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folding of brain vili formation in guts 

Villification: How the Gut Gets Its Villi
Amy E. Shyer,1* Tuomas Tallinen,2,3* Nandan L. Nerurkar,1 Zhiyan Wei,2 Eun Seok Gil,4

David L. Kaplan,4 Clifford J. Tabin,1† L. Mahadevan2,5,6,7,8†

The villi of the human and chick gut are formed in similar stepwise progressions, wherein themesenchyme and
attached epithelium first fold into longitudinal ridges, then a zigzag pattern, and lastly individual villi. We
find that these steps of villification depend on the sequential differentiation of the distinct smooth muscle
layers of the gut, which restrict the expansion of the growing endoderm and mesenchyme, generating
compressive stresses that lead to their buckling and folding. A quantitative computationalmodel, incorporating
measured properties of the developing gut, recapitulates the morphological patterns seen during villification
in a variety of species. These results provide a mechanistic understanding of the formation of these
elaborations of the lining of the gut, essential for providing sufficient surface area for nutrient absorption.

In amniotes, the primitive midgut is established
as a cylinder with an outer mesenchymal layer
and an inner, luminal endoderm. As devel-

opment proceeds, distinct radial layers of smooth
muscle differentiate. In parallel, the luminal sur-
face of the gut transforms from a smooth surface
to a convoluted morphology. In humans, as well
as in mice and birds, this leads to an organized
array of fingerlike projections termed intestinal villi
(1, 2) although a variety of morphologies such as

ridges, zigzags, and honeycombs occur in other
species (3–5). Early work suggested a mechanical
basis for villus formation (6); however, systematic
biological or physical studies of this hypothesis
are lacking.

Morphogenesis and Differentiation of
the Chick Midgut
Until embryonic day 7 (E7), the gut tube, with its
inner endodermally derived epithelium and outer

mesenchymal layer, maintains a smooth luminal
surface (Fig. 1A). At E8, as the first layer of
circumferentially oriented smoothmuscle begins
to form, inward buckling of the tube leads to
longitudinal ridges that increase in number until
E13, when the differentiation of this layer is com-
plete (Fig. 1B). At this point, a second longitudi-
nally oriented layer of muscle differentiates just
exterior to the circular layer, while the previ-
ously formed ridges fold into parallel zigzags over
3 days (Fig. 1C). Last, at E16, as a third longitu-
dinally oriented muscle layer differentiates just in-
terior to the circular layer, bulges arise from the
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Fig. 1. Formation of luminal patterns in chick corresponds with dif-
ferentiation of smoothmuscle layers. (Left photos) Transverse sections of
developing chick guts immunostained for nuclei [4 ,́6-diamidino-2-phenylindole
(DAPI), blue] and smooth muscle actin (aSMA, green) during development.
(Middle) Close-ups of left photos, showing muscle layers. (Right) Whole-mount
images of corresponding gut lumen pattern; longitudinal axis runs top to bottom.
Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
smooth beforemuscle layers form. A, anterior; P, posterior. (B) Longitudinal ridges
form as circularly oriented smooth muscle layer differentiates (arrowhead), and
ridge number increases as this layer develops. (C) Longitudinal muscle develops
exterior to the circular layer (arrowhead) coincident with the formation of zigzags whose periodicity is maintained but with increasing amplitude and compactness over
time. (D) A second longitudinal muscle layer forms, interior to the circular layer (arrowhead), coincident with the formation of villi. (E) Schematic illustrating the process
of muscle differentiation and luminal patterning over time.
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(DAPI), blue] and smooth muscle actin (aSMA, green) during development.
(Middle) Close-ups of left photos, showing muscle layers. (Right) Whole-mount
images of corresponding gut lumen pattern; longitudinal axis runs top to bottom.
Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
smooth beforemuscle layers form. A, anterior; P, posterior. (B) Longitudinal ridges
form as circularly oriented smooth muscle layer differentiates (arrowhead), and
ridge number increases as this layer develops. (C) Longitudinal muscle develops
exterior to the circular layer (arrowhead) coincident with the formation of zigzags whose periodicity is maintained but with increasing amplitude and compactness over
time. (D) A second longitudinal muscle layer forms, interior to the circular layer (arrowhead), coincident with the formation of villi. (E) Schematic illustrating the process
of muscle differentiation and luminal patterning over time.
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The villi of the human and chick gut are formed in similar stepwise progressions, wherein themesenchyme and
attached epithelium first fold into longitudinal ridges, then a zigzag pattern, and lastly individual villi. We
find that these steps of villification depend on the sequential differentiation of the distinct smooth muscle
layers of the gut, which restrict the expansion of the growing endoderm and mesenchyme, generating
compressive stresses that lead to their buckling and folding. A quantitative computationalmodel, incorporating
measured properties of the developing gut, recapitulates the morphological patterns seen during villification
in a variety of species. These results provide a mechanistic understanding of the formation of these
elaborations of the lining of the gut, essential for providing sufficient surface area for nutrient absorption.

In amniotes, the primitive midgut is established
as a cylinder with an outer mesenchymal layer
and an inner, luminal endoderm. As devel-

opment proceeds, distinct radial layers of smooth
muscle differentiate. In parallel, the luminal sur-
face of the gut transforms from a smooth surface
to a convoluted morphology. In humans, as well
as in mice and birds, this leads to an organized
array of fingerlike projections termed intestinal villi
(1, 2) although a variety of morphologies such as

ridges, zigzags, and honeycombs occur in other
species (3–5). Early work suggested a mechanical
basis for villus formation (6); however, systematic
biological or physical studies of this hypothesis
are lacking.

Morphogenesis and Differentiation of
the Chick Midgut
Until embryonic day 7 (E7), the gut tube, with its
inner endodermally derived epithelium and outer

mesenchymal layer, maintains a smooth luminal
surface (Fig. 1A). At E8, as the first layer of
circumferentially oriented smoothmuscle begins
to form, inward buckling of the tube leads to
longitudinal ridges that increase in number until
E13, when the differentiation of this layer is com-
plete (Fig. 1B). At this point, a second longitudi-
nally oriented layer of muscle differentiates just
exterior to the circular layer, while the previ-
ously formed ridges fold into parallel zigzags over
3 days (Fig. 1C). Last, at E16, as a third longitu-
dinally oriented muscle layer differentiates just in-
terior to the circular layer, bulges arise from the
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(DAPI), blue] and smooth muscle actin (aSMA, green) during development.
(Middle) Close-ups of left photos, showing muscle layers. (Right) Whole-mount
images of corresponding gut lumen pattern; longitudinal axis runs top to bottom.
Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
smooth beforemuscle layers form. A, anterior; P, posterior. (B) Longitudinal ridges
form as circularly oriented smooth muscle layer differentiates (arrowhead), and
ridge number increases as this layer develops. (C) Longitudinal muscle develops
exterior to the circular layer (arrowhead) coincident with the formation of zigzags whose periodicity is maintained but with increasing amplitude and compactness over
time. (D) A second longitudinal muscle layer forms, interior to the circular layer (arrowhead), coincident with the formation of villi. (E) Schematic illustrating the process
of muscle differentiation and luminal patterning over time.
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ferentiation of smoothmuscle layers. (Left photos) Transverse sections of
developing chick guts immunostained for nuclei [4 ,́6-diamidino-2-phenylindole
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Figure 1 | Physical mimic and numerical simulation of tangential cortical expansion. a, Gyrification of the human brain during the latter half of gestation
(photographs from ref. 1, adapted with permission from Elsevier). b, A 3D-printed model of the brain is produced from a 3D MRI image of a smooth fetal
brain and then used to create a pair of negative silicone moulds for casting. To mimic the constrained growth of the cortex, a replicated gel-brain (white
matter) is coated with a thin layer of gel (cortex) that swells by absorbing a solvent (hexanes) over time t (t1 ⇡4 min, t2 ⇡9 min, t3 ⇡ 16 min). c, The layered
gel progressively evolves into a complex pattern of sulci and gyri during the swelling process. d, A simulation starting from a smooth fetal brain shows
gyrification as a result of uniform tangential expansion of the cortical layer. The brain is modelled as a soft elastic solid and a relative tangential expansion is
imposed on the cortical layer as shown at left, and the system allowed to relax to its elastic equilibrium.

20-fold increase in brain volume (approximately 60ml to 1,200ml),
and a 30-fold increase in cortical area (approximately 80 cm2 to
2,400 cm2), whereas the expanding cortical layer changes little, with
a typical thickness of 2.5mm in the undeformed reference state
(the deformed thickness is about 3mm). In physiological terms,
we thus assume that tangential expansion during the fetal stage
extends through the cortical plate (which has a thickness of about
1–1.5mm at GW 22) and decays rapidly in the subplate (Fig. 1d,
left). The subplate diminishes during gyrification while the cortical
plate thickens and develops into the cerebral cortex1,3, so that in
the simulated adult brain the expanding layer corresponds to the
cerebral cortex (which is about 3mm thick in adults).

Our simple parametrization of brain growth leads to emergence
of gyrification in space and time along a course similar to real
brains (Fig. 1d and SupplementaryMovie 2): gyrification is initiated
through the formation of isolated line-like sulci (GW 26), which
elongate and branch, establishing most of the patterns before birth
(GW 40). After birth, brain volume still increases nearly threefold,
and during this time our model shows that the gyral patterns are
modified mainly by the addition of some new bends to existing
gyri in agreement with longitudinal morphological analyses27. The
characteristic spatiotemporal appearance of these convolutions—
rounded gyri between sharply cusped sulci in a mixture of threefold
junctions and S-shaped bends28—is a direct consequence of the
mechanical instability induced by constrained cortical expansion.

Physically, the similar sti�ness of the cortex and sublayers implies
that gyrification arises as a non-trivial combination of a smooth
linear instability29 and a nonlinear sulcification instability30–32.

Sections of the physically and numerically simulated brains
shown in Fig. 2a,b exhibit a bulging of gyri and deepening of sulci
in a sequence resembling the observations from MRI sections. Our
simulations of gyrification driven by constrained cortical expansion
allow us to also measure the gyrification index (GI, defined as
the ratio of the surface contour length to that of the convex hull,
determined here from coronal sections as described in ref. 3). We
see that there is a clear increase in the GI with developing brain
volume in agreement with observations (Fig. 2c). The GI arising
from our numerical simulation reaches 2.5, matching observations
of adult brains. A di�erent measure of the GI based on the cortical
surface area rather than that of sections shows that the simulated
adult brain has a cortical area that is approximately four times the
exposed cortical area (Supplementary Fig. 1). For comparison, we
also section our physical gel simulacrum that swells from an initial
unpatterned state (GI= 1.07, GW 22) and see that as a function
of swelling, the GI increases to about 1.55, a modest increase
associated with an approximately twofold increase in brain volume,
the latter state corresponding to roughly GW 30–34 (Fig. 2c and
Supplementary Fig. 2). The ultimate limiting factor in our physical
experiments is the inability for our gel to swell and increase its
volume 20-fold like in fetal brains.
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Villification: How the Gut Gets Its Villi
Amy E. Shyer,1* Tuomas Tallinen,2,3* Nandan L. Nerurkar,1 Zhiyan Wei,2 Eun Seok Gil,4

David L. Kaplan,4 Clifford J. Tabin,1† L. Mahadevan2,5,6,7,8†

The villi of the human and chick gut are formed in similar stepwise progressions, wherein themesenchyme and
attached epithelium first fold into longitudinal ridges, then a zigzag pattern, and lastly individual villi. We
find that these steps of villification depend on the sequential differentiation of the distinct smooth muscle
layers of the gut, which restrict the expansion of the growing endoderm and mesenchyme, generating
compressive stresses that lead to their buckling and folding. A quantitative computationalmodel, incorporating
measured properties of the developing gut, recapitulates the morphological patterns seen during villification
in a variety of species. These results provide a mechanistic understanding of the formation of these
elaborations of the lining of the gut, essential for providing sufficient surface area for nutrient absorption.

In amniotes, the primitive midgut is established
as a cylinder with an outer mesenchymal layer
and an inner, luminal endoderm. As devel-

opment proceeds, distinct radial layers of smooth
muscle differentiate. In parallel, the luminal sur-
face of the gut transforms from a smooth surface
to a convoluted morphology. In humans, as well
as in mice and birds, this leads to an organized
array of fingerlike projections termed intestinal villi
(1, 2) although a variety of morphologies such as

ridges, zigzags, and honeycombs occur in other
species (3–5). Early work suggested a mechanical
basis for villus formation (6); however, systematic
biological or physical studies of this hypothesis
are lacking.

Morphogenesis and Differentiation of
the Chick Midgut
Until embryonic day 7 (E7), the gut tube, with its
inner endodermally derived epithelium and outer

mesenchymal layer, maintains a smooth luminal
surface (Fig. 1A). At E8, as the first layer of
circumferentially oriented smoothmuscle begins
to form, inward buckling of the tube leads to
longitudinal ridges that increase in number until
E13, when the differentiation of this layer is com-
plete (Fig. 1B). At this point, a second longitudi-
nally oriented layer of muscle differentiates just
exterior to the circular layer, while the previ-
ously formed ridges fold into parallel zigzags over
3 days (Fig. 1C). Last, at E16, as a third longitu-
dinally oriented muscle layer differentiates just in-
terior to the circular layer, bulges arise from the
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Fig. 1. Formation of luminal patterns in chick corresponds with dif-
ferentiation of smoothmuscle layers. (Left photos) Transverse sections of
developing chick guts immunostained for nuclei [4 ,́6-diamidino-2-phenylindole
(DAPI), blue] and smooth muscle actin (aSMA, green) during development.
(Middle) Close-ups of left photos, showing muscle layers. (Right) Whole-mount
images of corresponding gut lumen pattern; longitudinal axis runs top to bottom.
Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
smooth beforemuscle layers form. A, anterior; P, posterior. (B) Longitudinal ridges
form as circularly oriented smooth muscle layer differentiates (arrowhead), and
ridge number increases as this layer develops. (C) Longitudinal muscle develops
exterior to the circular layer (arrowhead) coincident with the formation of zigzags whose periodicity is maintained but with increasing amplitude and compactness over
time. (D) A second longitudinal muscle layer forms, interior to the circular layer (arrowhead), coincident with the formation of villi. (E) Schematic illustrating the process
of muscle differentiation and luminal patterning over time.
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Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
smooth beforemuscle layers form. A, anterior; P, posterior. (B) Longitudinal ridges
form as circularly oriented smooth muscle layer differentiates (arrowhead), and
ridge number increases as this layer develops. (C) Longitudinal muscle develops
exterior to the circular layer (arrowhead) coincident with the formation of zigzags whose periodicity is maintained but with increasing amplitude and compactness over
time. (D) A second longitudinal muscle layer forms, interior to the circular layer (arrowhead), coincident with the formation of villi. (E) Schematic illustrating the process
of muscle differentiation and luminal patterning over time.
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developing chick guts immunostained for nuclei [4 ,́6-diamidino-2-phenylindole
(DAPI), blue] and smooth muscle actin (aSMA, green) during development.
(Middle) Close-ups of left photos, showing muscle layers. (Right) Whole-mount
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Scale bars indicate 100 mm; time is in days past fertilization (e.g., E6). (A) Lumen is
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Figure 1 | Physical mimic and numerical simulation of tangential cortical expansion. a, Gyrification of the human brain during the latter half of gestation
(photographs from ref. 1, adapted with permission from Elsevier). b, A 3D-printed model of the brain is produced from a 3D MRI image of a smooth fetal
brain and then used to create a pair of negative silicone moulds for casting. To mimic the constrained growth of the cortex, a replicated gel-brain (white
matter) is coated with a thin layer of gel (cortex) that swells by absorbing a solvent (hexanes) over time t (t1 ⇡4 min, t2 ⇡9 min, t3 ⇡ 16 min). c, The layered
gel progressively evolves into a complex pattern of sulci and gyri during the swelling process. d, A simulation starting from a smooth fetal brain shows
gyrification as a result of uniform tangential expansion of the cortical layer. The brain is modelled as a soft elastic solid and a relative tangential expansion is
imposed on the cortical layer as shown at left, and the system allowed to relax to its elastic equilibrium.

20-fold increase in brain volume (approximately 60ml to 1,200ml),
and a 30-fold increase in cortical area (approximately 80 cm2 to
2,400 cm2), whereas the expanding cortical layer changes little, with
a typical thickness of 2.5mm in the undeformed reference state
(the deformed thickness is about 3mm). In physiological terms,
we thus assume that tangential expansion during the fetal stage
extends through the cortical plate (which has a thickness of about
1–1.5mm at GW 22) and decays rapidly in the subplate (Fig. 1d,
left). The subplate diminishes during gyrification while the cortical
plate thickens and develops into the cerebral cortex1,3, so that in
the simulated adult brain the expanding layer corresponds to the
cerebral cortex (which is about 3mm thick in adults).

Our simple parametrization of brain growth leads to emergence
of gyrification in space and time along a course similar to real
brains (Fig. 1d and SupplementaryMovie 2): gyrification is initiated
through the formation of isolated line-like sulci (GW 26), which
elongate and branch, establishing most of the patterns before birth
(GW 40). After birth, brain volume still increases nearly threefold,
and during this time our model shows that the gyral patterns are
modified mainly by the addition of some new bends to existing
gyri in agreement with longitudinal morphological analyses27. The
characteristic spatiotemporal appearance of these convolutions—
rounded gyri between sharply cusped sulci in a mixture of threefold
junctions and S-shaped bends28—is a direct consequence of the
mechanical instability induced by constrained cortical expansion.

Physically, the similar sti�ness of the cortex and sublayers implies
that gyrification arises as a non-trivial combination of a smooth
linear instability29 and a nonlinear sulcification instability30–32.

