWxWSEZIIWJsSXNXMJY8zKHtxVts4S/xT5oXTe/2tNG6LAuqggNwCI6BB85AC1yDNvABAQI8gxfw6jw5b8678zEbrTjlzj6Yg/P5A8VFmMc=</latexit><latexit sha1_base64="iydiV1vBghXT8GihXbk26j6xS5U=">AAACA3icbVDNSgMxGMzWv1r/qh69BIvgqeyKoN6KXrwIFVxbbJeSZLNtaDZZkqxQlr36BF71CTyJVx/EB/A9zLZ7sNWBwDDzfXyTwQln2rjul1NZWl5ZXauu1zY2t7Z36rt791qmilCfSC5VFyNNORPUN8xw2k0URTHmtIPHV4XfeaRKMynuzCShQYyGgkWMIGOlh36MzAhH2U0+qDfcpjsF/Eu8kjRAifag/t0PJUljKgzhSOue5yYmyJAyjHCa1/qppgkiYzSkPUsFiqkOsmniHB5ZJYSRVPYJA6fq740MxVpPYmwni4R60SvE/7xeaqLzIGMiSQ0VZHYoSjk0EhbfhyFTlBg+sQQRxWxWSEZIIWJsSXNXMJY8zKHtxVts4S/xT5oXTe/2tNG6LAuqggNwCI6BB85AC1yDNvABAQI8gxfw6jw5b8678zEbrTjlzj6Yg/P5A8VFmMc=</latexit>

P (a) = Tr ⇢Ma
<latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit><latexit sha1_base64="Tw+G2439lX5McCnQBv0Yln0NBak="></latexit>

Can be sampled in polynomial time 
exactly (zipper algorithm) 

P (ai|a<i) =

P
aj>i

P (a)
P

aj�i
P (a)

<latexit sha1_base64="y2nVhWyJmNDbifVwzadV9b8sKiw="></latexit><latexit sha1_base64="y2nVhWyJmNDbifVwzadV9b8sKiw="></latexit><latexit sha1_base64="y2nVhWyJmNDbifVwzadV9b8sKiw="></latexit><latexit sha1_base64="y2nVhWyJmNDbifVwzadV9b8sKiw="></latexit>

P (a2|a1)
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AJ Ferris and G. Vidal.  PRB 85, 165146 (2012)
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Pure GHZ = MPS =1 1
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<latexit sha1_base64="hXVNLb3O5OjRg9IalW9BA/SwBEU="></latexit><latexit sha1_base64="hXVNLb3O5OjRg9IalW9BA/SwBEU="></latexit><latexit sha1_base64="hXVNLb3O5OjRg9IalW9BA/SwBEU="></latexit><latexit sha1_base64="hXVNLb3O5OjRg9IalW9BA/SwBEU="></latexit>

= (1 0 0 0)
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U*SE Locally depolarized GHZ = MPO

Preskill’s notes http://www.theory.caltech.edu/people/preskill/ph219/



DEPOLARIZING CHANNEL

24 3 Foundations II: Measurement and Evolution

3.4 Three quantum channels

The best way to familiarize ourselves with the concept of a quantum
channel is to study a few examples. We will now consider three examples
(all interesting and useful) of channels acting on a single qubit. If we
wish we may imagine that the channel E describes the fate of quantum
information that is transmitted with some loss of fidelity from a sender
to a receiver. Or, if we prefer, we may imagine that the transmission is
in time rather than space; that is, E describes the time evolution of a
quantum system that interacts with its environment.

3.4.1 Depolarizing channel

The depolarizing channel is a model of a decohering qubit that has par-
ticularly nice symmetry properties. We can describe it by saying that,
with probability 1 − p the qubit remains intact, while with probability p
an “error” occurs. The error can be of any one of three types, where each
type of error is equally likely. If {|0⟩, |1⟩} is an orthonormal basis for the
qubit, the three types of errors can be characterized as:

1. Bit flip error: |0⟩"→|1⟩
|1⟩"→|0⟩ or |ψ⟩ #→ σ1|ψ⟩, σ1 =

(0 1
1 0

)

,

2. Phase flip error: |0⟩"→|0⟩
|1⟩"→−|1⟩ or |ψ⟩ #→ σ3|ψ⟩, σ3 =

(

1 0
0 −1

)

,

3. Both: |0⟩"→+i|1⟩
|1⟩"→−i|0⟩ or |ψ⟩ #→ σ2|ψ⟩, σ2 =

(

0 −i
i 0

)

.

