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Summary 

• I’ll discuss a new formalism which makes 
explicit connections between band theory and 
atomistic limit. 

• Only model calculations done so far, but I 
expect that to change. 

• Many opportunities for making connections 
between two camps. 

• Apologies: Written in DFT language 
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Outline 

• Brief review of modern DFT 

• Partition theory 

• Fragment calculations 

• Implications 
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Kohn-Sham equations (1965) 
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He atom in Kohn-Sham DFT 
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Problems with standard DFT 

• Band gaps are bad 

• Symmetry dilemma for stretched 
H2 

• Self-interaction error (now  called 
delocalization error) 

• Too many functionals (but see 
our semiclassical work:  Explains 
why DFT works at all). 
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Too many functionals 
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Things users despise about DFT 

• No simple rule for reliability 

• No systematic route to improvement 

• If your property turns out to be inaccurate, 
must wait several decades for solution 

• Complete disconnect from other methods 

• Full of arcane insider jargon 

• Too many functionals to choose from 

• Can only be learned from another DFT guru 
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Things developers love about DFT 

• No simple rule for reliability 

• No systematic route to improvement 

• If a property turns out to be inaccurate, can 
take several decades for solution 

• Wonderful disconnect from other methods 

• Lots of lovely arcane insider jargon 

• So many functionals to choose from 

• Must be learned from another DFT guru 
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Distinctions 
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Important distinction 

• Suppose I give you the EXACT XC functional 

• You don’t get 
– Excitations, response properties, in general 

– A KS band-gap equal to the correct one 

• You can get  
– all ground-state energies and densities right, 

including Pu and fractional quantum hall states. 

– The fundamental gap I-A 
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Errors in standard functionals 
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Key difference between DFT and 
strongly-correlated treatments 

• DFT is always in real-space, basis-set 
independent results. 

• Strongly-correlated treatments usually begin 
from model Hamiltonian on a lattice, e.g. 
Hubbard model. 

• Prototype example:  Stretched H2, with 
relative spin states. 
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Outline 

• Brief review of modern DFT 

• Partition theory 

• Fragment calculations 

• Implications 
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Partition Theory 

• Precursor 

• Cortona’s 
crystal 
potential 
(PRB, 
1991) 
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Simplified atoms 

• We use a simple 
Eckhardt potential in 
1d,  non-interacting 
electrons, and one 
electron per site in all 
illustrations.   
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Simplified moleule 

• Here’s our 1d H2 
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Basic partition theory 

• Consider atoms as isolated and minimize the 
sum of their energies, but requiring sum of 
densities equal molecular density: 
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Basic partition theory 

• How to find minimum?  Use Lagrange 
multipliers: 

 

 

• Lagrange multiplier is called partition 
potential, vp(r), a global property of the 
molecule 
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Partition potential 

• Each fragment 
density is the 
ground-state 
density in 
effective 
fragment 
potential, 
vα(r)+vp(r) 
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Relations in KS-DFT 

• Total energy 

 

• ‘KS energy’ 

 

 

• Difference: 

 

• Change in v(r) 
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Relations in Partition Theory 

• Total energy 
 
• ‘Fragment energy’ 
 
 
 
• Partition energy: 
 
• Change in v(r): 
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Fragment calculations 

• Can you do a calculation on a set of isolated 
fragments? 

• Need to calculate partition potential ‘on the 
fly’ 

• Can you ensure it recovers the ‘exact’ 
molecular density? 
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Advantages of partitioning 

• Can calculate 
molecular 
energy by 
correcting 
atomic 
energies 

• Ep much 
smaller than E 
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Partition potential from energy 
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Self-consistent fragment 
equations 

• The second term is the kicker, because you 
need KS potential for entire molecule. 

• But easy for 2-particles, since it’s just von 
Weisacker. 
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Convergence for H2 
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Fractional occupations 

• For system in contact with reservoir, the total 
energy between integers is given by straight-
line segments (PPLB, PRL 1982) 
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Isolated system: Fixed N 

• E.g., if 
N=1.5, 
then p=1, 
ν=0.5, and 
E=ε1+0.5ε2 
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Partial occupations 
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The road to partition 
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1d H-He+ 

• Exact 
partitioning of 
molecular 
density 

• Fractional 
occupations 0.7 
and 1.3 

• MC,AW, 
Roberto Car, 
and Kieron, J. 
Phys. Chem. A 
2009, 113, 2183 
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Convergence of fragment 
calculation 
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Outline 

• Brief review of modern DFT 

• Partition theory 

• Fragment calculations 

• Implications 

3/14/2010 KITP: Materials by design 34 



Iterative scheme for N-particle KS 
potential 

 

 

• Can use any of many algorithms to find a KS 
potential for a given density:  Make inner loop 

 

• In outer loop, minimize chemical potential 
difference: 
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12-atom chain 

• Construct chain of Eckhardt potentials 

• Peter Elliott solved 12 single-atom fragment 
problems. 
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Partition potential in chain 
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Occupation numbers in chain 

• Nα= 

 
0.77,1.13,
0.98,1.06,
1.02,1.04 
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Relative sizes of energies 

• Traditional calculation: 
– One ‘atom’ is -27.2 eV 

– Entire molecule is -418.54 eV 

– Edis = -418.54+12x27.2=-92 eV 

 

• Partition theory:   
– At end of calculation, Ef=-320.43 eV, Ep=-98.1 eV 

– So Edis = Ep – Erel = -98.1 + 6.1 =-92.0 eV 
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Outline 
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• Partition theory 

• Fragment calculations 

• Implications 
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Atomic limit 

• If  XC contribution to EP=0, automatically gets 
atomic limit right. 

• So both H2
+ and H2 behave correctly. 

• Thus, can handle both self-interaction and 
strong correlation automatically. 

• Sadly, then lousy back at equilibrium. 
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New many-body approximations 

• If you set XC contribution to zero, 
automatically dissociate correctly. 

• Hartree partition energy contains long-range 
polarizing Coulomb effects. 

• Partition theory bridges gap between lattices 
and real-space approaches. 
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Orbital-free DFT/ O(N) 

• If we knew Ts[n] sufficiently accurately, we 
would not need to solve for KS orbitals. 

• Codes would be much faster. 
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QM/MM 
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Atoms in molecules 

• Many attempts to define atoms in molecules, 
e.g. Bader, Parr, … 
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Atomic ‘charges’ 

• Mulliken,… 

 

 

• Boys localization (50’s) 

• Maximally localized Wannier functions 
(Vanderbilt, etc.) 
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Conclusions 
• Partition theory provides an exact 

decomposition of molecule into fragments. 

• In KS-DFT, a simple algorithm allows fragment 
calculations. 

• Allows many new ways to approximate the 
energy, including ways that include strongly 
correlated systems. 

• How does DMFT look in this scheme? 

• Thanks to NSF. 
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12-atom chain 
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