Sections of the physically and numerically simulated brains
shown in Fig. 2a,b exhibit a bulging of gyri and deepening of sulci
in a sequence resembling the observations from MRI sections. Our
simulations of gyrification driven by constrained cortical expansion
allow us to also measure the gyrification index (GI, defined as
the ratio of the surface contour length to that of the convex hull,
determined here from coronal sections as described in ref. 3). We
see that there is a clear increase in the GI with developing brain
volume in agreement with observations (Fig. 2c). The GI arising
from our numerical simulation reaches 2.5, matching observations
of adult brains. A di�erent measure of the GI based on the cortical
surface area rather than that of sections shows that the simulated
adult brain has a cortical area that is approximately four times the
exposed cortical area (Supplementary Fig. 1). For comparison, we
also section our physical gel simulacrum that swells from an initial
unpatterned state (GI= 1.07, GW 22) and see that as a function
of swelling, the GI increases to about 1.55, a modest increase
associated with an approximately twofold increase in brain volume,
the latter state corresponding to roughly GW 30–34 (Fig. 2c and
Supplementary Fig. 2). The ultimate limiting factor in our physical
experiments is the inability for our gel to swell and increase its
volume 20-fold like in fetal brains.
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(the deformed thickness is about 3mm). In physiological terms,
we thus assume that tangential expansion during the fetal stage
extends through the cortical plate (which has a thickness of about
1–1.5mm at GW 22) and decays rapidly in the subplate (Fig. 1d,
left). The subplate diminishes during gyrification while the cortical
plate thickens and develops into the cerebral cortex1,3, so that in
the simulated adult brain the expanding layer corresponds to the
cerebral cortex (which is about 3mm thick in adults).

Our simple parametrization of brain growth leads to emergence
of gyrification in space and time along a course similar to real
brains (Fig. 1d and SupplementaryMovie 2): gyrification is initiated
through the formation of isolated line-like sulci (GW 26), which
elongate and branch, establishing most of the patterns before birth
(GW 40). After birth, brain volume still increases nearly threefold,
and during this time our model shows that the gyral patterns are
modified mainly by the addition of some new bends to existing
gyri in agreement with longitudinal morphological analyses27. The
characteristic spatiotemporal appearance of these convolutions—
rounded gyri between sharply cusped sulci in a mixture of threefold
junctions and S-shaped bends28—is a direct consequence of the
mechanical instability induced by constrained cortical expansion.

Physically, the similar sti�ness of the cortex and sublayers implies
that gyrification arises as a non-trivial combination of a smooth
linear instability29 and a nonlinear sulcification instability30–32.

Sections of the physically and numerically simulated brains
shown in Fig. 2a,b exhibit a bulging of gyri and deepening of sulci
in a sequence resembling the observations from MRI sections. Our
simulations of gyrification driven by constrained cortical expansion
allow us to also measure the gyrification index (GI, defined as
the ratio of the surface contour length to that of the convex hull,
determined here from coronal sections as described in ref. 3). We
see that there is a clear increase in the GI with developing brain
volume in agreement with observations (Fig. 2c). The GI arising
from our numerical simulation reaches 2.5, matching observations
of adult brains. A di�erent measure of the GI based on the cortical
surface area rather than that of sections shows that the simulated
adult brain has a cortical area that is approximately four times the
exposed cortical area (Supplementary Fig. 1). For comparison, we
also section our physical gel simulacrum that swells from an initial
unpatterned state (GI= 1.07, GW 22) and see that as a function
of swelling, the GI increases to about 1.55, a modest increase
associated with an approximately twofold increase in brain volume,
the latter state corresponding to roughly GW 30–34 (Fig. 2c and
Supplementary Fig. 2). The ultimate limiting factor in our physical
experiments is the inability for our gel to swell and increase its
volume 20-fold like in fetal brains.
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for applications in optics,37 microuidics,38 stretchable elec-
tronics39–42 or for metrology in nanometric lms.43–47

Most of the aforementioned natural systems can be idealized
as being composed of a thin and stiff membrane attached to a
thick and so material. However, these systems are oen
characterized by a complex geometry. In order to study carefully
the properties of the emerging structures, we focus on bilayer
systems compressed uniaxially in the plane of the rigid
membrane that have been intensively studied.48–63 Notice,
however, that more complex geometries have already been
studied by considering biaxial/radial stresses (with or without
substrate) or curved substrates64–71 where wrinkle to fold tran-
sitions can also be observed for large enough deformations of
the systems.72–74

Here we consider the case of a sufficiently strong adhesion
between layers to avoid delamination75–77 and discuss in detail
the uniaxial compression of a rigid membrane resting either on
a liquid foundation78,79 or on an elastic solid substrate.80 Before
starting this discussion, let us recall qualitatively the basic steps
of the system deformation.

For small enough connement, compressed sheets stay
planar and preserve the system symmetry. As it is much easier to
bend a thin sheet than to stretch or compress it, there exists
some connement threshold beyond which the membrane
buckles to release the stored compression energy. The
membrane undulates out of its initial plane breaking sponta-
neously the system symmetry. The foundation is then also
deformed following the undulations of the sheet. The bending

energy of the sheet, being proportional to the square of the
curvature, favors the emergence of large length-scales such as
the system size. However, the surface deformation energy of the
bulk substrate favors vanishing length-scales. The total energy
is thus minimized for some intermediate length-scale, l0,
independent of the system size. This behavior is observed for
both liquid and elastic foundations.

For larger connement, the evolution of the membrane
morphology differs strongly according to the nature of the
substrate.

! For a liquid foundation, the amplitude of the initial wrin-
kles rst grows uniformly across the sheet. Further connement
leads to the formation of a single fold where all of the defor-
mation is focused within a narrow region of the sheet (see Fig. 1
le panels). The folding can appear downward, i.e. toward the
substrate, or upward. The system is thus characterized by an
up–down symmetry which is broken spontaneously by the
emergence of the instability.

! For an elastic foundation, the amplitude of the initial
wrinkles also rst grows uniformly across the sheet. However,
beyond a second threshold for the connement, a dramatic
change in the morphology is observed: one wrinkle grows in
amplitude at the expense of its neighbors leading to a period-
doubling instability with the emergence of a subharmonic
mode characterized by a wavelength 2l0 (see Fig. 1 right panels).
The periodic folding appears always downward and never
upward. Consequently the up–down symmetry is broken
explicitly by the system.

Fig. 1 Qualitative comparison between the evolution with respect to confinement of the morphology of compressed sheets resting on a liquid78 (left panels,
l0 " 1.6 cm) and on an elastic foundation (right panels, l0 " 70 mm). The confinement increases from panels a to panels c.
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Compression of stiff thin sheets 
on liquid and soft elastic substrates
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for applications in optics,37 microuidics,38 stretchable elec-
tronics39–42 or for metrology in nanometric lms.43–47

Most of the aforementioned natural systems can be idealized
as being composed of a thin and stiff membrane attached to a
thick and so material. However, these systems are oen
characterized by a complex geometry. In order to study carefully
the properties of the emerging structures, we focus on bilayer
systems compressed uniaxially in the plane of the rigid
membrane that have been intensively studied.48–63 Notice,
however, that more complex geometries have already been
studied by considering biaxial/radial stresses (with or without
substrate) or curved substrates64–71 where wrinkle to fold tran-
sitions can also be observed for large enough deformations of
the systems.72–74

Here we consider the case of a sufficiently strong adhesion
between layers to avoid delamination75–77 and discuss in detail
the uniaxial compression of a rigid membrane resting either on
a liquid foundation78,79 or on an elastic solid substrate.80 Before
starting this discussion, let us recall qualitatively the basic steps
of the system deformation.

For small enough connement, compressed sheets stay
planar and preserve the system symmetry. As it is much easier to
bend a thin sheet than to stretch or compress it, there exists
some connement threshold beyond which the membrane
buckles to release the stored compression energy. The
membrane undulates out of its initial plane breaking sponta-
neously the system symmetry. The foundation is then also
deformed following the undulations of the sheet. The bending

energy of the sheet, being proportional to the square of the
curvature, favors the emergence of large length-scales such as
the system size. However, the surface deformation energy of the
bulk substrate favors vanishing length-scales. The total energy
is thus minimized for some intermediate length-scale, l0,
independent of the system size. This behavior is observed for
both liquid and elastic foundations.

For larger connement, the evolution of the membrane
morphology differs strongly according to the nature of the
substrate.

! For a liquid foundation, the amplitude of the initial wrin-
kles rst grows uniformly across the sheet. Further connement
leads to the formation of a single fold where all of the defor-
mation is focused within a narrow region of the sheet (see Fig. 1
le panels). The folding can appear downward, i.e. toward the
substrate, or upward. The system is thus characterized by an
up–down symmetry which is broken spontaneously by the
emergence of the instability.

! For an elastic foundation, the amplitude of the initial
wrinkles also rst grows uniformly across the sheet. However,
beyond a second threshold for the connement, a dramatic
change in the morphology is observed: one wrinkle grows in
amplitude at the expense of its neighbors leading to a period-
doubling instability with the emergence of a subharmonic
mode characterized by a wavelength 2l0 (see Fig. 1 right panels).
The periodic folding appears always downward and never
upward. Consequently the up–down symmetry is broken
explicitly by the system.

Fig. 1 Qualitative comparison between the evolution with respect to confinement of the morphology of compressed sheets resting on a liquid78 (left panels,
l0 " 1.6 cm) and on an elastic foundation (right panels, l0 " 70 mm). The confinement increases from panels a to panels c.
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for applications in optics,37 microuidics,38 stretchable elec-
tronics39–42 or for metrology in nanometric lms.43–47

Most of the aforementioned natural systems can be idealized
as being composed of a thin and stiff membrane attached to a
thick and so material. However, these systems are oen
characterized by a complex geometry. In order to study carefully
the properties of the emerging structures, we focus on bilayer
systems compressed uniaxially in the plane of the rigid
membrane that have been intensively studied.48–63 Notice,
however, that more complex geometries have already been
studied by considering biaxial/radial stresses (with or without
substrate) or curved substrates64–71 where wrinkle to fold tran-
sitions can also be observed for large enough deformations of
the systems.72–74

Here we consider the case of a sufficiently strong adhesion
between layers to avoid delamination75–77 and discuss in detail
the uniaxial compression of a rigid membrane resting either on
a liquid foundation78,79 or on an elastic solid substrate.80 Before
starting this discussion, let us recall qualitatively the basic steps
of the system deformation.

For small enough connement, compressed sheets stay
planar and preserve the system symmetry. As it is much easier to
bend a thin sheet than to stretch or compress it, there exists
some connement threshold beyond which the membrane
buckles to release the stored compression energy. The
membrane undulates out of its initial plane breaking sponta-
neously the system symmetry. The foundation is then also
deformed following the undulations of the sheet. The bending

energy of the sheet, being proportional to the square of the
curvature, favors the emergence of large length-scales such as
the system size. However, the surface deformation energy of the
bulk substrate favors vanishing length-scales. The total energy
is thus minimized for some intermediate length-scale, l0,
independent of the system size. This behavior is observed for
both liquid and elastic foundations.

For larger connement, the evolution of the membrane
morphology differs strongly according to the nature of the
substrate.

! For a liquid foundation, the amplitude of the initial wrin-
kles rst grows uniformly across the sheet. Further connement
leads to the formation of a single fold where all of the defor-
mation is focused within a narrow region of the sheet (see Fig. 1
le panels). The folding can appear downward, i.e. toward the
substrate, or upward. The system is thus characterized by an
up–down symmetry which is broken spontaneously by the
emergence of the instability.

! For an elastic foundation, the amplitude of the initial
wrinkles also rst grows uniformly across the sheet. However,
beyond a second threshold for the connement, a dramatic
change in the morphology is observed: one wrinkle grows in
amplitude at the expense of its neighbors leading to a period-
doubling instability with the emergence of a subharmonic
mode characterized by a wavelength 2l0 (see Fig. 1 right panels).
The periodic folding appears always downward and never
upward. Consequently the up–down symmetry is broken
explicitly by the system.

Fig. 1 Qualitative comparison between the evolution with respect to confinement of the morphology of compressed sheets resting on a liquid78 (left panels,
l0 " 1.6 cm) and on an elastic foundation (right panels, l0 " 70 mm). The confinement increases from panels a to panels c.
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In compressed thin sheets on liquid and soft elastic 
substrates global buckling is suppressed, because it 

would result in very large energy cost associated with 
deformation of the liquid or soft elastic substrate!

Buckling vs wrinkling  6



Wrinkling of growing thin films on soft substrates  7
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L(1 + gf)
<latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit>

growth 
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L
<latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit>

L
<latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit>

L(1 + gs)
<latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit>

L(1 + gf)
<latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit><latexit sha1_base64="7drZ6e0PLUayJb4DMFssNoyiPag=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CElk0Pg7sslt1p3AWiZeTMspRD+yvbi8mqaASCMdadzw3AT/DChjhdFzsppommAxxn3YMlVhQ7WfT08fOkVF6ThQrUxKcqfp7IsNC65EITafAMNDz3kT8z+ukEF34GZNJClSS2aIo5Q7EziQHp8cUJcBHhmCimLnVIQOsMAGTVtGE4M2/vEiap1XPrXq3Z+XaTR5HAR2gQ1RBHjpHNXSF6qiBCHpAz+gVvVlP1ov1bn3MWpesfGYf/YH1+QNsGpN+</latexit>

growth 

� ⇠ h
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◆1/3

<latexit sha1_base64="g/jgQaZJk2WfKkCK8u0L56jXGOU="></latexit><latexit sha1_base64="g/jgQaZJk2WfKkCK8u0L56jXGOU="></latexit><latexit sha1_base64="g/jgQaZJk2WfKkCK8u0L56jXGOU="></latexit><latexit sha1_base64="g/jgQaZJk2WfKkCK8u0L56jXGOU="></latexit>

gf � gs < gc
<latexit sha1_base64="K53kiI3mu18LYlc8cyG9ZKODXM8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrpwUXCjuwr2AW0Ik+kkHTqZhJmJUEO/xI0LRdz6Ke78G6dtFtp64F4O59zL3DlBypnSjvNtldbWNza3ytuVnd29/ap9cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+mfndRyoVS8SDnqTUi3EkWMgI1kby7Wrkh+gcRb5C16YT3645dWcOtErcgtSgQMu3vwbDhGQxFZpwrFTfdVLt5VhqRjidVgaZoikmYxzRvqECx1R5+fzwKTo1yhCFiTQlNJqrvzdyHCs1iQMzGWM9UsveTPzP62c6vPJyJtJMU0EWD4UZRzpBsxTQkElKNJ8Ygolk5lZERlhiok1WFROCu/zlVdK5qLtO3b1v1Jp3RRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tjMVqyip0j+APr8weTWZG/</latexit><latexit sha1_base64="K53kiI3mu18LYlc8cyG9ZKODXM8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrpwUXCjuwr2AW0Ik+kkHTqZhJmJUEO/xI0LRdz6Ke78G6dtFtp64F4O59zL3DlBypnSjvNtldbWNza3ytuVnd29/ap9cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+mfndRyoVS8SDnqTUi3EkWMgI1kby7Wrkh+gcRb5C16YT3645dWcOtErcgtSgQMu3vwbDhGQxFZpwrFTfdVLt5VhqRjidVgaZoikmYxzRvqECx1R5+fzwKTo1yhCFiTQlNJqrvzdyHCs1iQMzGWM9UsveTPzP62c6vPJyJtJMU0EWD4UZRzpBsxTQkElKNJ8Ygolk5lZERlhiok1WFROCu/zlVdK5qLtO3b1v1Jp3RRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tjMVqyip0j+APr8weTWZG/</latexit><latexit sha1_base64="K53kiI3mu18LYlc8cyG9ZKODXM8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrpwUXCjuwr2AW0Ik+kkHTqZhJmJUEO/xI0LRdz6Ke78G6dtFtp64F4O59zL3DlBypnSjvNtldbWNza3ytuVnd29/ap9cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+mfndRyoVS8SDnqTUi3EkWMgI1kby7Wrkh+gcRb5C16YT3645dWcOtErcgtSgQMu3vwbDhGQxFZpwrFTfdVLt5VhqRjidVgaZoikmYxzRvqECx1R5+fzwKTo1yhCFiTQlNJqrvzdyHCs1iQMzGWM9UsveTPzP62c6vPJyJtJMU0EWD4UZRzpBsxTQkElKNJ8Ygolk5lZERlhiok1WFROCu/zlVdK5qLtO3b1v1Jp3RRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tjMVqyip0j+APr8weTWZG/</latexit><latexit sha1_base64="K53kiI3mu18LYlc8cyG9ZKODXM8=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrpwUXCjuwr2AW0Ik+kkHTqZhJmJUEO/xI0LRdz6Ke78G6dtFtp64F4O59zL3DlBypnSjvNtldbWNza3ytuVnd29/ap9cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+mfndRyoVS8SDnqTUi3EkWMgI1kby7Wrkh+gcRb5C16YT3645dWcOtErcgtSgQMu3vwbDhGQxFZpwrFTfdVLt5VhqRjidVgaZoikmYxzRvqECx1R5+fzwKTo1yhCFiTQlNJqrvzdyHCs1iQMzGWM9UsveTPzP62c6vPJyJtJMU0EWD4UZRzpBsxTQkElKNJ8Ygolk5lZERlhiok1WFROCu/zlVdK5qLtO3b1v1Jp3RRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tjMVqyip0j+APr8weTWZG/</latexit>

