
Ultradian Oscillations and Segmentation : 
The NF-κB and Wnt-Notch Systems

1. Four eukaryotic systems with oscillatory gene expressions:

• Hes1-mRNA protein network (Hirata et al (2002))
• P53-mdm2 network (Oren et al (2000), Lahav et al (2006))
• NF-κB transcription factor (Hoffmann et al (2002))
• Wnt-Notch segmentation network (Aulehla, Pourquie)

→ Identify the ‘simplest’ negative feed-back loop.

→ Oscillating regimes: Ultradian time period (2-3 hours)
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2. Why oscillations ? When oscillations ?

3. NF-κB:  Transcription factor important for
regulation of inflammation and apoptosis

4. NF-κB - IκB feed-back loop:
Reduce 26-dimensional dynamics to three variables
Spiky oscillations:
→ Saturated degradation.  
→ Oscillating external stimuli: chaotic response

5. Oscillations essential for somite segmentation: 
Wnt and Notch signaling loops: out of phase.

6. Coupled model (in progress): 12-dim: 
Wnt drives the Notch: Oscillations

7. From ‘noisy’ biological data: 
→ Guess negative feed-back loop from symbolic dynamics !
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‘Typical’ Oscillating data:  Hes1 -
segmentation

(Hirata et al, 2002)



N. Geva-Zatorsky, Mol. Sys. Biol. 2:2006.0033 (2006)

Apoptosis



Why oscillations ?
• Importance for apoptosis
• Essential in segmentation
• Spiky oscillations →

important for sharp responses, 
fast regulations, 

high Hill coefficients 
→ hormones also come in spikes  

Mathematically: The most `simple’ dynamics !  



When oscillations in feed-back 
loops?

• Process that takes a finite (minimum) time
evt. time delay τ:     dx/dt ~ P(t-τ)

• Many intermediate steps
binding, complex, steps on DNA, etc
several components: repressilator

• Sharp response: high Hill coefficient
dm/dt ~ pn/(kn + pn)  

• Saturated degradation: depends on level
dI/dt ~ Im – cI/(ε+I)

• Autocatalysis:            dx/dt ~ xn/(kn + xn)



Model of negative feed-back loop for Hes1
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• Dashed curve [Hes1]
• Solid curve [mRNA]

• τrna = 24.1 min
• τhes1 = 22.3 min
• τ= 24 min
• α = 20 [R]0 min-1

• β = 1/20 min-1

• KM = (0.1[R]0)n

• n = 4
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‘Direct’ observations of oscillations in nucleus



NF-κB 
oscillations

Hoffmann, Baltimore et al (2002)

IκBβ/ε
knocked out

The NF‐κB feed‐back
network















Hopf bifurcation









Hoffmann et al
Kearns et al



Improved NF‐kB model

Benedicte Mengel, Sandeep Krishna, MHJ



Equations for extended model



WT: delay in Iε



IKK has been observed to oscillate itself

(Kristian Rud, Jesper Fonslet)



Maybe chaotic dynamics ? 



Strange attractor of periodically ‘forced’ NF‐κB system

ω=1

(2‐3 hour period)



ω=0.08 (circadian period)



A clock and wavefront
(Cooke and Zeeman 1976)

The presomitic mesoderm (PSM) 
segments anterior-posterior as somites
bud off from the anterior end 

Dividing stem cells in the tailbud supply
cells to posterior PSM and elongates
the embryo

PSM cells have locally syncronized
oscillating expression patterns with
periods matching somite formation (90 
min in chick) – Clock

A morphogen gradient (Wavefront) 
determines onset of segmentation
program

Clock determines susceptibility to 
wavefront, which ensures groupwise
incorporation into somites

Master thesis work by Peter B.Jensen





Vertebrate segmentation

The early embryo is segmented into
blocks of cells called somites

Somitogenesis is pivotal for the layout of 
the segmented body plan

The vertebrae of the axial skeleton and 
associated muscles are derived from the 
somites

Master thesis work by Peter Jensen

The proces relies
heavily on the 
dynamics of molecular
oscillators !!!