If an error occurs, then |ψ⟩ evolves to an ensemble of the three states
σ1|ψ⟩, σ2|ψ⟩, σ3|ψ⟩, all occurring with equal likelihood.

Unitary representation. The depolarizing channel mapping qubit A to A
can be realized by an isometry mapping A to AE, where E is a four-
dimensional environment, acting as

UA→AE : |ψ⟩A #→
√

1 − p |ψ⟩A ⊗ |0⟩E

+

√

p

3
(σ1|ψ⟩A ⊗ |1⟩E + σ2|ψ⟩A ⊗ |2⟩E + σ3|ψ⟩A ⊗ |3⟩E) .

(3.83)

The environment evolves to one of four mutually orthogonal states that
“keep a record” of what transpired; if we could only measure the environ-
ment in the basis {|a⟩E, a = 0, 1, 2, 3}, we would know what kind of error
had occurred (and we would be able to intervene and reverse the error).

Preskill’s notes http://www.theory.caltech.edu/people/preskill/ph219/



NEUMARK’S DILATION THEOREM

How one can implement a general quantum measurement by 
performing a unitary on the system of interest and an ancilla, followed 
by a von Neumann measurement of the ancilla.

P (a) = Tr⇢M (a) = Tr
⇥
Is ⌦ |aiha|pUsp⇢⌦ |0ih0|pU†

sp

⇤
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➤ Requires projective measurements in only one basis set

Experimental schemes see: Phys. Rev. A 86, 062107 (2012), Phys. Rev. A 83, 051801(R) (2011), Phys. Rev. A 91, 042101 (2015)
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FIG. 4: Square ice and toric code models and their typical configurations. (A) The charge Qv in

the square ice Hamiltonian is defined as the sum over the spins on the bonds of a vertex v , while

the classical toric code Hamiltonian is defined as a sum over the product of spins on a plaquette

p. (B) and (C) portray ground state and high temperature spin configurations of the square ice

Hamiltonian, respectively. (D) A ground state configuration of the toric code Hamiltonian.
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SYNTHETIC QUANTUM DEVICES ARE GROWING FAST

• “These are really rather beautiful pieces of science,” says physicist Seth Lloyd of MIT
• “This work presents the cleanest data for a KT transition that I have seen in any quantum simulator to date. 

It is the most advanced use I have to date seen of a superconducting quantum simulator.” Matthias Troyer of 
ETH and Microsoft

• “This paper represents a breakthrough in the simulation of physical systems which are otherwise essentially 
impossible,” said 2016 Nobel laureate Dr. J. Michael Kosterlitz.

• “They haven’t addressed at all whether it’s a quantum system they’ve got,” says physicist Graeme 
Smith of the JILA research center in Boulder
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Wi,j
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Ck =
X

j

Wk,jVj

<latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit><latexit sha1_base64="S3J5gQNdpGN8MoiqnlxXrYZY1o4=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIoBuh2I3LCvYBbQiT6bSddjIJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXzpxzL3PvCWLOlHacb2tldW19Y7OwVdze2d3btw8OmypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKxrWp33qgUrFI3OtJTL0QDwTrM4K1kXy7VPPTcYauUVcloT9CLfM8G2VNPx1lvl12Ks4MaJm4OSlDjrpvf3V7EUlCKjThWKmO68TaS7HUjHCaFbuJojEmYzygHUMFDqny0tkRGToxSg/1I2lKaDRTf0+kOFRqEgamM8R6qBa9qfif10l0/8pLmYgTTQWZf9RPONIRmiaCekxSovnEEEwkM7siMsQSE21yK5oQ3MWTl0nzvOI6Fffuoly9yeMoQAmO4RRcuIQq3EIdGkDgEZ7hFd6sJ+vFerc+5q0rVj5zBH9gff4A4YuXmw==</latexit>