gf � gs > gc
<latexit sha1_base64="DFJ0849h3Mwws/EkRf1Tkj9++BI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrqSghvdVbAPaEOYTCfp0MkkzEyEGvolblwo4tZPceffOG2z0NYD93I4517mzglSzpR2nG+rtLa+sblV3q7s7O7tV+2Dw45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNzO8+UqlYIh70JKVejCPBQkawNpJvVyM/ROco8hW6Np34ds2pO3OgVeIWpAYFWr79NRgmJIup0IRjpfquk2ovx1Izwum0MsgUTTEZ44j2DRU4psrL54dP0alRhihMpCmh0Vz9vZHjWKlJHJjJGOuRWvZm4n9eP9PhlZczkWaaCrJ4KMw40gmapYCGTFKi+cQQTCQztyIywhITbbKqmBDc5S+vks5F3XXq7n2j1rwr4ijDMZzAGbhwCU24hRa0gUAGz/AKb9aT9WK9Wx+L0ZJV7BzBH1ifP5ZpkcE=</latexit><latexit sha1_base64="DFJ0849h3Mwws/EkRf1Tkj9++BI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrqSghvdVbAPaEOYTCfp0MkkzEyEGvolblwo4tZPceffOG2z0NYD93I4517mzglSzpR2nG+rtLa+sblV3q7s7O7tV+2Dw45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNzO8+UqlYIh70JKVejCPBQkawNpJvVyM/ROco8hW6Np34ds2pO3OgVeIWpAYFWr79NRgmJIup0IRjpfquk2ovx1Izwum0MsgUTTEZ44j2DRU4psrL54dP0alRhihMpCmh0Vz9vZHjWKlJHJjJGOuRWvZm4n9eP9PhlZczkWaaCrJ4KMw40gmapYCGTFKi+cQQTCQztyIywhITbbKqmBDc5S+vks5F3XXq7n2j1rwr4ijDMZzAGbhwCU24hRa0gUAGz/AKb9aT9WK9Wx+L0ZJV7BzBH1ifP5ZpkcE=</latexit><latexit sha1_base64="DFJ0849h3Mwws/EkRf1Tkj9++BI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrqSghvdVbAPaEOYTCfp0MkkzEyEGvolblwo4tZPceffOG2z0NYD93I4517mzglSzpR2nG+rtLa+sblV3q7s7O7tV+2Dw45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNzO8+UqlYIh70JKVejCPBQkawNpJvVyM/ROco8hW6Np34ds2pO3OgVeIWpAYFWr79NRgmJIup0IRjpfquk2ovx1Izwum0MsgUTTEZ44j2DRU4psrL54dP0alRhihMpCmh0Vz9vZHjWKlJHJjJGOuRWvZm4n9eP9PhlZczkWaaCrJ4KMw40gmapYCGTFKi+cQQTCQztyIywhITbbKqmBDc5S+vks5F3XXq7n2j1rwr4ijDMZzAGbhwCU24hRa0gUAGz/AKb9aT9WK9Wx+L0ZJV7BzBH1ifP5ZpkcE=</latexit><latexit sha1_base64="DFJ0849h3Mwws/EkRf1Tkj9++BI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECrqSghvdVbAPaEOYTCfp0MkkzEyEGvolblwo4tZPceffOG2z0NYD93I4517mzglSzpR2nG+rtLa+sblV3q7s7O7tV+2Dw45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNzO8+UqlYIh70JKVejCPBQkawNpJvVyM/ROco8hW6Np34ds2pO3OgVeIWpAYFWr79NRgmJIup0IRjpfquk2ovx1Izwum0MsgUTTEZ44j2DRU4psrL54dP0alRhihMpCmh0Vz9vZHjWKlJHJjJGOuRWvZm4n9eP9PhlZczkWaaCrJ4KMw40gmapYCGTFKi+cQQTCQztyIywhITbbKqmBDc5S+vks5F3XXq7n2j1rwr4ijDMZzAGbhwCU24hRa0gUAGz/AKb9aT9WK9Wx+L0ZJV7BzBH1ifP5ZpkcE=</latexit>

L(1 + gs)
<latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit>

L(1 + gs)
<latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit><latexit sha1_base64="0Z8Aj/SbmJQsWMuWlpf1WCRKg2E=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUhJKIoMeCFw8iFewHtCFstpt26e4m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvDDhTIPrfltLyyura+uFjeLm1vbOrl3aa+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw8uJ37qnSrNY3sEoob7AfckiRjAYKbBL1xXvpB90gT6CEpkeHwd22a26UziLxMtJGeWoB/ZXtxeTVFAJhGOtO56bgJ9hBYxwOi52U00TTIa4TzuGSiyo9rPp6WPnyCg9J4qVKQnOVP09kWGh9UiEplNgGOh5byL+53VSiC78jMkkBSrJbFGUcgdiZ5KD02OKEuAjQzBRzNzqkAFWmIBJq2hC8OZfXiTN06rnVr3bs3LtJo+jgA7QIaogD52jGrpCddRABD2gZ/SK3qwn68V6tz5mrUtWPrOP/sD6/AF/6JOL</latexit>

gc ⇠
✓
Es

Ef

◆2/3

<latexit sha1_base64="1/zawSBHP+zNkIpYPJdBIst9afU="></latexit><latexit sha1_base64="1/zawSBHP+zNkIpYPJdBIst9afU="></latexit><latexit sha1_base64="1/zawSBHP+zNkIpYPJdBIst9afU="></latexit><latexit sha1_base64="1/zawSBHP+zNkIpYPJdBIst9afU="></latexit>

L
<latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit><latexit sha1_base64="o+jdJG23WWT1a+ax60etfamynNU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiweRFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljrlytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWavd5HEU4gVM4Bw+uoAa3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AacljNw=</latexit>

h
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a distinct hexagonal pattern is evident with central regions of all the hexagons deflected into the substrate. For s0/sCZ1.7
the herringbone pattern is dominant with occasional defects. An exceptionally well organized herringbone pattern is
observed for the highest overstress shown, s0/sC=4.1, corresponding to the longest UVO treatment of 60 min.

The preference of our experimental system to assume the hexagonal mode at low overstress is overwhelming, despite
the fact that the square mode has been shown here and previously to have lower energy in this range when the film/
substrate system is flat. Furthermore, we have only observed hexagonal patterns for which the regions inside the hexagons
buckle into the substrate (e.g., Figs. 2–4), while the theory developed later in the paper for flat films/substrate systems
predicts that buckling of the hexagonal regions into or out of the substrate should be equally likely. One possible artifact of
our experimental system is the presence of low amplitude, laterally extensive curvature of the surface of the system that
exists initially or develops upon swelling in the ‘‘flat’’ UVO-PDMS samples. This clue has been pursued theoretically in the
paper. It will be seen that initial spherical curvature of the film is likely to explain the two experimental observations cited
above that are otherwise inexplicable when the films are taken to be flat.

As the applied overstress increases beyond the formation of the hexagonal mode, a transition point to more
energetically favorable herringbone patterns is observed. However, experimentally there is a tendency to maintain the
hexagonal lattice of the original pattern, perhaps due to kinetic considerations of forming an entirely new pattern with
different periodic wavelengths. The mechanism by which the hexagonal mode transitions to a more energy-minimizing
pattern is seen in Fig. 4. Starting from a pure hexagonal pattern, slight increases in the overstress cause isolated hexagons
to coalesce with neighbors producing an extended local groove. The coalescing of a pair of hexagons tends to also trigger
the coalescing of a neighboring pair. These triggered pairs are usually situated along a lattice line that is not parallel to that
of the original pair, in order to accommodate the local stress in an equi-biaxial manner. In some cases, these coalesced
grooves link to form even longer grooves, but in general they tend to remain the product of just 2–3 hexagons. The overall
result is a pattern that locally resembles a ‘‘segmented labyrinth’’, or a herringbone pattern with no global orientation,
analogous to the labyrinth pattern reported for homogeneously initiated wrinkling at high overstress (Huang et al., 2005;
Lin and Yang, 2007). In contrast, well-ordered herringbone patterns develop for systems that bypass the lower energy
buckling modes or ‘‘jump’’ to high overstress values.

The experimental observations noted here have motivated us to look for a theoretical explanation of why the square
mode is never observed for our experimental system even though under equi-biaxial stressing it has lower energy than the
hexagonal mode, assuming flat films. Moreover, a new triangular mode will be identified that has precisely the same
energy in the buckled state as the hexagonal mode, and this mode has not been observed either. We also wish to explain
why the hexagonal mode has always been observed to buckle with the hexagonal regions directed into the substrate, while
the theory suggests there should be no such preference. These discrepancies between theory and experiment have
motivated other avenues of exploration in the theory, including the roles of initial film curvature and nonlinearity of the
substrate. Embedded within the paper are several auxiliary findings: (i) The only modes whose nodal lines coincide with a
pattern formed by regular polygons are the equilateral triangle mode and square mode—the so-called ‘‘hexagonal mode’’
is formed from a mixture of hexagons and triangles in the manner of a Kagome pattern. (ii) Among all rectangular
checkerboard modes, the square mode has the lowest energy. (iii) The hexagonal mode and triangular mode have identical
energy in the buckled state, to the order obtained here, and a continuous transition exists from one to the other at constant
energy. (iv) Within the range of overstress considered in this paper, nonlinearity of the substrate has essentially no
influence on the buckling patterns. (v) A slight curvature of the film is likely to be playing a critical role in the mode
selection observed experimentally and in determining the sign of the hexagonal deflection.

Fig. 3. Progression of modes observed experimentally for the UVO-treated PDMS system with increasing overstress as described in the text. The UVO
treatment times from left to right are 10, 15, 20, 30, 45, and 60 min.

Fig. 4. A sequence of pictures depicting the transition of the hexagonal mode to a ‘‘segmented labyrinth’’ (disorganized herringbone) pattern with
increasing overstress.
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observed for the highest overstress shown, s0/sC=4.1, corresponding to the longest UVO treatment of 60 min.

The preference of our experimental system to assume the hexagonal mode at low overstress is overwhelming, despite
the fact that the square mode has been shown here and previously to have lower energy in this range when the film/
substrate system is flat. Furthermore, we have only observed hexagonal patterns for which the regions inside the hexagons
buckle into the substrate (e.g., Figs. 2–4), while the theory developed later in the paper for flat films/substrate systems
predicts that buckling of the hexagonal regions into or out of the substrate should be equally likely. One possible artifact of
our experimental system is the presence of low amplitude, laterally extensive curvature of the surface of the system that
exists initially or develops upon swelling in the ‘‘flat’’ UVO-PDMS samples. This clue has been pursued theoretically in the
paper. It will be seen that initial spherical curvature of the film is likely to explain the two experimental observations cited
above that are otherwise inexplicable when the films are taken to be flat.

As the applied overstress increases beyond the formation of the hexagonal mode, a transition point to more
energetically favorable herringbone patterns is observed. However, experimentally there is a tendency to maintain the
hexagonal lattice of the original pattern, perhaps due to kinetic considerations of forming an entirely new pattern with
different periodic wavelengths. The mechanism by which the hexagonal mode transitions to a more energy-minimizing
pattern is seen in Fig. 4. Starting from a pure hexagonal pattern, slight increases in the overstress cause isolated hexagons
to coalesce with neighbors producing an extended local groove. The coalescing of a pair of hexagons tends to also trigger
the coalescing of a neighboring pair. These triggered pairs are usually situated along a lattice line that is not parallel to that
of the original pair, in order to accommodate the local stress in an equi-biaxial manner. In some cases, these coalesced
grooves link to form even longer grooves, but in general they tend to remain the product of just 2–3 hexagons. The overall
result is a pattern that locally resembles a ‘‘segmented labyrinth’’, or a herringbone pattern with no global orientation,
analogous to the labyrinth pattern reported for homogeneously initiated wrinkling at high overstress (Huang et al., 2005;
Lin and Yang, 2007). In contrast, well-ordered herringbone patterns develop for systems that bypass the lower energy
buckling modes or ‘‘jump’’ to high overstress values.

The experimental observations noted here have motivated us to look for a theoretical explanation of why the square
mode is never observed for our experimental system even though under equi-biaxial stressing it has lower energy than the
hexagonal mode, assuming flat films. Moreover, a new triangular mode will be identified that has precisely the same
energy in the buckled state as the hexagonal mode, and this mode has not been observed either. We also wish to explain
why the hexagonal mode has always been observed to buckle with the hexagonal regions directed into the substrate, while
the theory suggests there should be no such preference. These discrepancies between theory and experiment have
motivated other avenues of exploration in the theory, including the roles of initial film curvature and nonlinearity of the
substrate. Embedded within the paper are several auxiliary findings: (i) The only modes whose nodal lines coincide with a
pattern formed by regular polygons are the equilateral triangle mode and square mode—the so-called ‘‘hexagonal mode’’
is formed from a mixture of hexagons and triangles in the manner of a Kagome pattern. (ii) Among all rectangular
checkerboard modes, the square mode has the lowest energy. (iii) The hexagonal mode and triangular mode have identical
energy in the buckled state, to the order obtained here, and a continuous transition exists from one to the other at constant
energy. (iv) Within the range of overstress considered in this paper, nonlinearity of the substrate has essentially no
influence on the buckling patterns. (v) A slight curvature of the film is likely to be playing a critical role in the mode
selection observed experimentally and in determining the sign of the hexagonal deflection.

Fig. 3. Progression of modes observed experimentally for the UVO-treated PDMS system with increasing overstress as described in the text. The UVO
treatment times from left to right are 10, 15, 20, 30, 45, and 60 min.

Fig. 4. A sequence of pictures depicting the transition of the hexagonal mode to a ‘‘segmented labyrinth’’ (disorganized herringbone) pattern with
increasing overstress.
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)
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+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
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Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)
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Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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height profile

0
<latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit>

100
<latexit sha1_base64="OADE+SWUOkJNHLYNtkplLbynn8Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF71FNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0M/NbT6iNSNSjHacYxGygRCQ4s0568CntlSu0Sucgq8TPSQVy1Hvlr24/4VmMynLJjOn4NLXBhGkruMRpqZsZTBkfsQF2HFUsRhNM5qdOyZlT+iRKtCtlyVz9PTFhsTHjOHSdMbNDs+zNxP+8Tmaj62AiVJpZVHyxKMoksQmZ/U36QiO3cuwI41q4WwkfMs24demUXAj+8surpHlR9WnVv7+s1O7yOIpwAqdwDj5cQQ1uoQ4N4DCAZ3iFN096L96797FoLXj5zDH8gff5A1ijjTA=</latexit><latexit sha1_base64="OADE+SWUOkJNHLYNtkplLbynn8Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF71FNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0M/NbT6iNSNSjHacYxGygRCQ4s0568CntlSu0Sucgq8TPSQVy1Hvlr24/4VmMynLJjOn4NLXBhGkruMRpqZsZTBkfsQF2HFUsRhNM5qdOyZlT+iRKtCtlyVz9PTFhsTHjOHSdMbNDs+zNxP+8Tmaj62AiVJpZVHyxKMoksQmZ/U36QiO3cuwI41q4WwkfMs24demUXAj+8surpHlR9WnVv7+s1O7yOIpwAqdwDj5cQQ1uoQ4N4DCAZ3iFN096L96797FoLXj5zDH8gff5A1ijjTA=</latexit><latexit sha1_base64="OADE+SWUOkJNHLYNtkplLbynn8Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF71FNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0M/NbT6iNSNSjHacYxGygRCQ4s0568CntlSu0Sucgq8TPSQVy1Hvlr24/4VmMynLJjOn4NLXBhGkruMRpqZsZTBkfsQF2HFUsRhNM5qdOyZlT+iRKtCtlyVz9PTFhsTHjOHSdMbNDs+zNxP+8Tmaj62AiVJpZVHyxKMoksQmZ/U36QiO3cuwI41q4WwkfMs24demUXAj+8surpHlR9WnVv7+s1O7yOIpwAqdwDj5cQQ1uoQ4N4DCAZ3iFN096L96797FoLXj5zDH8gff5A1ijjTA=</latexit><latexit sha1_base64="OADE+SWUOkJNHLYNtkplLbynn8Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF71FNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0M/NbT6iNSNSjHacYxGygRCQ4s0568CntlSu0Sucgq8TPSQVy1Hvlr24/4VmMynLJjOn4NLXBhGkruMRpqZsZTBkfsQF2HFUsRhNM5qdOyZlT+iRKtCtlyVz9PTFhsTHjOHSdMbNDs+zNxP+8Tmaj62AiVJpZVHyxKMoksQmZ/U36QiO3cuwI41q4WwkfMs24demUXAj+8surpHlR9WnVv7+s1O7yOIpwAqdwDj5cQQ1uoQ4N4DCAZ3iFN096L96797FoLXj5zDH8gff5A1ijjTA=</latexit>