http://science.cancerresearchuk.org/sci/devgen/v_segment/?version=1



Wnt gradient and
Clock are coupled

Two oscillators: Wnt and Notch: out of phase



Several signaling pathways are involved
Oscillating transcripts are mainly targets of Notch and Wnt pathways

Notch and Wnt targets have same period but are 180 out of phase
Crosstalk & possible hierarchical relationship

Dequèant et al. 2006

Focus is on Hes1/7, Lfng and Axin2 that have all been associated
with feedback loops

One crosstalk candidate (out of many possible) is GSK3β, which can
bind and phosphorylate both β-catenin and NotchICD



The Wnt systems



Equations for the Wnt system

Unidirectional

Unidirectional

Complex 
equilibrium

L constant



Reduction: only feed‐back and equilibrium





Values of parameters: the Wnt reference state



The Wnt reference state



The cross‐talk between Wnt and Notch:

GSK3 is the mediator



The full systems with Wnt and Noctch and cross‐talk



The Notch equations



Master thesis work by Peter B. Jensen

Equations of the Wnt-Notch network

Wnt

Notch

A total of approx. 27 constants – Some are poorly defined

(Cross talk)



Exploring parameter space (only Wnt)

Oscillations amplitude
In Axin2

Dissociation constants:



Four different parameter sets:







The full Wnt‐Notch system

Transcription
factors





Can we put in “spatial” dependence ?
Effect of the Wnt gradient through PSM



Negative feed-back loops

• Guess the feed-back loop from an 
experimental time series: Algorithm

• Derive symbolic dynamics
• From fixed points to Hopf bifurcations

with Simone Pigolotti and Sandeep Krishna
Proc. Nat. Acad. Sci. (2007)

_____________________________



Negative Feed-Back Loops:

• Always odd number of repressor links
• A ‘closed’ loop: No cross-links
• Node: concentration, expression level, etc



Determined by the following equation:

Assume                  are monotonicg(A ;R )
i

Example:

• c: basal production
• γ: degradation → linear 
• α: production rate: activation↔repression



N. Geva-Zatorsky, Mol. Sys. Biol.2:2006.0033 (2006)

Often time series
are very noisy ! 
→ Then what ?



Experimental time series:
(transient is OK !)

Symbolic Dynamics:

N. Geva-Zatorsky, Mol. Sys. Biol. 2:2006.0033 (2006)



The algorithm

• List order of maxima and minima of genes/proteins
• Check if cyclic order is unchanging
• Construct symbolic dynamics:+ up/- down
• Symbolic order should be periodic: 

Then:   ‘i-1’ activates ‘i’
Or:      ‘i-1’ represses ‘i’

• Procedure repeated for each variable in the loop
• Negative feed back loop: Only if number of 

repressors is odd



Stationary point:

Fixed point equation:

Notice:

I.e. measures how species ‘i’ interacts 
with itself through the loop

→



Eigenvalue equation:

where (degradation rates at fixed point)

Using chain rule:

Therefore:  If even number of repressors →
positive → multiple fixed points (bistability)

If odd number of repressors →
negative → only one fixed point !



Right hand side: Negative

Left hand side: Positive coefficients
: Hopf bifurcation



Three repressors:

⇒ ⇒

Example:

α=3.0, c=0.1,
K=1, γ=1, h=2
h=4

OK: h=2
Not OK: h=4

Stability condition {



Circadian rhythms of kai genes in cyanobacteria

Kucho et al, Journ. Bacteriol. 187, 2190-2199 (2005) 



Binding of four proteins to pS2 promoter

R. Metivier et al, Cell 115, 751-763 (2003)

Adding estradiol:

ER: estradiol receptor,
initiates transcription

Pol: RNA polemerase



Symbolic Dynamics:

Dynamical
Rules:



Unobserved variables:
Lets take the repressilator:

Symbolic dynamics:

Resulting symbolic dynamics: two species loop

→ Still gives correct answer

Variable 2 unobserved

Two repressors become one activator



Symbolic Dynamics:
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