|C|2 =
X

k

CkC
⇤
k

<latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit><latexit sha1_base64="iJ5RRKEsV5PQXtiNma2uDp5ffiU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclKYJuhGI2LivYC7RpmEwn7ZDJhZmJUNJs3Pgqblwo4tZ3cOfbOGmz0NYfBj7+cw5nzu/GjAppGN9aaWV1bX2jvFnZ2t7Z3dP3D9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4/pWXu88EC5oFN7LSUzsAI1C6lGMpLIc/XhqTQf1675IAseHlpP6GbQG6XmWk6NXjZoxE1wGs4AqKNR09K/+MMJJQEKJGRKiZxqxtFPEJcWMZJV+IkiMsI9GpKcwRAERdjq7IoOnyhlCL+LqhRLO3N8TKQqEmASu6gyQHIvFWm7+V+sl0ruyUxrGiSQhni/yEgZlBPNI4JBygiWbKECYU/VXiMeIIyxVcBUVgrl48jK06zXTqJl3F9XGTRFHGRyBE3AGTHAJGuAWNEELYPAInsEreNOetBftXfuYt5a0YuYQ/JH2+QO2QZgQ</latexit>

=

=

Scalar
Vector

Matrix

Matrix vector  

Multiplication

norm

Tr WM =
X

k,j

Wk,jMj,k

<latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit><latexit sha1_base64="KWNaVx8sUrkV3jo6IwtP2iLKImo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjZC0MYmECHJBrLLMjuZJJPMPpi5K4Zlf8PGX7GxUMRSK//GyaPQxAOXezjnXmbu8WPBFZjmt5FbWV1b38hvFra2d3b3ivsHLRUlkrImjUQk2z5RTPCQNYGDYO1YMhL4gtn+6Gbi2/dMKh6FDRjHzA1IP+Q9TgloySuaDrAHSBsyw07ZKWMb1zC+wo5KAi8dlYcZtme95qXD8ijDXrFkVswp8DKx5qSE5qh7xU+nG9EkYCFQQZTqWGYMbkokcCpYVnASxWJCR6TPOpqGJGDKTaeXZfhEK13ci6SuEPBU/b2RkkCpceDryYDAQC16E/E/r5NA79JNeRgnwEI6e6iXCAwRnsSEu1wyCmKsCaGS679iOiCSUNBhFnQI1uLJy6R1VrHMinV3Xqpez+PIoyN0jE6RhS5QFd2iOmoiih7RM3pFb8aT8WK8Gx+z0Zwx3zlEf2B8/QB6R564</latexit>

=

Matrix Product States (MPS) Matrix Product Operators (MPO)



MEASUREMENTS: POSITIVE OPERATOR VALUED MEASURES (POVM)

M (i) =
1

4

⇣
1 + s(i) · �

⌘
, i = 1, ..., 4

<latexit sha1_base64="S7YCYpMNjuW75JBPgupn9+LQvDk="></latexit><latexit sha1_base64="S7YCYpMNjuW75JBPgupn9+LQvDk="></latexit><latexit sha1_base64="S7YCYpMNjuW75JBPgupn9+LQvDk="></latexit><latexit sha1_base64="S7YCYpMNjuW75JBPgupn9+LQvDk="></latexit>

s(1) = (0, 0, 1) , s(2) =
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<latexit sha1_base64="40Rn7TQhAC4iP+uT/9UQ1aJ4Llc="></latexit><latexit sha1_base64="40Rn7TQhAC4iP+uT/9UQ1aJ4Llc="></latexit><latexit sha1_base64="40Rn7TQhAC4iP+uT/9UQ1aJ4Llc="></latexit><latexit sha1_base64="40Rn7TQhAC4iP+uT/9UQ1aJ4Llc="></latexit>