µm
<latexit sha1_base64="BlJp2IhbQy157q9LmD+98qDH2Ac=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9oQ9lsN+3S3STuTool9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3cz81phrI+LoAScJ9xUdRCIUjKKV/K5Ku8ifUKtMTXvlilt15yCrxMtJBXLUe+Wvbj9mqeIRMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YGlHFjZ/Nj56SM6v0SRhrWxGSufp7IqPKmIkKbKeiODTL3kz8z+ukGF77mYiSFHnEFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq979ZaV2l8dRhBM4hXPw4ApqcAt1aACDR3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AmgCSpg==</latexit><latexit sha1_base64="BlJp2IhbQy157q9LmD+98qDH2Ac=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9oQ9lsN+3S3STuTool9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3cz81phrI+LoAScJ9xUdRCIUjKKV/K5Ku8ifUKtMTXvlilt15yCrxMtJBXLUe+Wvbj9mqeIRMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YGlHFjZ/Nj56SM6v0SRhrWxGSufp7IqPKmIkKbKeiODTL3kz8z+ukGF77mYiSFHnEFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq979ZaV2l8dRhBM4hXPw4ApqcAt1aACDR3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AmgCSpg==</latexit><latexit sha1_base64="BlJp2IhbQy157q9LmD+98qDH2Ac=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9oQ9lsN+3S3STuTool9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3cz81phrI+LoAScJ9xUdRCIUjKKV/K5Ku8ifUKtMTXvlilt15yCrxMtJBXLUe+Wvbj9mqeIRMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YGlHFjZ/Nj56SM6v0SRhrWxGSufp7IqPKmIkKbKeiODTL3kz8z+ukGF77mYiSFHnEFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq979ZaV2l8dRhBM4hXPw4ApqcAt1aACDR3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AmgCSpg==</latexit><latexit sha1_base64="BlJp2IhbQy157q9LmD+98qDH2Ac=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi94q2A9oQ9lsN+3S3STuTool9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3cz81phrI+LoAScJ9xUdRCIUjKKV/K5Ku8ifUKtMTXvlilt15yCrxMtJBXLUe+Wvbj9mqeIRMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YGlHFjZ/Nj56SM6v0SRhrWxGSufp7IqPKmIkKbKeiODTL3kz8z+ukGF77mYiSFHnEFovCVBKMySwB0heaM5QTSyjTwt5K2JBqytDmVLIheMsvr5LmRdVzq979ZaV2l8dRhBM4hXPw4ApqcAt1aACDR3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AmgCSpg==</latexit>

200
<latexit sha1_base64="ozAwkxvh8VhAkpl+adkwI5szaic=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgRW8RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3t7a+sbm1Xdgp7u7tHxyWjo6bNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrpoUppr1SmFToHWSV+TsqQo94rfXX7Cc9ioZErZm3HpykGE2ZQciWmxW5mRcr4iA1Ex1HNYmGDyfzUKTl3Sp9EiXGlkczV3xMTFls7jkPXGTMc2mVvJv7ndTKMroOJ1GmGQvPFoihTBBMy+5v0pREc1dgRxo10txI+ZIZxdOkUXQj+8surpFmt+LTi31+Wa3d5HAU4hTO4AB+uoAa3UIcGcBjAM7zCm6e8F+/d+1i0rnn5zAn8gff5A1opjTE=</latexit><latexit sha1_base64="ozAwkxvh8VhAkpl+adkwI5szaic=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgRW8RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3t7a+sbm1Xdgp7u7tHxyWjo6bNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrpoUppr1SmFToHWSV+TsqQo94rfXX7Cc9ioZErZm3HpykGE2ZQciWmxW5mRcr4iA1Ex1HNYmGDyfzUKTl3Sp9EiXGlkczV3xMTFls7jkPXGTMc2mVvJv7ndTKMroOJ1GmGQvPFoihTBBMy+5v0pREc1dgRxo10txI+ZIZxdOkUXQj+8surpFmt+LTi31+Wa3d5HAU4hTO4AB+uoAa3UIcGcBjAM7zCm6e8F+/d+1i0rnn5zAn8gff5A1opjTE=</latexit><latexit sha1_base64="ozAwkxvh8VhAkpl+adkwI5szaic=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgRW8RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3t7a+sbm1Xdgp7u7tHxyWjo6bNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrpoUppr1SmFToHWSV+TsqQo94rfXX7Cc9ioZErZm3HpykGE2ZQciWmxW5mRcr4iA1Ex1HNYmGDyfzUKTl3Sp9EiXGlkczV3xMTFls7jkPXGTMc2mVvJv7ndTKMroOJ1GmGQvPFoihTBBMy+5v0pREc1dgRxo10txI+ZIZxdOkUXQj+8surpFmt+LTi31+Wa3d5HAU4hTO4AB+uoAa3UIcGcBjAM7zCm6e8F+/d+1i0rnn5zAn8gff5A1opjTE=</latexit><latexit sha1_base64="ozAwkxvh8VhAkpl+adkwI5szaic=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgRW8RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3t7a+sbm1Xdgp7u7tHxyWjo6bNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrpoUppr1SmFToHWSV+TsqQo94rfXX7Cc9ioZErZm3HpykGE2ZQciWmxW5mRcr4iA1Ex1HNYmGDyfzUKTl3Sp9EiXGlkczV3xMTFls7jkPXGTMc2mVvJv7ndTKMroOJ1GmGQvPFoihTBBMy+5v0pREc1dgRxo10txI+ZIZxdOkUXQj+8surpFmt+LTi31+Wa3d5HAU4hTO4AB+uoAa3UIcGcBjAM7zCm6e8F+/d+1i0rnn5zAn8gff5A1opjTE=</latexit>

300
<latexit sha1_base64="goDZ7jsGrovIiIl9Hue59F6GTXk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZU0DJgo11EYwLJEfY2c8mSvb1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MJXCWEq/vcLK6tr6RnGztLW9s7tX3j94NEmmOTZ4IhPdCplBKRQ2rLASW6lGFocSm+Hweuo3n1AbkagHO0oxiFlfiUhwZp10f05pt1yhVToDWSZ+TiqQo94tf3V6Cc9iVJZLZkzbp6kNxkxbwSVOSp3MYMr4kPWx7ahiMZpgPDt1Qk6c0iNRol0pS2bq74kxi40ZxaHrjJkdmEVvKv7ntTMbXQVjodLMouLzRVEmiU3I9G/SExq5lSNHGNfC3Ur4gGnGrUun5ELwF19eJo9nVZ9W/buLSu02j6MIR3AMp+DDJdTgBurQAA59eIZXePOk9+K9ex/z1oKXzxzCH3ifP1uvjTI=</latexit><latexit sha1_base64="goDZ7jsGrovIiIl9Hue59F6GTXk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZU0DJgo11EYwLJEfY2c8mSvb1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MJXCWEq/vcLK6tr6RnGztLW9s7tX3j94NEmmOTZ4IhPdCplBKRQ2rLASW6lGFocSm+Hweuo3n1AbkagHO0oxiFlfiUhwZp10f05pt1yhVToDWSZ+TiqQo94tf3V6Cc9iVJZLZkzbp6kNxkxbwSVOSp3MYMr4kPWx7ahiMZpgPDt1Qk6c0iNRol0pS2bq74kxi40ZxaHrjJkdmEVvKv7ntTMbXQVjodLMouLzRVEmiU3I9G/SExq5lSNHGNfC3Ur4gGnGrUun5ELwF19eJo9nVZ9W/buLSu02j6MIR3AMp+DDJdTgBurQAA59eIZXePOk9+K9ex/z1oKXzxzCH3ifP1uvjTI=</latexit><latexit sha1_base64="goDZ7jsGrovIiIl9Hue59F6GTXk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZU0DJgo11EYwLJEfY2c8mSvb1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MJXCWEq/vcLK6tr6RnGztLW9s7tX3j94NEmmOTZ4IhPdCplBKRQ2rLASW6lGFocSm+Hweuo3n1AbkagHO0oxiFlfiUhwZp10f05pt1yhVToDWSZ+TiqQo94tf3V6Cc9iVJZLZkzbp6kNxkxbwSVOSp3MYMr4kPWx7ahiMZpgPDt1Qk6c0iNRol0pS2bq74kxi40ZxaHrjJkdmEVvKv7ntTMbXQVjodLMouLzRVEmiU3I9G/SExq5lSNHGNfC3Ur4gGnGrUun5ELwF19eJo9nVZ9W/buLSu02j6MIR3AMp+DDJdTgBurQAA59eIZXePOk9+K9ex/z1oKXzxzCH3ifP1uvjTI=</latexit><latexit sha1_base64="goDZ7jsGrovIiIl9Hue59F6GTXk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZU0DJgo11EYwLJEfY2c8mSvb1jd08IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MJXCWEq/vcLK6tr6RnGztLW9s7tX3j94NEmmOTZ4IhPdCplBKRQ2rLASW6lGFocSm+Hweuo3n1AbkagHO0oxiFlfiUhwZp10f05pt1yhVToDWSZ+TiqQo94tf3V6Cc9iVJZLZkzbp6kNxkxbwSVOSp3MYMr4kPWx7ahiMZpgPDt1Qk6c0iNRol0pS2bq74kxi40ZxaHrjJkdmEVvKv7ntTMbXQVjodLMouLzRVEmiU3I9G/SExq5lSNHGNfC3Ur4gGnGrUun5ELwF19eJo9nVZ9W/buLSu02j6MIR3AMp+DDJdTgBurQAA59eIZXePOk9+K9ex/z1oKXzxzCH3ifP1uvjTI=</latexit>

5mm
<latexit sha1_base64="fM+ljU3xKeMjdkgnjEncr28XuMU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEIHqQktVp7K3jRWwXbCk0pm+22XbqbhN2JWEN/iRcPinj1p3jz37hNW1DRBwOP92aYmedHgmtwnE8rs7S8srqWXc9tbG5t5+2d3aYOY0VZg4YiVLc+0UzwgDWAg2C3kWJE+oK1/NHF1G/dMaV5GNzAOGIdSQYB73NKwEhdO3/qHWMP2D0omUg56doFp1itlspOFafkpLIg1TPsFp0UBTRHvWt/eL2QxpIFQAXRuu06EXQSooBTwSY5L9YsInREBqxtaEAk050kPXyCD43Sw/1QmQoAp+r3iYRIrcfSN52SwFD/9qbiX147hv55J+FBFAML6GxRPxYYQjxNAfe4YhTE2BBCFTe3YjokilAwWeVMCItP8f+kWSq6TtG9LhdqV/M4smgfHaAj5KIKqqFLVEcNRFGMHtEzerEerCfr1XqbtWas+cwe+gHr/QsO35Nl</latexit><latexit sha1_base64="fM+ljU3xKeMjdkgnjEncr28XuMU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEIHqQktVp7K3jRWwXbCk0pm+22XbqbhN2JWEN/iRcPinj1p3jz37hNW1DRBwOP92aYmedHgmtwnE8rs7S8srqWXc9tbG5t5+2d3aYOY0VZg4YiVLc+0UzwgDWAg2C3kWJE+oK1/NHF1G/dMaV5GNzAOGIdSQYB73NKwEhdO3/qHWMP2D0omUg56doFp1itlspOFafkpLIg1TPsFp0UBTRHvWt/eL2QxpIFQAXRuu06EXQSooBTwSY5L9YsInREBqxtaEAk050kPXyCD43Sw/1QmQoAp+r3iYRIrcfSN52SwFD/9qbiX147hv55J+FBFAML6GxRPxYYQjxNAfe4YhTE2BBCFTe3YjokilAwWeVMCItP8f+kWSq6TtG9LhdqV/M4smgfHaAj5KIKqqFLVEcNRFGMHtEzerEerCfr1XqbtWas+cwe+gHr/QsO35Nl</latexit><latexit sha1_base64="fM+ljU3xKeMjdkgnjEncr28XuMU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEIHqQktVp7K3jRWwXbCk0pm+22XbqbhN2JWEN/iRcPinj1p3jz37hNW1DRBwOP92aYmedHgmtwnE8rs7S8srqWXc9tbG5t5+2d3aYOY0VZg4YiVLc+0UzwgDWAg2C3kWJE+oK1/NHF1G/dMaV5GNzAOGIdSQYB73NKwEhdO3/qHWMP2D0omUg56doFp1itlspOFafkpLIg1TPsFp0UBTRHvWt/eL2QxpIFQAXRuu06EXQSooBTwSY5L9YsInREBqxtaEAk050kPXyCD43Sw/1QmQoAp+r3iYRIrcfSN52SwFD/9qbiX147hv55J+FBFAML6GxRPxYYQjxNAfe4YhTE2BBCFTe3YjokilAwWeVMCItP8f+kWSq6TtG9LhdqV/M4smgfHaAj5KIKqqFLVEcNRFGMHtEzerEerCfr1XqbtWas+cwe+gHr/QsO35Nl</latexit><latexit sha1_base64="fM+ljU3xKeMjdkgnjEncr28XuMU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEIHqQktVp7K3jRWwXbCk0pm+22XbqbhN2JWEN/iRcPinj1p3jz37hNW1DRBwOP92aYmedHgmtwnE8rs7S8srqWXc9tbG5t5+2d3aYOY0VZg4YiVLc+0UzwgDWAg2C3kWJE+oK1/NHF1G/dMaV5GNzAOGIdSQYB73NKwEhdO3/qHWMP2D0omUg56doFp1itlspOFafkpLIg1TPsFp0UBTRHvWt/eL2QxpIFQAXRuu06EXQSooBTwSY5L9YsInREBqxtaEAk050kPXyCD43Sw/1QmQoAp+r3iYRIrcfSN52SwFD/9qbiX147hv55J+FBFAML6GxRPxYYQjxNAfe4YhTE2BBCFTe3YjokilAwWeVMCItP8f+kWSq6TtG9LhdqV/M4smgfHaAj5KIKqqFLVEcNRFGMHtEzerEerCfr1XqbtWas+cwe+gHr/QsO35Nl</latexit>

Agar = 0.6%, time=48h

agar

liquid drop 
with bacteria

biofilm thickness ~ 100µm
<latexit sha1_base64="gW9D5/iKlFvAjSKgDKxsGuOD6HQ=">AAAB+3icbZDNSgMxFIUz9a/Wv7Eu3QSL4ELKjAi6LLjRXQVbC52hZNJMG5pkhuSOtAx9FTcuFHHri7jzbUzbWWjrgcDHufdyb06UCm7A876d0tr6xuZWebuys7u3f+AeVtsmyTRlLZqIRHciYpjgirWAg2CdVDMiI8Eeo9HNrP74xLThiXqAScpCSQaKx5wSsFbPrfqeF5wHMguAjUHLXE57bs2re3PhVfALqKFCzZ77FfQTmkmmgApiTNf3UghzooFTwaaVIDMsJXREBqxrURHJTJjPb5/iU+v0cZxo+xTguft7IifSmImMbKckMDTLtZn5X62bQXwd5lylGTBFF4viTGBI8CwI3OeaURATC4Rqbm/FdEg0oWDjqtgQ/OUvr0L7ou5bvr+sNe6KOMroGJ2gM+SjK9RAt6iJWoiiMXpGr+jNmTovzrvzsWgtOcXMEfoj5/MHhXqUIg==</latexit><latexit sha1_base64="gW9D5/iKlFvAjSKgDKxsGuOD6HQ=">AAAB+3icbZDNSgMxFIUz9a/Wv7Eu3QSL4ELKjAi6LLjRXQVbC52hZNJMG5pkhuSOtAx9FTcuFHHri7jzbUzbWWjrgcDHufdyb06UCm7A876d0tr6xuZWebuys7u3f+AeVtsmyTRlLZqIRHciYpjgirWAg2CdVDMiI8Eeo9HNrP74xLThiXqAScpCSQaKx5wSsFbPrfqeF5wHMguAjUHLXE57bs2re3PhVfALqKFCzZ77FfQTmkmmgApiTNf3UghzooFTwaaVIDMsJXREBqxrURHJTJjPb5/iU+v0cZxo+xTguft7IifSmImMbKckMDTLtZn5X62bQXwd5lylGTBFF4viTGBI8CwI3OeaURATC4Rqbm/FdEg0oWDjqtgQ/OUvr0L7ou5bvr+sNe6KOMroGJ2gM+SjK9RAt6iJWoiiMXpGr+jNmTovzrvzsWgtOcXMEfoj5/MHhXqUIg==</latexit><latexit sha1_base64="gW9D5/iKlFvAjSKgDKxsGuOD6HQ=">AAAB+3icbZDNSgMxFIUz9a/Wv7Eu3QSL4ELKjAi6LLjRXQVbC52hZNJMG5pkhuSOtAx9FTcuFHHri7jzbUzbWWjrgcDHufdyb06UCm7A876d0tr6xuZWebuys7u3f+AeVtsmyTRlLZqIRHciYpjgirWAg2CdVDMiI8Eeo9HNrP74xLThiXqAScpCSQaKx5wSsFbPrfqeF5wHMguAjUHLXE57bs2re3PhVfALqKFCzZ77FfQTmkmmgApiTNf3UghzooFTwaaVIDMsJXREBqxrURHJTJjPb5/iU+v0cZxo+xTguft7IifSmImMbKckMDTLtZn5X62bQXwd5lylGTBFF4viTGBI8CwI3OeaURATC4Rqbm/FdEg0oWDjqtgQ/OUvr0L7ou5bvr+sNe6KOMroGJ2gM+SjK9RAt6iJWoiiMXpGr+jNmTovzrvzsWgtOcXMEfoj5/MHhXqUIg==</latexit><latexit sha1_base64="gW9D5/iKlFvAjSKgDKxsGuOD6HQ=">AAAB+3icbZDNSgMxFIUz9a/Wv7Eu3QSL4ELKjAi6LLjRXQVbC52hZNJMG5pkhuSOtAx9FTcuFHHri7jzbUzbWWjrgcDHufdyb06UCm7A876d0tr6xuZWebuys7u3f+AeVtsmyTRlLZqIRHciYpjgirWAg2CdVDMiI8Eeo9HNrP74xLThiXqAScpCSQaKx5wSsFbPrfqeF5wHMguAjUHLXE57bs2re3PhVfALqKFCzZ77FfQTmkmmgApiTNf3UghzooFTwaaVIDMsJXREBqxrURHJTJjPb5/iU+v0cZxo+xTguft7IifSmImMbKckMDTLtZn5X62bQXwd5lylGTBFF4viTGBI8CwI3OeaURATC4Rqbm/FdEg0oWDjqtgQ/OUvr0L7ou5bvr+sNe6KOMroGJ2gM+SjK9RAt6iJWoiiMXpGr+jNmTovzrvzsWgtOcXMEfoj5/MHhXqUIg==</latexit>

J. Yan et al., eLife 8, e43920 (2018)



Formation of Vibrio cholerae biofilm on agar substrate  12

Are wrinkles the result of mechanical instabilities or are  
they produced by some active biochemical processes?

bacteria

C. Even et al., Adv. Colloid Interface Sci 247, 573 (2017)

extracellular 
matrix2mm

<latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit>



Wavelength is constant throughout the biofilm  13

r
<latexit sha1_base64="ZiD/idjdiuDs08OIqVrhGYdLgo0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyhb6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vvCRLOlEbowypsbG5t7xR3S3v7B4dH5eOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2U3u9+6pVCwWbT1PqB/hiWAhI1gbqSVH5Qqyr+tV16tCZCNUc1wnJ27Nu/KgY5QcFbBGc1R+H45jkkZUaMKxUgMHJdrPsNSMcLooDVNFE0xmeEIHhgocUeVny0MX8MIoYxjG0pTQcKl+n8hwpNQ8CkxnhPVU/fZy8S9vkOqw7mdMJKmmgqwWhSmHOob513DMJCWazw3BRDJzKyRTLDHRJpuSCeHrU/g/6bq2g2yn5VUa7XUcRXAGzsElcEANNMAtaIIOIICCB/AEnq0769F6sV5XrQVrPXMKfsB6+wRCqY1K</latexit><latexit sha1_base64="ZiD/idjdiuDs08OIqVrhGYdLgo0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyhb6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vvCRLOlEbowypsbG5t7xR3S3v7B4dH5eOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2U3u9+6pVCwWbT1PqB/hiWAhI1gbqSVH5Qqyr+tV16tCZCNUc1wnJ27Nu/KgY5QcFbBGc1R+H45jkkZUaMKxUgMHJdrPsNSMcLooDVNFE0xmeEIHhgocUeVny0MX8MIoYxjG0pTQcKl+n8hwpNQ8CkxnhPVU/fZy8S9vkOqw7mdMJKmmgqwWhSmHOob513DMJCWazw3BRDJzKyRTLDHRJpuSCeHrU/g/6bq2g2yn5VUa7XUcRXAGzsElcEANNMAtaIIOIICCB/AEnq0769F6sV5XrQVrPXMKfsB6+wRCqY1K</latexit><latexit sha1_base64="ZiD/idjdiuDs08OIqVrhGYdLgo0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyhb6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vvCRLOlEbowypsbG5t7xR3S3v7B4dH5eOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2U3u9+6pVCwWbT1PqB/hiWAhI1gbqSVH5Qqyr+tV16tCZCNUc1wnJ27Nu/KgY5QcFbBGc1R+H45jkkZUaMKxUgMHJdrPsNSMcLooDVNFE0xmeEIHhgocUeVny0MX8MIoYxjG0pTQcKl+n8hwpNQ8CkxnhPVU/fZy8S9vkOqw7mdMJKmmgqwWhSmHOob513DMJCWazw3BRDJzKyRTLDHRJpuSCeHrU/g/6bq2g2yn5VUa7XUcRXAGzsElcEANNMAtaIIOIICCB/AEnq0769F6sV5XrQVrPXMKfsB6+wRCqY1K</latexit><latexit sha1_base64="ZiD/idjdiuDs08OIqVrhGYdLgo0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyhb6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vvCRLOlEbowypsbG5t7xR3S3v7B4dH5eOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2U3u9+6pVCwWbT1PqB/hiWAhI1gbqSVH5Qqyr+tV16tCZCNUc1wnJ27Nu/KgY5QcFbBGc1R+H45jkkZUaMKxUgMHJdrPsNSMcLooDVNFE0xmeEIHhgocUeVny0MX8MIoYxjG0pTQcKl+n8hwpNQ8CkxnhPVU/fZy8S9vkOqw7mdMJKmmgqwWhSmHOob513DMJCWazw3BRDJzKyRTLDHRJpuSCeHrU/g/6bq2g2yn5VUa7XUcRXAGzsElcEANNMAtaIIOIICCB/AEnq0769F6sV5XrQVrPXMKfsB6+wRCqY1K</latexit>

2mm
<latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit><latexit sha1_base64="O72zbqApwDENZvTjlj3bgVNxMsA=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXEiZKYIuC25ctmAf0BlKJs20oUlmSO6IdSj4P9y4UMStP8Wd/8b0sdDWA4GPc27IzYlSwQ143reztr6xubVd2Cnu7u0flNzDo5ZJMk1ZkyYi0Z2IGCa4Yk3gIFgn1YzISLB2NLqZ5u17pg1P1B2MUxZKMlA85pSAtXpuqRpc4ADYA2iZSznpuWWv4s2EV8FfQBktVO+5X0E/oZlkCqggxnR9L4UwJxo4FWxSDDLDUkJHZMC6FhWRzIT5bPEJPrNOH8eJtkcBnrm/b+REGjOWkZ2UBIZmOZua/2XdDOLrMOcqzYApOn8ozgSGBE9bwH2uGQUxtkCo5nZXTIdEEwq2q6ItwV/+8iq0qhXfq/iNy3Kt8TSvo4BO0Ck6Rz66QjV0i+qoiSjK0DN6RW/Oo/PivDsf89E1Z1HhMfoj5/MHk2aTfA==</latexit>
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r [mm]
<latexit sha1_base64="U5lLdntqnTi/67NhVMmvy/8Othw=">AAAB+nicbZBLSwMxFIUzPmt9TXXpJlgEF1JmRNBlwY3LFuwDOkPJpJk2NMkMyR21jAX/iBsXirj1l7jz35g+Ftp6IPBxzg25OVEquAHP+3ZWVtfWNzYLW8Xtnd29fbd00DRJpilr0EQkuh0RwwRXrAEcBGunmhEZCdaKhteTvHXHtOGJuoVRykJJ+orHnBKwVtct6eAMdwJgD6BlLuU47Lplr+JNhZfBn0MZzVXrul9BL6GZZAqoIMZ0fC+FMCcaOBVsXAwyw1JCh6TPOhYVkcyE+XT1MT6xTg/HibZHAZ66v2/kRBozkpGdlAQGZjGbmP9lnQziqzDnKs2AKTp7KM4EhgRPesA9rhkFMbJAqOZ2V0wHRBMKtq2iLcFf/PIyNM8rvlfx6xflav1pVkcBHaFjdIp8dImq6AbVUANRdI+e0St6cx6dF+fd+ZiNrjjzCg/RHzmfP2RulIg=</latexit><latexit sha1_base64="U5lLdntqnTi/67NhVMmvy/8Othw=">AAAB+nicbZBLSwMxFIUzPmt9TXXpJlgEF1JmRNBlwY3LFuwDOkPJpJk2NMkMyR21jAX/iBsXirj1l7jz35g+Ftp6IPBxzg25OVEquAHP+3ZWVtfWNzYLW8Xtnd29fbd00DRJpilr0EQkuh0RwwRXrAEcBGunmhEZCdaKhteTvHXHtOGJuoVRykJJ+orHnBKwVtct6eAMdwJgD6BlLuU47Lplr+JNhZfBn0MZzVXrul9BL6GZZAqoIMZ0fC+FMCcaOBVsXAwyw1JCh6TPOhYVkcyE+XT1MT6xTg/HibZHAZ66v2/kRBozkpGdlAQGZjGbmP9lnQziqzDnKs2AKTp7KM4EhgRPesA9rhkFMbJAqOZ2V0wHRBMKtq2iLcFf/PIyNM8rvlfx6xflav1pVkcBHaFjdIp8dImq6AbVUANRdI+e0St6cx6dF+fd+ZiNrjjzCg/RHzmfP2RulIg=</latexit><latexit sha1_base64="U5lLdntqnTi/67NhVMmvy/8Othw=">AAAB+nicbZBLSwMxFIUzPmt9TXXpJlgEF1JmRNBlwY3LFuwDOkPJpJk2NMkMyR21jAX/iBsXirj1l7jz35g+Ftp6IPBxzg25OVEquAHP+3ZWVtfWNzYLW8Xtnd29fbd00DRJpilr0EQkuh0RwwRXrAEcBGunmhEZCdaKhteTvHXHtOGJuoVRykJJ+orHnBKwVtct6eAMdwJgD6BlLuU47Lplr+JNhZfBn0MZzVXrul9BL6GZZAqoIMZ0fC+FMCcaOBVsXAwyw1JCh6TPOhYVkcyE+XT1MT6xTg/HibZHAZ66v2/kRBozkpGdlAQGZjGbmP9lnQziqzDnKs2AKTp7KM4EhgRPesA9rhkFMbJAqOZ2V0wHRBMKtq2iLcFf/PIyNM8rvlfx6xflav1pVkcBHaFjdIp8dImq6AbVUANRdI+e0St6cx6dF+fd+ZiNrjjzCg/RHzmfP2RulIg=</latexit><latexit sha1_base64="U5lLdntqnTi/67NhVMmvy/8Othw=">AAAB+nicbZBLSwMxFIUzPmt9TXXpJlgEF1JmRNBlwY3LFuwDOkPJpJk2NMkMyR21jAX/iBsXirj1l7jz35g+Ftp6IPBxzg25OVEquAHP+3ZWVtfWNzYLW8Xtnd29fbd00DRJpilr0EQkuh0RwwRXrAEcBGunmhEZCdaKhteTvHXHtOGJuoVRykJJ+orHnBKwVtct6eAMdwJgD6BlLuU47Lplr+JNhZfBn0MZzVXrul9BL6GZZAqoIMZ0fC+FMCcaOBVsXAwyw1JCh6TPOhYVkcyE+XT1MT6xTg/HibZHAZ66v2/kRBozkpGdlAQGZjGbmP9lnQziqzDnKs2AKTp7KM4EhgRPesA9rhkFMbJAqOZ2V0wHRBMKtq2iLcFf/PIyNM8rvlfx6xflav1pVkcBHaFjdIp8dImq6AbVUANRdI+e0St6cx6dF+fd+ZiNrjjzCg/RHzmfP2RulIg=</latexit>

t [h]
<latexit sha1_base64="Pc0Qgc/z5kCsftDE+dnE8n7kG/s=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXEiZEUGXBTcuW7CtMDOUTJppQ5PMkNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhNyfOBDfged9OaW19Y3OrvF3Z2d3bP3APj9omzTVlLZqKVD/ExDDBFWsBB8EeMs2IjAXrxMPbad4ZMW14qu5hnLFIkr7iCacErNV1XQgvcBACewQti8Ek6rpVr+bNhFfBX0AVLdToul9hL6W5ZAqoIMYEvpdBVBANnAo2qYS5YRmhQ9JngUVFJDNRMdt8gs+s08NJqu1RgGfu7xsFkcaMZWwnJYGBWc6m5n9ZkENyExVcZTkwRecPJbnAkOJpDbjHNaMgxhYI1dzuiumAaELBllWxJfjLX16F9mXN92p+86pabz7N6yijE3SKzpGPrlEd3aEGaiGKRugZvaI3p3BenHfnYz5achYVHqM/cj5/AI9blA4=</latexit><latexit sha1_base64="Pc0Qgc/z5kCsftDE+dnE8n7kG/s=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXEiZEUGXBTcuW7CtMDOUTJppQ5PMkNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhNyfOBDfged9OaW19Y3OrvF3Z2d3bP3APj9omzTVlLZqKVD/ExDDBFWsBB8EeMs2IjAXrxMPbad4ZMW14qu5hnLFIkr7iCacErNV1XQgvcBACewQti8Ek6rpVr+bNhFfBX0AVLdToul9hL6W5ZAqoIMYEvpdBVBANnAo2qYS5YRmhQ9JngUVFJDNRMdt8gs+s08NJqu1RgGfu7xsFkcaMZWwnJYGBWc6m5n9ZkENyExVcZTkwRecPJbnAkOJpDbjHNaMgxhYI1dzuiumAaELBllWxJfjLX16F9mXN92p+86pabz7N6yijE3SKzpGPrlEd3aEGaiGKRugZvaI3p3BenHfnYz5achYVHqM/cj5/AI9blA4=</latexit><latexit sha1_base64="Pc0Qgc/z5kCsftDE+dnE8n7kG/s=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXEiZEUGXBTcuW7CtMDOUTJppQ5PMkNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhNyfOBDfged9OaW19Y3OrvF3Z2d3bP3APj9omzTVlLZqKVD/ExDDBFWsBB8EeMs2IjAXrxMPbad4ZMW14qu5hnLFIkr7iCacErNV1XQgvcBACewQti8Ek6rpVr+bNhFfBX0AVLdToul9hL6W5ZAqoIMYEvpdBVBANnAo2qYS5YRmhQ9JngUVFJDNRMdt8gs+s08NJqu1RgGfu7xsFkcaMZWwnJYGBWc6m5n9ZkENyExVcZTkwRecPJbnAkOJpDbjHNaMgxhYI1dzuiumAaELBllWxJfjLX16F9mXN92p+86pabz7N6yijE3SKzpGPrlEd3aEGaiGKRugZvaI3p3BenHfnYz5achYVHqM/cj5/AI9blA4=</latexit><latexit sha1_base64="Pc0Qgc/z5kCsftDE+dnE8n7kG/s=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXEiZEUGXBTcuW7CtMDOUTJppQ5PMkNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhNyfOBDfged9OaW19Y3OrvF3Z2d3bP3APj9omzTVlLZqKVD/ExDDBFWsBB8EeMs2IjAXrxMPbad4ZMW14qu5hnLFIkr7iCacErNV1XQgvcBACewQti8Ek6rpVr+bNhFfBX0AVLdToul9hL6W5ZAqoIMYEvpdBVBANnAo2qYS5YRmhQ9JngUVFJDNRMdt8gs+s08NJqu1RgGfu7xsFkcaMZWwnJYGBWc6m5n9ZkENyExVcZTkwRecPJbnAkOJpDbjHNaMgxhYI1dzuiumAaELBllWxJfjLX16F9mXN92p+86pabz7N6yijE3SKzpGPrlEd3aEGaiGKRugZvaI3p3BenHfnYz5achYVHqM/cj5/AI9blA4=</latexit>

agar conc. = 0.7%
time = 37.5 h
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<latexit sha1_base64="IfTY0Jyn2D/WlTRuzN0zBUR4Pdo="></latexit><latexit sha1_base64="IfTY0Jyn2D/WlTRuzN0zBUR4Pdo="></latexit><latexit sha1_base64="IfTY0Jyn2D/WlTRuzN0zBUR4Pdo="></latexit><latexit sha1_base64="IfTY0Jyn2D/WlTRuzN0zBUR4Pdo="></latexit>
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<latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit>

200
<latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit>

400
<latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit>

� [µm]
<latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit>

Wavelength is independent of biofilm geometry  14

1 cm
<latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit>

formation of straight biofilm  
(razor blade) 
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0
<latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit><latexit sha1_base64="QhjdTNAs540hgI/nlnaGnTZAqeA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2Vmu6gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6te87pSv8/jKMIZnMMleFCDOtxBA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHfLWMwA==</latexit>

200
<latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit><latexit sha1_base64="IP+MGsMWKMBmurYYxTuucRt9Tdw=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hdkg6DHgxZNENA9IljA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uMFXSIqXf3tr6xubWdmGnuLu3f3BYOjpu2iQzXDR4ohLTDpkVSmrRQIlKtFMjWBwq0QpHNzO/9SSMlYl+xHEqgpgNtIwkZ+ikhyqlvVKZVugcZJX4OSlDjnqv9NXtJzyLhUaumLUdn6YYTJhByZWYFruZFSnjIzYQHUc1i4UNJvNTp+TcKX0SJcaVRjJXf09MWGztOA5dZ8xwaJe9mfif18kwug4mUqcZCs0Xi6JMEUzI7G/Sl0ZwVGNHGDfS3Ur4kBnG0aVTdCH4yy+vkma14tOKf39Zrt3lcRTgFM7gAny4ghrcQh0awGEAz/AKb57yXrx372PRuublMyfwB97nD1uqjTY=</latexit>

400
<latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit><latexit sha1_base64="kOcHLm4xmXpXb0+3mqXXAw17g74=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeAF08S0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7wlRJi5R+e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmZ+60kYKxP9iONUBDEbaBlJztBJD5eU9soVWqVzkFXi56QCOeq98le3n/AsFhq5YtZ2fJpiMGEGJVdiWupmVqSMj9hAdBzVLBY2mMxPnZIzp/RJlBhXGslc/T0xYbG14zh0nTHDoV32ZuJ/XifD6DqYSJ1mKDRfLIoyRTAhs79JXxrBUY0dYdxIdyvhQ2YYR5dOyYXgL7+8SpoXVZ9W/fvLSu0uj6MIJ3AK5+DDFdTgFurQAA4DeIZXePOU9+K9ex+L1oKXzxzDH3ifP162jTg=</latexit>

� [µm]
<latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit><latexit sha1_base64="/KqPEIyR4CdEZq+dnaePzR/Zwvk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAILqQkIuiy4MaVVLAPSEKZTKbt0JlJmLkRS6gbf8WNC0Xc+hfu/BunbRbaemDgcM653LknSjnT4LrfVmlpeWV1rbxe2djc2t6xd/daOskUoU2S8ER1IqwpZ5I2gQGnnVRRLCJO29HwauK376nSLJF3MEppKHBfsh4jGIzUtQ8CbsIxDk79QGQB0AdQIhfjsGtX3Zo7hbNIvIJUUYFG1/4K4oRkgkogHGvte24KYY4VMMLpuBJkmqaYDHGf+oZKLKgO8+kFY+fYKLHTS5R5Epyp+nsix0LrkYhMUmAY6HlvIv7n+Rn0LsOcyTQDKslsUS/jDiTOpA4nZooS4CNDMFHM/NUhA6wwAVNaxZTgzZ+8SFpnNc+tebfn1fpNUUcZHaIjdII8dIHq6Bo1UBMR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AQE/l0c=</latexit>