For multiqubit systems 
⌦

<latexit sha1_base64="nLoY/u4iIGXcokLT169+YI6jro8=">AAACAHicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk2g6dZMLMjVBCV36BW/0CV+LWP/ED/A+nbRa29cDA4Zx7OXdOmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4aFSmGfeZkkq3Qmq4FAn3UaDkrVRzGoeSN8Ph7cRvPnFthEoecJTyIKb9RPQEo2ilZkehiLnpVqpuzZ2CLBOvIFUo0OhWfjqRYlnME2SSGtP23BSDnGoUTPJxuZMZnlI2pH3etjShNiTIp+eOyalVItJT2r4EyVT9u5HT2JhRHNrJmOLALHoT8T+vnWHvKshFkmbIEzYL6mWSoCKTv5NIaM5QjiyhTAt7K2EDqilD29BcShgqGY2J7cVbbGGZ+Oe165p3f1Gt3xQFleAYTuAMPLiEOtxBA3xgMIQXeIU359l5dz6cz9noilPsHMEcnK9femyXgw==</latexit><latexit sha1_base64="nLoY/u4iIGXcokLT169+YI6jro8=">AAACAHicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk2g6dZMLMjVBCV36BW/0CV+LWP/ED/A+nbRa29cDA4Zx7OXdOmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4aFSmGfeZkkq3Qmq4FAn3UaDkrVRzGoeSN8Ph7cRvPnFthEoecJTyIKb9RPQEo2ilZkehiLnpVqpuzZ2CLBOvIFUo0OhWfjqRYlnME2SSGtP23BSDnGoUTPJxuZMZnlI2pH3etjShNiTIp+eOyalVItJT2r4EyVT9u5HT2JhRHNrJmOLALHoT8T+vnWHvKshFkmbIEzYL6mWSoCKTv5NIaM5QjiyhTAt7K2EDqilD29BcShgqGY2J7cVbbGGZ+Oe165p3f1Gt3xQFleAYTuAMPLiEOtxBA3xgMIQXeIU359l5dz6cz9noilPsHMEcnK9femyXgw==</latexit><latexit sha1_base64="nLoY/u4iIGXcokLT169+YI6jro8=">AAACAHicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk2g6dZMLMjVBCV36BW/0CV+LWP/ED/A+nbRa29cDA4Zx7OXdOmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4aFSmGfeZkkq3Qmq4FAn3UaDkrVRzGoeSN8Ph7cRvPnFthEoecJTyIKb9RPQEo2ilZkehiLnpVqpuzZ2CLBOvIFUo0OhWfjqRYlnME2SSGtP23BSDnGoUTPJxuZMZnlI2pH3etjShNiTIp+eOyalVItJT2r4EyVT9u5HT2JhRHNrJmOLALHoT8T+vnWHvKshFkmbIEzYL6mWSoCKTv5NIaM5QjiyhTAt7K2EDqilD29BcShgqGY2J7cVbbGGZ+Oe165p3f1Gt3xQFleAYTuAMPLiEOtxBA3xgMIQXeIU359l5dz6cz9noilPsHMEcnK9femyXgw==</latexit><latexit sha1_base64="nLoY/u4iIGXcokLT169+YI6jro8=">AAACAHicbVDLSsNAFL3xWeur6tLNYBFclUQEdVd047KCsYU2lMlk2g6dZMLMjVBCV36BW/0CV+LWP/ED/A+nbRa29cDA4Zx7OXdOmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4aFSmGfeZkkq3Qmq4FAn3UaDkrVRzGoeSN8Ph7cRvPnFthEoecJTyIKb9RPQEo2ilZkehiLnpVqpuzZ2CLBOvIFUo0OhWfjqRYlnME2SSGtP23BSDnGoUTPJxuZMZnlI2pH3etjShNiTIp+eOyalVItJT2r4EyVT9u5HT2JhRHNrJmOLALHoT8T+vnWHvKshFkmbIEzYL6mWSoCKTv5NIaM5QjiyhTAt7K2EDqilD29BcShgqGY2J7cVbbGGZ+Oe165p3f1Gt3xQFleAYTuAMPLiEOtxBA3xgMIQXeIU359l5dz6cz9noilPsHMEcnK9femyXgw==</latexit>

⌦
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Experimental schemes see: Phys. Rev. A 86, 062107 (2012), Phys. Rev. A 83, 051801(R) (2011), Phys. Rev. A 91, 042101 (2015)

Tetrahedral measurement for one qubit

CONSTRUCTING POVMS: TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT OF MANY



MEASUREMENTS: POSITIVE OPERATOR VALUED MEASURES (POVM)

Experimental realization: pick a random direction with 
probability 1/3, then measure in that direction + postprocess 

CONSTRUCTING POVMS: TAKE A SINGLE QUBIT POVM AND MAKE A TENSOR PRODUCT OF MANY

   Easy to implement in gate-based QC (Qiskit, Cirq, Rigetti, etc. )

For multiqubit systems ⌦
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This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is
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respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution
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Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:
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MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,
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I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,
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measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=

( 2
p
2

3
, 0,� 1

3
), s(3) := (�

p
2

3
,
q

2

3
,� 1

3
), and s(4) :=

(�
p
2

3
,�

q
2

3
,� 1

3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

2

This defines a determined system of linear equations for
r because the vectors u(a) s(a) span R3. Thus, Eq. (6)
allows – through Eq. (3) – to reconstruct % from the
experimentally observed probabilities.