Wavelength is independent of biofilm geometry  14

1 cm
<latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit><latexit sha1_base64="7rIk0stYHhwU9sct4qpJpufdiuA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5REBD0WvHiSCvYDmlA22027dHcTdidiDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpQKbsDzvp2V1bX1jc3SVnl7Z3ev4u4ftEySacqaNBGJ7kTEMMEVawIHwTqpZkRGgrWj0fXUbz8wbXii7mGcslCSgeIxpwSs1HMrfnCGA2CPoGVO5aTnVr2aNwNeJn5BqqhAo+d+Bf2EZpIpoIIY0/W9FMKcaOBUsEk5yAxLCR2RAetaqohkJsxnh0/wiVX6OE60LQV4pv6eyIk0Ziwj2ykJDM2iNxX/87oZxFdhzlWaAVN0vijOBIYET1PAfa4ZBTG2hFDN7a2YDokmFGxWZRuCv/jyMmmd13yv5t9dVOu3RRwldISO0Sny0SWqoxvUQE1EUYae0St6c56cF+fd+Zi3rjjFzCH6A+fzB1uxku4=</latexit>

formation of straight biofilm  
(razor blade) 



Measured wavelengths are consistent 
with wrinkling instabilities of thin films

 15

2mm
<latexit sha1_base64="lfJNy0DokVBedGQoS4DtOsFOEdA=">AAAB+HicdVDLSgNBEJz1GeMjUY9eBoPgQcJuSEi8BbzoLYJ5QLKE2clsMmRmdpnpFeOSL/HiQRGvfoo3/8bJQ1DRgoaiqpvuriAW3IDrfjgrq2vrG5uZrez2zu5eLr9/0DJRoilr0khEuhMQwwRXrAkcBOvEmhEZCNYOxhczv33LtOGRuoFJzHxJhoqHnBKwUj+fK/XOcA/YHWiZSjnt5wtu8bxWqnhVPCflWm1BKm4Ze0V3jgJaotHPv/cGEU0kU0AFMabruTH4KdHAqWDTbC8xLCZ0TIasa6kikhk/nR8+xSdWGeAw0rYU4Ln6fSIl0piJDGynJDAyv72Z+JfXTSCs+SlXcQJM0cWiMBEYIjxLAQ+4ZhTExBJCNbe3YjoimlCwWWVtCF+f4v9Jq1T03KJ3XS7Ur5ZxZNAROkanyENVVEeXqIGaiKIEPaAn9OzcO4/Oi/O6aF1xljOH6Aect0/6kJNX</latexit><latexit sha1_base64="lfJNy0DokVBedGQoS4DtOsFOEdA=">AAAB+HicdVDLSgNBEJz1GeMjUY9eBoPgQcJuSEi8BbzoLYJ5QLKE2clsMmRmdpnpFeOSL/HiQRGvfoo3/8bJQ1DRgoaiqpvuriAW3IDrfjgrq2vrG5uZrez2zu5eLr9/0DJRoilr0khEuhMQwwRXrAkcBOvEmhEZCNYOxhczv33LtOGRuoFJzHxJhoqHnBKwUj+fK/XOcA/YHWiZSjnt5wtu8bxWqnhVPCflWm1BKm4Ze0V3jgJaotHPv/cGEU0kU0AFMabruTH4KdHAqWDTbC8xLCZ0TIasa6kikhk/nR8+xSdWGeAw0rYU4Ln6fSIl0piJDGynJDAyv72Z+JfXTSCs+SlXcQJM0cWiMBEYIjxLAQ+4ZhTExBJCNbe3YjoimlCwWWVtCF+f4v9Jq1T03KJ3XS7Ur5ZxZNAROkanyENVVEeXqIGaiKIEPaAn9OzcO4/Oi/O6aF1xljOH6Aect0/6kJNX</latexit><latexit sha1_base64="lfJNy0DokVBedGQoS4DtOsFOEdA=">AAAB+HicdVDLSgNBEJz1GeMjUY9eBoPgQcJuSEi8BbzoLYJ5QLKE2clsMmRmdpnpFeOSL/HiQRGvfoo3/8bJQ1DRgoaiqpvuriAW3IDrfjgrq2vrG5uZrez2zu5eLr9/0DJRoilr0khEuhMQwwRXrAkcBOvEmhEZCNYOxhczv33LtOGRuoFJzHxJhoqHnBKwUj+fK/XOcA/YHWiZSjnt5wtu8bxWqnhVPCflWm1BKm4Ze0V3jgJaotHPv/cGEU0kU0AFMabruTH4KdHAqWDTbC8xLCZ0TIasa6kikhk/nR8+xSdWGeAw0rYU4Ln6fSIl0piJDGynJDAyv72Z+JfXTSCs+SlXcQJM0cWiMBEYIjxLAQ+4ZhTExBJCNbe3YjoimlCwWWVtCF+f4v9Jq1T03KJ3XS7Ur5ZxZNAROkanyENVVEeXqIGaiKIEPaAn9OzcO4/Oi/O6aF1xljOH6Aect0/6kJNX</latexit><latexit sha1_base64="lfJNy0DokVBedGQoS4DtOsFOEdA=">AAAB+HicdVDLSgNBEJz1GeMjUY9eBoPgQcJuSEi8BbzoLYJ5QLKE2clsMmRmdpnpFeOSL/HiQRGvfoo3/8bJQ1DRgoaiqpvuriAW3IDrfjgrq2vrG5uZrez2zu5eLr9/0DJRoilr0khEuhMQwwRXrAkcBOvEmhEZCNYOxhczv33LtOGRuoFJzHxJhoqHnBKwUj+fK/XOcA/YHWiZSjnt5wtu8bxWqnhVPCflWm1BKm4Ze0V3jgJaotHPv/cGEU0kU0AFMabruTH4KdHAqWDTbC8xLCZ0TIasa6kikhk/nR8+xSdWGeAw0rYU4Ln6fSIl0piJDGynJDAyv72Z+JfXTSCs+SlXcQJM0cWiMBEYIjxLAQ+4ZhTExBJCNbe3YjoimlCwWWVtCF+f4v9Jq1T03KJ3XS7Ur5ZxZNAROkanyENVVEeXqIGaiKIEPaAn9OzcO4/Oi/O6aF1xljOH6Aect0/6kJNX</latexit>

Gagar = 3.8± 1.1 kPa
<latexit sha1_base64="MC70YUUbFLIuK2bdPCLCUr3mvmM=">AAACEnicbZBLSwMxFIUzvq2vUZdugkVQkGFGBbsRCoK6rGBV6JRyJ01raDIzJHfEMhT8B278K25cKOLWlTv/jelD8HUg8HHODck9USqFQd//cMbGJyanpmdmC3PzC4tL7vLKuUkyzXiVJTLRlxEYLkXMqyhQ8stUc1CR5BdR57CfX1xzbUQSn2E35XUF7Vi0BAO0VsPdOm6EyG9QqxzaoHsHu14pTBUNvCDcpl9RpwK9hlv0PX8g+heCERTJSJWG+x42E5YpHiOTYEwt8FOs56BRMMl7hTAzPAXWgTavWYxBcVPPByv16IZ1mrSVaHtipAP3+40clDFdFdlJBXhlfmd987+slmGrVM9FnGbIYzZ8qJVJignt90ObQnOGsmsBmBb2r5RdgQaGtsWCLSH4vfJfON/xAt8LTveK5aPbYR0zZI2sk00SkH1SJiekQqqEkTvyQJ7Is3PvPDovzutwdMwZVbhKfsh5+wQOTZ19</latexit><latexit sha1_base64="MC70YUUbFLIuK2bdPCLCUr3mvmM=">AAACEnicbZBLSwMxFIUzvq2vUZdugkVQkGFGBbsRCoK6rGBV6JRyJ01raDIzJHfEMhT8B278K25cKOLWlTv/jelD8HUg8HHODck9USqFQd//cMbGJyanpmdmC3PzC4tL7vLKuUkyzXiVJTLRlxEYLkXMqyhQ8stUc1CR5BdR57CfX1xzbUQSn2E35XUF7Vi0BAO0VsPdOm6EyG9QqxzaoHsHu14pTBUNvCDcpl9RpwK9hlv0PX8g+heCERTJSJWG+x42E5YpHiOTYEwt8FOs56BRMMl7hTAzPAXWgTavWYxBcVPPByv16IZ1mrSVaHtipAP3+40clDFdFdlJBXhlfmd987+slmGrVM9FnGbIYzZ8qJVJignt90ObQnOGsmsBmBb2r5RdgQaGtsWCLSH4vfJfON/xAt8LTveK5aPbYR0zZI2sk00SkH1SJiekQqqEkTvyQJ7Is3PvPDovzutwdMwZVbhKfsh5+wQOTZ19</latexit><latexit sha1_base64="MC70YUUbFLIuK2bdPCLCUr3mvmM=">AAACEnicbZBLSwMxFIUzvq2vUZdugkVQkGFGBbsRCoK6rGBV6JRyJ01raDIzJHfEMhT8B278K25cKOLWlTv/jelD8HUg8HHODck9USqFQd//cMbGJyanpmdmC3PzC4tL7vLKuUkyzXiVJTLRlxEYLkXMqyhQ8stUc1CR5BdR57CfX1xzbUQSn2E35XUF7Vi0BAO0VsPdOm6EyG9QqxzaoHsHu14pTBUNvCDcpl9RpwK9hlv0PX8g+heCERTJSJWG+x42E5YpHiOTYEwt8FOs56BRMMl7hTAzPAXWgTavWYxBcVPPByv16IZ1mrSVaHtipAP3+40clDFdFdlJBXhlfmd987+slmGrVM9FnGbIYzZ8qJVJignt90ObQnOGsmsBmBb2r5RdgQaGtsWCLSH4vfJfON/xAt8LTveK5aPbYR0zZI2sk00SkH1SJiekQqqEkTvyQJ7Is3PvPDovzutwdMwZVbhKfsh5+wQOTZ19</latexit><latexit sha1_base64="MC70YUUbFLIuK2bdPCLCUr3mvmM=">AAACEnicbZBLSwMxFIUzvq2vUZdugkVQkGFGBbsRCoK6rGBV6JRyJ01raDIzJHfEMhT8B278K25cKOLWlTv/jelD8HUg8HHODck9USqFQd//cMbGJyanpmdmC3PzC4tL7vLKuUkyzXiVJTLRlxEYLkXMqyhQ8stUc1CR5BdR57CfX1xzbUQSn2E35XUF7Vi0BAO0VsPdOm6EyG9QqxzaoHsHu14pTBUNvCDcpl9RpwK9hlv0PX8g+heCERTJSJWG+x42E5YpHiOTYEwt8FOs56BRMMl7hTAzPAXWgTavWYxBcVPPByv16IZ1mrSVaHtipAP3+40clDFdFdlJBXhlfmd987+slmGrVM9FnGbIYzZ8qJVJignt90ObQnOGsmsBmBb2r5RdgQaGtsWCLSH4vfJfON/xAt8LTveK5aPbYR0zZI2sk00SkH1SJiekQqqEkTvyQJ7Is3PvPDovzutwdMwZVbhKfsh5+wQOTZ19</latexit>

Gagar = 1.9± 0.2 kPa
<latexit sha1_base64="HyhxdzW3fMxfSoU3zI7ajGZqVl0=">AAACEnicbZBLSwMxFIUz9V1fVZdugkVQkGFGBHUhCIK6rGC10CnlTpq2ocnMkNwRy1DwH7jxr7hxoYhbV+78N6YPQa0HAh/n3JDcEyZSGPS8Tyc3MTk1PTM7l59fWFxaLqysXpk41YyXWSxjXQnBcCkiXkaBklcSzUGFkl+HnZN+fn3DtRFxdIndhNcUtCLRFAzQWvXC9lk9QH6LWmXQAt078t3DIFHUc3eDHfoddUrQqxeKnusNRMfBH0GRjFSqFz6CRsxSxSNkEoyp+l6CtQw0CiZ5Lx+khifAOtDiVYsRKG5q2WClHt20ToM2Y21PhHTg/ryRgTKmq0I7qQDb5m/WN//Lqik2D2qZiJIUecSGDzVTSTGm/X5oQ2jOUHYtANPC/pWyNmhgaFvM2xL8vyuPw9Wu63uuf7FXPD69G9YxS9bJBtkiPtknx+SclEiZMHJPHskzeXEenCfn1XkbjuacUYVr5Jec9y8MrZ18</latexit><latexit sha1_base64="HyhxdzW3fMxfSoU3zI7ajGZqVl0=">AAACEnicbZBLSwMxFIUz9V1fVZdugkVQkGFGBHUhCIK6rGC10CnlTpq2ocnMkNwRy1DwH7jxr7hxoYhbV+78N6YPQa0HAh/n3JDcEyZSGPS8Tyc3MTk1PTM7l59fWFxaLqysXpk41YyXWSxjXQnBcCkiXkaBklcSzUGFkl+HnZN+fn3DtRFxdIndhNcUtCLRFAzQWvXC9lk9QH6LWmXQAt078t3DIFHUc3eDHfoddUrQqxeKnusNRMfBH0GRjFSqFz6CRsxSxSNkEoyp+l6CtQw0CiZ5Lx+khifAOtDiVYsRKG5q2WClHt20ToM2Y21PhHTg/ryRgTKmq0I7qQDb5m/WN//Lqik2D2qZiJIUecSGDzVTSTGm/X5oQ2jOUHYtANPC/pWyNmhgaFvM2xL8vyuPw9Wu63uuf7FXPD69G9YxS9bJBtkiPtknx+SclEiZMHJPHskzeXEenCfn1XkbjuacUYVr5Jec9y8MrZ18</latexit><latexit sha1_base64="HyhxdzW3fMxfSoU3zI7ajGZqVl0=">AAACEnicbZBLSwMxFIUz9V1fVZdugkVQkGFGBHUhCIK6rGC10CnlTpq2ocnMkNwRy1DwH7jxr7hxoYhbV+78N6YPQa0HAh/n3JDcEyZSGPS8Tyc3MTk1PTM7l59fWFxaLqysXpk41YyXWSxjXQnBcCkiXkaBklcSzUGFkl+HnZN+fn3DtRFxdIndhNcUtCLRFAzQWvXC9lk9QH6LWmXQAt078t3DIFHUc3eDHfoddUrQqxeKnusNRMfBH0GRjFSqFz6CRsxSxSNkEoyp+l6CtQw0CiZ5Lx+khifAOtDiVYsRKG5q2WClHt20ToM2Y21PhHTg/ryRgTKmq0I7qQDb5m/WN//Lqik2D2qZiJIUecSGDzVTSTGm/X5oQ2jOUHYtANPC/pWyNmhgaFvM2xL8vyuPw9Wu63uuf7FXPD69G9YxS9bJBtkiPtknx+SclEiZMHJPHskzeXEenCfn1XkbjuacUYVr5Jec9y8MrZ18</latexit><latexit sha1_base64="HyhxdzW3fMxfSoU3zI7ajGZqVl0=">AAACEnicbZBLSwMxFIUz9V1fVZdugkVQkGFGBHUhCIK6rGC10CnlTpq2ocnMkNwRy1DwH7jxr7hxoYhbV+78N6YPQa0HAh/n3JDcEyZSGPS8Tyc3MTk1PTM7l59fWFxaLqysXpk41YyXWSxjXQnBcCkiXkaBklcSzUGFkl+HnZN+fn3DtRFxdIndhNcUtCLRFAzQWvXC9lk9QH6LWmXQAt078t3DIFHUc3eDHfoddUrQqxeKnusNRMfBH0GRjFSqFz6CRsxSxSNkEoyp+l6CtQw0CiZ5Lx+khifAOtDiVYsRKG5q2WClHt20ToM2Y21PhHTg/ryRgTKmq0I7qQDb5m/WN//Lqik2D2qZiJIUecSGDzVTSTGm/X5oQ2jOUHYtANPC/pWyNmhgaFvM2xL8vyuPw9Wu63uuf7FXPD69G9YxS9bJBtkiPtknx+SclEiZMHJPHskzeXEenCfn1XkbjuacUYVr5Jec9y8MrZ18</latexit>