An example of an IC POVM for D = 2 is

MPauli :=
�
M (0) := p(3)⇥ |0ih0| ,M (1) := p(3)⇥ |1ih1| ,

M (+) := p(1)⇥ |+ih+| ,M (�) := p(1)⇥ |�ih�| ,

M (r) := p(2)⇥ |rihr| ,M (l) := p(2)⇥ |lihl|
 
,

(7)

with p(m) > 0, for m = 1, 2, or 3, and p(1) + p(2) +
p(3) = 1, and {|0i , |1i}, {|+i , |�i}, and {|ri , |li} the
eigenstates of the Pauli operators �(3), �(1), and �(2),
respectively. As usual, we refer to the eigenbasis of �(3) as
computational basis. In that basis, the other eigenstates
are expressed as |±i = 1p

2
(|0i±|1i), |ri = 1p

2
(|0i+i |1i),

and |li = 1p
2
(|0i � i |1i). To implement this POVM, in

each experimental run, one samples the Pauli matrix to
measure from the probability distribution p(m) and then
makes the measurement. A common choice for p(m) is
p(1) = p(2) = p(3) = 1/3, but any other choice is possible
too, and we may exploit this freedom at some point. For
MPauli, the system in Eq. (6) is particularly simple to
solve, yielding the Bloch vector solution

r1 =
P%(+)� P%(�)

p(1)
=

2P%(+)

p(1)
� 1

r2 =
P%(r)� P%(l)

p(2)
=

2P%(r)

p(2)
� 1

r3 =
P%(0)� P%(1)

p(3)
=

2P%(0)

p(3)
� 1 (8)

Importantly, MPauli is not optimal, i.e. there exist
IC POVMs with fewer measurement outcomes. For the
simplest case of one qubit, the minimal IC POVM is the
so-called tetrahedron, whose elements define an equilat-
eral pyramid in the Bloch sphere:

MTetra :=
�
M (1) :=

1

4
(11 + s(1) · �),

M (2) :=
1

4
(11 + s(2) · �),

M (3) :=
1

4
(11 + s(3) · �),

M (4) :=
1

4
(11 + s(4) · �)

 
, (9)

where s(1) := (0, 0, 1) (i.e. M (1) = 1

2
|0ih0|), s(2) :=
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,
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3
). Similarly to MPauli, each element of

MTetra is a sub-normalised rank-1 projector. However,
in contrast to MPauli, MTetra is symmetric. This means
that the angle (in the Bloch sphere) between any two
di↵erent elements of MTetra is always the same. This
is equivalent, in Hilbert space, to the condition that the

overlap Tr
h
M (a) M (a0

)

i
is constant for any two di↵erent

a and a0. In terms of the real symmetric overlap matrix

T (a0,a) := Tr
h
M (a0

) M (a)
i
, one has, for MTetra,

TTetra =

2
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In turn, for MPauli, one has, for the exemplary choice
p(1) = p(2) = p(3) = 1/3,

TPauli =
1

9

2

666664

1 0 1/2 1/2 1/2 1/2
0 1 1/2 1/2 1/2 1/2
1/2 1/2 1 0 1/2 1/2
1/2 1/2 0 1 1/2 1/2
1/2 1/2 1/2 1/2 1 0
1/2 1/2 1/2 1/2 0 1

3

777775
(11)

I have checked that TTetra is invertible, whereas TPauli

is singular. As we see in Sec. V, this has consequences
on the uniqueness of the expansion of states (and observ-
ables as well) in terms of the POVM elements.
The physical implementation of MTetra is a bit more

involved than that of MPauli. It is possible thanks to
something called Neumark’s dilation theorem, which es-
sentially states that any pure-state POVM with d out-
comes is equivalent to some von Neumann measure-
ment in an extended Hilbert space Hext with dimension
d. Physically, this implies that the single-qubit POVM
MTetra can be implemented by applying some 2-qubit
von Neumman (entangling) measurement to % together
with an ancillary qubit in a fixed state (conventionally
taken as |0ih0|). Thus, the advantage of the tetrahedral
measurement is that the required RBM needs visible neu-
rones with only four states each (instead of 6 for MPauli).
In either case, I think it would be interesting to explore
the resulting scalings for both cases.