Gagar = 0.51± 0.08 kPa
<latexit sha1_base64="NV4dhu5QtV/GYY0Bvf7rZGYtjw8=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAEJeyKYi5CQEGPEUwMZEPonUySITO7y0yvGJZ8hBd/xYsHRbx68ObfOHkIGi1oKKq66e4KYikMuu6nMzM7N7+wmFnKLq+srq3nNjarJko04xUWyUjXAjBcipBXUKDktVhzUIHkN0HvbOjf3HJtRBReYz/mDQWdULQFA7RSM7d/0fSR36FWKXRAD07dwrHnx4q6BbfoH9Bvs1eGQTOXt+oI9C/xJiRPJig3cx9+K2KJ4iEyCcbUPTfGRgoaBZN8kPUTw2NgPejwuqUhKG4a6eipAd21Sou2I20rRDpSf06koIzpq8B2KsCumfaG4n9ePcF2sZGKME6Qh2y8qJ1IihEdJkRbQnOGsm8JMC3srZR1QQNDm2PWhuBNv/yXVA8Lnlvwro7ypfNJHBmyTXbIHvHICSmRS1ImFcLIPXkkz+TFeXCenFfnbdw640xmtsgvOO9f3F2dcA==</latexit><latexit sha1_base64="NV4dhu5QtV/GYY0Bvf7rZGYtjw8=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAEJeyKYi5CQEGPEUwMZEPonUySITO7y0yvGJZ8hBd/xYsHRbx68ObfOHkIGi1oKKq66e4KYikMuu6nMzM7N7+wmFnKLq+srq3nNjarJko04xUWyUjXAjBcipBXUKDktVhzUIHkN0HvbOjf3HJtRBReYz/mDQWdULQFA7RSM7d/0fSR36FWKXRAD07dwrHnx4q6BbfoH9Bvs1eGQTOXt+oI9C/xJiRPJig3cx9+K2KJ4iEyCcbUPTfGRgoaBZN8kPUTw2NgPejwuqUhKG4a6eipAd21Sou2I20rRDpSf06koIzpq8B2KsCumfaG4n9ePcF2sZGKME6Qh2y8qJ1IihEdJkRbQnOGsm8JMC3srZR1QQNDm2PWhuBNv/yXVA8Lnlvwro7ypfNJHBmyTXbIHvHICSmRS1ImFcLIPXkkz+TFeXCenFfnbdw640xmtsgvOO9f3F2dcA==</latexit><latexit sha1_base64="NV4dhu5QtV/GYY0Bvf7rZGYtjw8=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAEJeyKYi5CQEGPEUwMZEPonUySITO7y0yvGJZ8hBd/xYsHRbx68ObfOHkIGi1oKKq66e4KYikMuu6nMzM7N7+wmFnKLq+srq3nNjarJko04xUWyUjXAjBcipBXUKDktVhzUIHkN0HvbOjf3HJtRBReYz/mDQWdULQFA7RSM7d/0fSR36FWKXRAD07dwrHnx4q6BbfoH9Bvs1eGQTOXt+oI9C/xJiRPJig3cx9+K2KJ4iEyCcbUPTfGRgoaBZN8kPUTw2NgPejwuqUhKG4a6eipAd21Sou2I20rRDpSf06koIzpq8B2KsCumfaG4n9ePcF2sZGKME6Qh2y8qJ1IihEdJkRbQnOGsm8JMC3srZR1QQNDm2PWhuBNv/yXVA8Lnlvwro7ypfNJHBmyTXbIHvHICSmRS1ImFcLIPXkkz+TFeXCenFfnbdw640xmtsgvOO9f3F2dcA==</latexit><latexit sha1_base64="NV4dhu5QtV/GYY0Bvf7rZGYtjw8=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAEJeyKYi5CQEGPEUwMZEPonUySITO7y0yvGJZ8hBd/xYsHRbx68ObfOHkIGi1oKKq66e4KYikMuu6nMzM7N7+wmFnKLq+srq3nNjarJko04xUWyUjXAjBcipBXUKDktVhzUIHkN0HvbOjf3HJtRBReYz/mDQWdULQFA7RSM7d/0fSR36FWKXRAD07dwrHnx4q6BbfoH9Bvs1eGQTOXt+oI9C/xJiRPJig3cx9+K2KJ4iEyCcbUPTfGRgoaBZN8kPUTw2NgPejwuqUhKG4a6eipAd21Sou2I20rRDpSf06koIzpq8B2KsCumfaG4n9ePcF2sZGKME6Qh2y8qJ1IihEdJkRbQnOGsm8JMC3srZR1QQNDm2PWhuBNv/yXVA8Lnlvwro7ypfNJHBmyTXbIHvHICSmRS1ImFcLIPXkkz+TFeXCenFfnbdw640xmtsgvOO9f3F2dcA==</latexit>

Gagar = 0.14± 0.02 kPa
<latexit sha1_base64="L755n6d7rUVQJ+b8h0ljIS6y7KQ=">AAACE3icbVBNS8NAEN34WetX1aOXxSKISEmKoBdBUNBjBdsKTSiT7bYu3U3C7kQsof/Bi3/FiwdFvHrx5r9x20bw68HA470ZZuaFiRQGXffDmZqemZ2bLywUF5eWV1ZLa+sNE6ea8TqLZayvQjBciojXUaDkV4nmoELJm2H/ZOQ3b7g2Io4ucZDwQEEvEl3BAK3ULu2etX3kt6hVBj3QwyO34u37iaJuxa36e19evwbDdqlsxTHoX+LlpExy1Nqld78Ts1TxCJkEY1qem2CQgUbBJB8W/dTwBFgferxlaQSKmyAb/zSk21bp0G6sbUVIx+r3iQyUMQMV2k4FeG1+eyPxP6+VYvcwyESUpMgjNlnUTSXFmI4Coh2hOUM5sASYFvZWyq5BA0MbY9GG4P1++S9pVCueDfJiv3x8msdRIJtki+wQjxyQY3JOaqROGLkjD+SJPDv3zqPz4rxOWqecfGaD/IDz9glwHZ0/</latexit><latexit sha1_base64="L755n6d7rUVQJ+b8h0ljIS6y7KQ=">AAACE3icbVBNS8NAEN34WetX1aOXxSKISEmKoBdBUNBjBdsKTSiT7bYu3U3C7kQsof/Bi3/FiwdFvHrx5r9x20bw68HA470ZZuaFiRQGXffDmZqemZ2bLywUF5eWV1ZLa+sNE6ea8TqLZayvQjBciojXUaDkV4nmoELJm2H/ZOQ3b7g2Io4ucZDwQEEvEl3BAK3ULu2etX3kt6hVBj3QwyO34u37iaJuxa36e19evwbDdqlsxTHoX+LlpExy1Nqld78Ts1TxCJkEY1qem2CQgUbBJB8W/dTwBFgferxlaQSKmyAb/zSk21bp0G6sbUVIx+r3iQyUMQMV2k4FeG1+eyPxP6+VYvcwyESUpMgjNlnUTSXFmI4Coh2hOUM5sASYFvZWyq5BA0MbY9GG4P1++S9pVCueDfJiv3x8msdRIJtki+wQjxyQY3JOaqROGLkjD+SJPDv3zqPz4rxOWqecfGaD/IDz9glwHZ0/</latexit><latexit sha1_base64="L755n6d7rUVQJ+b8h0ljIS6y7KQ=">AAACE3icbVBNS8NAEN34WetX1aOXxSKISEmKoBdBUNBjBdsKTSiT7bYu3U3C7kQsof/Bi3/FiwdFvHrx5r9x20bw68HA470ZZuaFiRQGXffDmZqemZ2bLywUF5eWV1ZLa+sNE6ea8TqLZayvQjBciojXUaDkV4nmoELJm2H/ZOQ3b7g2Io4ucZDwQEEvEl3BAK3ULu2etX3kt6hVBj3QwyO34u37iaJuxa36e19evwbDdqlsxTHoX+LlpExy1Nqld78Ts1TxCJkEY1qem2CQgUbBJB8W/dTwBFgferxlaQSKmyAb/zSk21bp0G6sbUVIx+r3iQyUMQMV2k4FeG1+eyPxP6+VYvcwyESUpMgjNlnUTSXFmI4Coh2hOUM5sASYFvZWyq5BA0MbY9GG4P1++S9pVCueDfJiv3x8msdRIJtki+wQjxyQY3JOaqROGLkjD+SJPDv3zqPz4rxOWqecfGaD/IDz9glwHZ0/</latexit><latexit sha1_base64="L755n6d7rUVQJ+b8h0ljIS6y7KQ=">AAACE3icbVBNS8NAEN34WetX1aOXxSKISEmKoBdBUNBjBdsKTSiT7bYu3U3C7kQsof/Bi3/FiwdFvHrx5r9x20bw68HA470ZZuaFiRQGXffDmZqemZ2bLywUF5eWV1ZLa+sNE6ea8TqLZayvQjBciojXUaDkV4nmoELJm2H/ZOQ3b7g2Io4ucZDwQEEvEl3BAK3ULu2etX3kt6hVBj3QwyO34u37iaJuxa36e19evwbDdqlsxTHoX+LlpExy1Nqld78Ts1TxCJkEY1qem2CQgUbBJB8W/dTwBFgferxlaQSKmyAb/zSk21bp0G6sbUVIx+r3iQyUMQMV2k4FeG1+eyPxP6+VYvcwyESUpMgjNlnUTSXFmI4Coh2hOUM5sASYFvZWyq5BA0MbY9GG4P1++S9pVCueDfJiv3x8msdRIJtki+wQjxyQY3JOaqROGLkjD+SJPDv3zqPz4rxOWqecfGaD/IDz9glwHZ0/</latexit>
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0
<latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit>

3
<latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit>

6
<latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit>

9
<latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit>

0
<latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit><latexit sha1_base64="TjMFnmrrT5GE5+m1XNsRFDr5qAo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF721YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U7/M4inAG53AJHtSgDnfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBezSMuw==</latexit>

3
<latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit><latexit sha1_base64="cxsy0GEToZf3K43BiRQLoWa7jbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVWp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHf8CMvg==</latexit>

6
<latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit><latexit sha1_base64="GB+xILRmuoMBEpH7UglHtalN37Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi95asB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS46pfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3edxFOEETuEcPLiGGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHhEyMwQ==</latexit>

9
<latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit><latexit sha1_base64="9Y0M+IsBJK/uFuxWS61Rr5PgR7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL3prwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldp/HUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fiNiMxA==</latexit>

biofilm thickness h ⇠ 50-120µm
<latexit sha1_base64="vkISQCL4HzjmbKp4o31ZPuyppiY=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFg5akKHoseNFbBfsBTSmb7bZdupuE3YlYQv6BF/+KFw+KePXqzX/jto2grQ8GHu/NMDPPjwTX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOowVZTUailA1faKZ4AGrAQfBmpFiRPqCNfzh5dhv3DGleRjcwihibUn6Ae9xSsBIHftwgD3NJT5zPGD3oGRykrplxzvGnox/JJl27KJTcibA88TNSBFlqHbsT68b0liyAKggWrdcJ4J2QhRwKlha8GLNIkKHpM9ahgZEMt1OJv+k+MAoXdwLlakA8ET9PZEQqfVI+qZTEhjoWW8s/ue1YuhdtBMeRDGwgE4X9WKBIcTjcHCXK0ZBjAwhVHFzK6YDoggFE2HBhODOvjxP6uWS65Tcm9Ni5TqLI4/20D46Qi46RxV0haqohih6QE/oBb1aj9az9Wa9T1tzVjazi/7A+vgGvp6b4w==</latexit><latexit sha1_base64="vkISQCL4HzjmbKp4o31ZPuyppiY=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFg5akKHoseNFbBfsBTSmb7bZdupuE3YlYQv6BF/+KFw+KePXqzX/jto2grQ8GHu/NMDPPjwTX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOowVZTUailA1faKZ4AGrAQfBmpFiRPqCNfzh5dhv3DGleRjcwihibUn6Ae9xSsBIHftwgD3NJT5zPGD3oGRykrplxzvGnox/JJl27KJTcibA88TNSBFlqHbsT68b0liyAKggWrdcJ4J2QhRwKlha8GLNIkKHpM9ahgZEMt1OJv+k+MAoXdwLlakA8ET9PZEQqfVI+qZTEhjoWW8s/ue1YuhdtBMeRDGwgE4X9WKBIcTjcHCXK0ZBjAwhVHFzK6YDoggFE2HBhODOvjxP6uWS65Tcm9Ni5TqLI4/20D46Qi46RxV0haqohih6QE/oBb1aj9az9Wa9T1tzVjazi/7A+vgGvp6b4w==</latexit><latexit sha1_base64="vkISQCL4HzjmbKp4o31ZPuyppiY=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFg5akKHoseNFbBfsBTSmb7bZdupuE3YlYQv6BF/+KFw+KePXqzX/jto2grQ8GHu/NMDPPjwTX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOowVZTUailA1faKZ4AGrAQfBmpFiRPqCNfzh5dhv3DGleRjcwihibUn6Ae9xSsBIHftwgD3NJT5zPGD3oGRykrplxzvGnox/JJl27KJTcibA88TNSBFlqHbsT68b0liyAKggWrdcJ4J2QhRwKlha8GLNIkKHpM9ahgZEMt1OJv+k+MAoXdwLlakA8ET9PZEQqfVI+qZTEhjoWW8s/ue1YuhdtBMeRDGwgE4X9WKBIcTjcHCXK0ZBjAwhVHFzK6YDoggFE2HBhODOvjxP6uWS65Tcm9Ni5TqLI4/20D46Qi46RxV0haqohih6QE/oBb1aj9az9Wa9T1tzVjazi/7A+vgGvp6b4w==</latexit><latexit sha1_base64="vkISQCL4HzjmbKp4o31ZPuyppiY=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFg5akKHoseNFbBfsBTSmb7bZdupuE3YlYQv6BF/+KFw+KePXqzX/jto2grQ8GHu/NMDPPjwTX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOowVZTUailA1faKZ4AGrAQfBmpFiRPqCNfzh5dhv3DGleRjcwihibUn6Ae9xSsBIHftwgD3NJT5zPGD3oGRykrplxzvGnox/JJl27KJTcibA88TNSBFlqHbsT68b0liyAKggWrdcJ4J2QhRwKlha8GLNIkKHpM9ahgZEMt1OJv+k+MAoXdwLlakA8ET9PZEQqfVI+qZTEhjoWW8s/ue1YuhdtBMeRDGwgE4X9WKBIcTjcHCXK0ZBjAwhVHFzK6YDoggFE2HBhODOvjxP6uWS65Tcm9Ni5TqLI4/20D46Qi46RxV0haqohih6QE/oBb1aj9az9Wa9T1tzVjazi/7A+vgGvp6b4w==</latexit>

biofilm shear modulusGfilm ⇠ 1-2 kPa
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nutrient limited growth

force balance 

friction between expanding 
biofilm and substrate

mechanics of biofilm is modeled as a 
plane stress thin plate made from a nearly 

incompressible neo-Hookean material
wrinkling instability  

occurs once a critical 
compressive stress is 
reached inside biofilm
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Exx = age of mouse 
embryo in days 

J. Metzger et al., Nature 453, 745 (2008)

lateral branches (Fig. 1b). The spacing of branches in each row and the
order in which rows trigger (Fig. 2c) are the same as in the L lineage,
but the proximal–distal positions at which rows initiate and the

number of branches in each row are not. For example, the first
dorsal branch (RCd.D1) forms proximal to the first lateral branch
(RCd.L1), whereas in the L lineage the first dorsal branch (L.D1)
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Figure 1 | Branching morphogenesis of the mouse bronchial tree. a, Whole-
mount lungs (ventral view) at the embryonic day indicated immunostained
for E-cadherin (green) to show the airway epithelium. Dotted lines show the
right cranial (RCr), right middle (RMd), accessory (RAc), right caudal (RCd)
and left (L) lobes. Scale bar, 500mm. b, Reconstructing branching dynamics
using three E12 specimens ,3 h apart in age. Lateral secondary branches
L1–3 (dots in b, c) sprout in a proximal-to-distal order from the left (L)

primary branch, as do the lateral secondary branches L1 (box in b, c) and L2
from the distal (RCd) portion of the right (R) primary branch. Scale bar,
200mm. c, Branch lineage diagram for the oldest lung in b. Branch names
indicate the lineage, for example, RCd.L1 is first lateral secondary branch
off RCd. d, Lineage diagram of RCd.L1 showing 250 descendant branches
at E15 (box in a). A, anterior; D, dorsal; L, lateral; M, medial; P, posterior;
V, ventral; asterisk, orientation can vary.
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Figure 2 | Branching modes in lung development.
a–c, Domain branching. a, Schematics of lateral and
dorsal secondary branches budding from L. Lateral
secondary branches (L1–5) bud in proximal-to-
distal order. Proximal-to-distal branching begins
again in the second domain (projecting into the
plane of the figure) to form a row of dorsal
secondary branches (D1–4, dashed circles). Right
panel, E14 schematic rotated 90u to show dorsal
branches. b, Lineage diagram of secondary branches
from L. Branches form in four domains: lateral (L),
dorsal (D), medial (M) and ventral (V), indicated by
blue bars. c, Schematic cross sections through L and
the three other branches indicated, showing
positions of domains and the order (arrows) in
which domains are used. d, Planar bifurcation.
Ventral view of the branch L.L2 in a series of fixed
specimens from E13 to E16, showing sequential
bifurcations along the A–P axis. E15 and E16
specimens were stained with anti-smooth muscle
a-actin to highlight early branch generations, which
are surrounded by smooth muscle. Dotted lines
outline bifurcations. Right panel, lineage of L.L2
descendants formed by planar bifurcation;
branches not yet formed in the E16 specimen are in
grey. Scale bar, 100mm. e, Orthogonal bifurcation.
End-on (dorsal) views of branches indicated in a
developmental series of E13 and E14 specimens.
L.D2 bifurcates along the L–M axis, and its
daughters along the A–P axis, whereas RCd.D1
bifurcates along the A–P axis and its daughters
along the L–M axis. Scale bar, 100mm. f, Schematics
of branching modes. The first bifurcation in a series
is classified retrospectively based on the orientation
of the subsequent bifurcation. Icons show
patterning and morphogenesis operations inferred
for each mode: proximal–distal periodicity
generator, circumferential domain specifier, branch
bifurcator, and bifurcation plane rotator.
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lateral branches (Fig. 1b). The spacing of branches in each row and the
order in which rows trigger (Fig. 2c) are the same as in the L lineage,
but the proximal–distal positions at which rows initiate and the