III. RBM UNCONDITIONAL STATE
TOMOGRAPHY

The idea would be to take genericN -qubit mixed states
% (e.g., be the same ones as studied in Ref. [1] but sub-
ject to local noise or thermal e↵ects) and tomography-
ically reconstruct them exploiting the single-qubit SIC
POVMs described above. The N -qubits SIC POVMs
would be given simply by the N -fold tensor product of
the SIC POVMs for each qubit M :=

�
M (a1) ⌦M (a2) ⌦

. . .M (aN )
 
a1,...aN

. This would not be optimal, but it

will do the job and will in fact agree with real-life ex-
periments, where measurements are done locally and the
minimal IC POVM for N -qubit systems is totally out of
reach.

The RBM architectures should be the same as in Ref.
[1], except for the dimensionality of the visible neurones,

Pauli-4 measurement for one qubit
MPauli�4 =

�
M (0) =

1

3
⇥ |0ih0| ,M (1) =

1

3
⇥ |1ih1| ,M (2) =

1

3
⇥ |+ih+| ,M (3) =

1

3
⇥
�
|�ih�|+ |rihr|+ |lihl|

� 
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FIG. 5. Direct estimation of local observables from Ns model samples (i.e., without %model), for

the exemplary case of a single-qubit observable O (orange tensor) and N = 3. The expectation

value Tr [O %model] (left-hand side) equals the expected value Ea⇠Pmodel
[QO(a)] of a random vari-

able QO(a) defined by an a-dependent tensor contraction (right-hand side), with the string a

schematically represented by the blue, rhombus-shaped single-index tensors. The expected value

can in turn be e�ciently Monte-Carlo estimated as an average over Ns realizations of QO(a) with

a sampled from Pmodel.

operator decomposition, provided that the variance of QOMPO
(a) scales polynomially with

N . This includes the quantum fidelity between %model and a target MPS of constant bond

dimension, again provided that the corresponding variance scales well (see the appendix).

DATA AVAILABILITY

The numerically generated measurements used to produce for Fig.4, the implementation

of the generative models, as well as code to numerically generate the datasets used in the

manuscript are available at http://github.com/carrasqu/XXXX.
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FIG. 2. Estimation of the quantum fidelity between %model and a target | i directly from Ns

samples from the model distribution Pmodel for N = 3. If | i is an MPS (blue circles) of constant

bond dimension, it can be expressed as the virtual-index contraction of 2- and 3-index tensors of

constant size. The squared fidelity corresponds to the contraction of the MPS with %model (left-

hand side). This, in turn, can be e�ciently Monte-Carlo estimated as an average (right-hand side)

over Ns realizations of Q| ih |(a) with a sampled from Pmodel

.

In the absence of a notion of spatial dimensionality, like in the GHZ state, one can choose

an arbitrary enumeration of the qubits. In two dimensional systems, such as the triangular

Heisenberg model in the manuscript, we choose an enumeration of the lattice sites which,

in turn, defines a one-dimensional path filling the two-dimensional lattice. The RNN then

uses this path to process and learn the data. This is exemplified in Fig. 1(c) for a 4 ⇥ 4

triangular lattice. An analogous enumeration is used in our experiments in the main text.

II. DIRECT STOCHASTIC ESTIMATION OF QUANTUM FIDELITY WITH

RESPECT TO AN MPS

For POVMs with invertible overlap matrix, the quantum fidelity between a reconstructed

state %model and a generic pure state | i can in principle be computed sampling the model

distribution Pmodel. Since one of the states is pure, the squared fidelity is given by

F 2 (| ih | , %model) = EPmodel

⇥
Q| ih |(a)

⇤
, (9)

with Q| ih |(a) =
P

a0 T�1

a,a0 h |M (a0
) | i. Whereas the computation of each Q| ih |(a) is in

general intractable, it can be done e�ciently for any state | i admitting an e�cient MPS