number of branches in each row are not. For example, the first
dorsal branch (RCd.D1) forms proximal to the first lateral branch
(RCd.L1), whereas in the L lineage the first dorsal branch (L.D1)
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Figure 1 | Branching morphogenesis of the mouse bronchial tree. a, Whole-
mount lungs (ventral view) at the embryonic day indicated immunostained
for E-cadherin (green) to show the airway epithelium. Dotted lines show the
right cranial (RCr), right middle (RMd), accessory (RAc), right caudal (RCd)
and left (L) lobes. Scale bar, 500mm. b, Reconstructing branching dynamics
using three E12 specimens ,3 h apart in age. Lateral secondary branches
L1–3 (dots in b, c) sprout in a proximal-to-distal order from the left (L)

primary branch, as do the lateral secondary branches L1 (box in b, c) and L2
from the distal (RCd) portion of the right (R) primary branch. Scale bar,
200mm. c, Branch lineage diagram for the oldest lung in b. Branch names
indicate the lineage, for example, RCd.L1 is first lateral secondary branch
off RCd. d, Lineage diagram of RCd.L1 showing 250 descendant branches
at E15 (box in a). A, anterior; D, dorsal; L, lateral; M, medial; P, posterior;
V, ventral; asterisk, orientation can vary.
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Figure 2 | Branching modes in lung development.
a–c, Domain branching. a, Schematics of lateral and
dorsal secondary branches budding from L. Lateral
secondary branches (L1–5) bud in proximal-to-
distal order. Proximal-to-distal branching begins
again in the second domain (projecting into the
plane of the figure) to form a row of dorsal
secondary branches (D1–4, dashed circles). Right
panel, E14 schematic rotated 90u to show dorsal
branches. b, Lineage diagram of secondary branches
from L. Branches form in four domains: lateral (L),
dorsal (D), medial (M) and ventral (V), indicated by
blue bars. c, Schematic cross sections through L and
the three other branches indicated, showing
positions of domains and the order (arrows) in
which domains are used. d, Planar bifurcation.
Ventral view of the branch L.L2 in a series of fixed
specimens from E13 to E16, showing sequential
bifurcations along the A–P axis. E15 and E16
specimens were stained with anti-smooth muscle
a-actin to highlight early branch generations, which
are surrounded by smooth muscle. Dotted lines
outline bifurcations. Right panel, lineage of L.L2
descendants formed by planar bifurcation;
branches not yet formed in the E16 specimen are in
grey. Scale bar, 100mm. e, Orthogonal bifurcation.
End-on (dorsal) views of branches indicated in a
developmental series of E13 and E14 specimens.
L.D2 bifurcates along the L–M axis, and its
daughters along the A–P axis, whereas RCd.D1
bifurcates along the A–P axis and its daughters
along the L–M axis. Scale bar, 100mm. f, Schematics
of branching modes. The first bifurcation in a series
is classified retrospectively based on the orientation
of the subsequent bifurcation. Icons show
patterning and morphogenesis operations inferred
for each mode: proximal–distal periodicity
generator, circumferential domain specifier, branch
bifurcator, and bifurcation plane rotator.
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bifurcations 

domain branching 
Formation of new branches 

is highly reproducible in 
both space and time.
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(K. Goodwin)

Smooth muscles differentiate from 
the surrounding mesenchyme.

epithelium
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lateral branches (Fig. 1b). The spacing of branches in each row and the
order in which rows trigger (Fig. 2c) are the same as in the L lineage,
but the proximal–distal positions at which rows initiate and the

number of branches in each row are not. For example, the first
dorsal branch (RCd.D1) forms proximal to the first lateral branch
(RCd.L1), whereas in the L lineage the first dorsal branch (L.D1)
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Figure 1 | Branching morphogenesis of the mouse bronchial tree. a, Whole-
mount lungs (ventral view) at the embryonic day indicated immunostained
for E-cadherin (green) to show the airway epithelium. Dotted lines show the
right cranial (RCr), right middle (RMd), accessory (RAc), right caudal (RCd)
and left (L) lobes. Scale bar, 500mm. b, Reconstructing branching dynamics
using three E12 specimens ,3 h apart in age. Lateral secondary branches
L1–3 (dots in b, c) sprout in a proximal-to-distal order from the left (L)

primary branch, as do the lateral secondary branches L1 (box in b, c) and L2
from the distal (RCd) portion of the right (R) primary branch. Scale bar,
200mm. c, Branch lineage diagram for the oldest lung in b. Branch names
indicate the lineage, for example, RCd.L1 is first lateral secondary branch
off RCd. d, Lineage diagram of RCd.L1 showing 250 descendant branches
at E15 (box in a). A, anterior; D, dorsal; L, lateral; M, medial; P, posterior;
V, ventral; asterisk, orientation can vary.
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Figure 2 | Branching modes in lung development.
a–c, Domain branching. a, Schematics of lateral and
dorsal secondary branches budding from L. Lateral
secondary branches (L1–5) bud in proximal-to-
distal order. Proximal-to-distal branching begins
again in the second domain (projecting into the
plane of the figure) to form a row of dorsal
secondary branches (D1–4, dashed circles). Right
panel, E14 schematic rotated 90u to show dorsal
branches. b, Lineage diagram of secondary branches
from L. Branches form in four domains: lateral (L),
dorsal (D), medial (M) and ventral (V), indicated by
blue bars. c, Schematic cross sections through L and
the three other branches indicated, showing
positions of domains and the order (arrows) in
which domains are used. d, Planar bifurcation.
Ventral view of the branch L.L2 in a series of fixed
specimens from E13 to E16, showing sequential
bifurcations along the A–P axis. E15 and E16
specimens were stained with anti-smooth muscle
a-actin to highlight early branch generations, which
are surrounded by smooth muscle. Dotted lines
outline bifurcations. Right panel, lineage of L.L2
descendants formed by planar bifurcation;
branches not yet formed in the E16 specimen are in
grey. Scale bar, 100mm. e, Orthogonal bifurcation.
End-on (dorsal) views of branches indicated in a
developmental series of E13 and E14 specimens.
L.D2 bifurcates along the L–M axis, and its
daughters along the A–P axis, whereas RCd.D1
bifurcates along the A–P axis and its daughters
along the L–M axis. Scale bar, 100mm. f, Schematics
of branching modes. The first bifurcation in a series
is classified retrospectively based on the orientation
of the subsequent bifurcation. Icons show
patterning and morphogenesis operations inferred
for each mode: proximal–distal periodicity
generator, circumferential domain specifier, branch
bifurcator, and bifurcation plane rotator.
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bifurcations 

RESULTS

Terminal Bifurcation of the Airway Epithelium Is
Accompanied by Smooth Muscle Differentiation
The branched architecture of the mammalian lung is sculpted
in part by repeated bifurcations of the terminal ends of the
growing airways (Metzger et al., 2008). To follow the dynamics
of tissue morphogenesis during terminal bifurcation, we imaged
the branching of lungs explanted from E12 mouse embryos in
real time (Figure 1A; Movie S1). At this stage of development, ter-
minal bifurcations proceeded through a stereotyped sequence
of events: the nascent epithelial bud first swelled at its tip
(stage 1), it flattened (stage 2), and then a cleft appeared at the
midline (stage 3; Figure 1B). The cleft then deepened as each
side of the bifurcation elongated (stage 4). Quantitative morpho-
metric analysis (Figure 1C) revealed that the stem of the bud
narrowed as the tip swelled (Figure S1A), and the neck of each
side of the bifurcating bud narrowed as the cleft deepened (Fig-
ure S1B), consistent with qualitative descriptions of bifurcation
reported by others (Schnatwinkel and Niswander, 2013).

The narrowing of the stem and neck regions of the bud during
terminal bifurcation suggested that these changes in epithelial
shape might be influenced by the surrounding mesenchyme.
Both the airway smooth muscle and the vascular endothelium
actively differentiate from mesenchymal progenitors during
lung development (Kumar et al., 2014; Schachtner et al., 2000;
Tollet et al., 2001). Immunostaining for aSMA or platelet endo-
thelial cell adhesion molecule (PECAM) revealed that both cell

Figure 1. Smooth Muscle Differentiation Is
Required for Airway Epithelial Bifurcation
(A) At E12, the embryonic mouse lung has two

left (L1 and L2) buds, and the right cranial (Cr) lobe

has started to bifurcate. The dotted line indicates

the airway epithelium, which is surrounded by

mesenchyme.

(B) Snapshots were taken from time-lapse movies.

Scale bars, 100 mm.

(C) Morphometric parameters were used to quan-

tify the kinematics of terminal bifurcation.

(D) Airway smooth muscle wraps around the

bifurcating neck. Scale bars, 50 mm.

(E and F) Smooth muscle differentiation is inhibited

using nifedipine (10 mM). Shown are staining and

qRT-PCR analysis of the smooth muscle markers

aSMA (acta2), calponin-1, smooth muscle myosin

heavy chain (smMHC), transgelin (tagln; SM22a),

and the transcription factor SRF. Shown are

mean ± SD for three independent experiments.

Scale bar, 50 mm.

(G) Branching morphogenesis was quantified as

the number of terminal buds after drug treatment.

Shown are mean ± SD for nR 9 for each condition;

*p < 0.05; **p < 0.01.

See also Figure S1 and Movies S1 and S2.

types were localized around the branch-
ing epithelium at E12.5 (Figure S1C).
At areas actively undergoing bifurcation,
the airway smooth muscle (Figure 1D;
Movie S2) and the vascular endothelium
(Figure S1D) appeared to wrap from the

primary bronchus and up around the stem of the bud. To deter-
mine whether these mesenchymal cell populations are required
for terminal bifurcation of the epithelium, we inhibited airway
smooth muscle contraction using the L-type calcium channel
blocker nifedipine (McCray, 1993; Roman, 1995) and blood
vessel formation using the vascular endothelial growth factor
receptor antagonist SU5416 (Fong et al., 1999). Inhibiting
smooth muscle contraction both reduced the extent of smooth
muscle differentiation (Figures 1E and 1F) and blocked
terminal bifurcation of the epithelium (Figure 1G; Figure S1F).
In contrast, although inhibiting vascular development signifi-
cantly decreased the number of epithelial branches (Figures
S1E and S1G), consistent with previously published work (Havri-
lak and Shannon, 2015; Lazarus et al., 2011), the absence of
vasculature did not completely prevent terminal bifurcation of
the epithelium (Figure 1G).

Airway Smooth Muscle Localizes to the Cleft prior to
Terminal Bifurcation
To investigate whether the pattern of airway smooth muscle
plays an active role in epithelial bifurcation, we followed the
dynamics of smooth muscle development using time-lapse im-
aging of embryonic lungs explanted from transgenic reporter
mice that express red fluorescent protein (RFP) downstream of
the aSMA promoter (aSMA-RFP) (Figure S2A) (Magness et al.,
2004). Analysis of the spatiotemporal dynamics of the epithelium
and smooth muscle revealed that the localized RFP signal first
appears at the midline of the basal surface of the swollen bud
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and then expands and increases in intensity at the bifurcating
cleft and neck of the buds (Figure 2A; Movie S3). Thereafter,
the intensity of the RFP signal continues to increase as the
smooth muscle wraps around the entire neck of the bifurcating
bud (Figure 2B). Strikingly, kymograph analysis of the area of
the future cleft revealed that smooth muscle cells appear at the
cleft site before the epithelial bifurcation begins (Figure 2A).
This appearance of the aSMA-RFP signal at the future cleft site
was observed consistently in multiple explants 8.6 ± 1.9 hr prior
to bifurcation of the epithelium (Figure 2C). Immunofluorescence
analysis of fixed specimens confirmed the presence of a small
population of aSMA-positive mesenchymal cells that appear at
the midline of the basal surface of the epithelial bud prior to
the formation of the cleft (Figure 2D; Figures S2B–S2D). Based
on these observations, we hypothesized that terminal bifurcation
of the airway epithelium is directed by localized differentiation of
smooth muscle cells (Figure 2E).

Stereotyped Smooth Muscle Differentiation Is Required
for Terminal Bifurcation
To determine whether localized differentiation of smooth muscle
at the future cleft site is required for terminal bifurcation of the
airway epithelium, we pharmacologically perturbed the pattern
of smooth muscle differentiation around the nascent buds.
Disrupting FGF signaling using a fibroblast growth factor recep-
tor (FGFR) tyrosine kinase inhibitor (SU5402) (Mohammadi et al.,
1997) or activating SHH signaling using smoothened agonist
(SAG) (Chen et al., 2002b; Radzikinas et al., 2011) induced the
formation of ectopic smooth muscle around the entire airway
epithelium but with different spatial patterns. Treatment with
SU5402 caused smooth muscle to wrap completely around the
airway epithelium, with smooth muscle cells aligning in a direc-
tion perpendicular to that of bud extension (Figure 3A; Figures
S3A and S3B) but without increasing the overall expression of
markers of smooth muscle differentiation (Figure S3C). Develop-
ment of this tightly wrapped smooth muscle appeared to block
further epithelial branching, even after initial formation of the
cleft (Figures 3A–3C; arrows in SU5402). In contrast, treatment
with SAG led to randomly oriented ectopic smooth muscle
throughout large regions of the mesenchyme, including the
areas in between buds (Figure 3A; Figures S3A and S3B). The
epithelium failed to bifurcate and instead formed several shallow
buckles along its surface (Figure 3C). Ectopic smooth muscle
thus prevented terminal bifurcation and inhibited normal branch-
ing morphogenesis.
Conversely, treatment with either nifedipine or SHH antagonist

cyclopamine (Chen et al., 2002a) decreased smooth muscle
differentiation (Figure S3C), which was limited to regions around
the primary bronchus and absent from regions surrounding
the bud (Figure 3A; Figure S3A). These treatments prevented

Figure 2. Smooth Muscle Appears at Cleft Sites prior to Terminal
Bifurcation
(A) Snapshots from time-lapse movie of the aSMA-RFP lung explant. The

kymograph shows the temporal sequence of aSMA expression from regions

indicated in the yellow inset (12 hr). The airway epithelium is outlined by a

dotted red line. Scale bars, 100 mm.

(B) Quantification of morphometric parameters and aSMA intensity as a

function of time. The yellow shaded region indicates the duration of aSMA

appearance at the bud tip prior to bifurcation. Arrows on top indicate the timing

of the first appearance of aSMA (left yellow arrow) and terminal bifurcation

(right yellow arrow). aSMA-RFP intensity wasmeasured along the perimeter of

the bud tip.

(C) Quantification of time-lapse movies showing average duration of appear-

ance of aSMA-positive cells prior to the bifurcation (mean ± SD for five inde-

pendent experiments).

(D) Immunostained buds before and after the terminal bifurcation. Scale

bars, 50 mm.

(E) Schematic representation of smooth muscle localization during terminal

bifurcation of the airway epithelium.

See also Figure S2 and Movie S3.
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Smooth muscle differentiation 
is required for airway bifurcation 
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What physical mechanisms drive the 
formation of new domain branches?
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lateral branches (Fig. 1b). The spacing of branches in each row and the
order in which rows trigger (Fig. 2c) are the same as in the L lineage,
but the proximal–distal positions at which rows initiate and the

number of branches in each row are not. For example, the first
dorsal branch (RCd.D1) forms proximal to the first lateral branch
(RCd.L1), whereas in the L lineage the first dorsal branch (L.D1)
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Figure 1 | Branching morphogenesis of the mouse bronchial tree. a, Whole-
mount lungs (ventral view) at the embryonic day indicated immunostained
for E-cadherin (green) to show the airway epithelium. Dotted lines show the
right cranial (RCr), right middle (RMd), accessory (RAc), right caudal (RCd)
and left (L) lobes. Scale bar, 500mm. b, Reconstructing branching dynamics
using three E12 specimens ,3 h apart in age. Lateral secondary branches
L1–3 (dots in b, c) sprout in a proximal-to-distal order from the left (L)

primary branch, as do the lateral secondary branches L1 (box in b, c) and L2
from the distal (RCd) portion of the right (R) primary branch. Scale bar,
200mm. c, Branch lineage diagram for the oldest lung in b. Branch names
indicate the lineage, for example, RCd.L1 is first lateral secondary branch
off RCd. d, Lineage diagram of RCd.L1 showing 250 descendant branches
at E15 (box in a). A, anterior; D, dorsal; L, lateral; M, medial; P, posterior;
V, ventral; asterisk, orientation can vary.
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Figure 2 | Branching modes in lung development.
a–c, Domain branching. a, Schematics of lateral and
dorsal secondary branches budding from L. Lateral
secondary branches (L1–5) bud in proximal-to-
distal order. Proximal-to-distal branching begins
again in the second domain (projecting into the
plane of the figure) to form a row of dorsal
secondary branches (D1–4, dashed circles). Right
panel, E14 schematic rotated 90u to show dorsal
branches. b, Lineage diagram of secondary branches
from L. Branches form in four domains: lateral (L),
dorsal (D), medial (M) and ventral (V), indicated by
blue bars. c, Schematic cross sections through L and
the three other branches indicated, showing
positions of domains and the order (arrows) in
which domains are used. d, Planar bifurcation.
Ventral view of the branch L.L2 in a series of fixed
specimens from E13 to E16, showing sequential
bifurcations along the A–P axis. E15 and E16
specimens were stained with anti-smooth muscle
a-actin to highlight early branch generations, which
are surrounded by smooth muscle. Dotted lines
outline bifurcations. Right panel, lineage of L.L2
descendants formed by planar bifurcation;
branches not yet formed in the E16 specimen are in
grey. Scale bar, 100mm. e, Orthogonal bifurcation.
End-on (dorsal) views of branches indicated in a
developmental series of E13 and E14 specimens.
L.D2 bifurcates along the L–M axis, and its
daughters along the A–P axis, whereas RCd.D1
bifurcates along the A–P axis and its daughters
along the L–M axis. Scale bar, 100mm. f, Schematics
of branching modes. The first bifurcation in a series
is classified retrospectively based on the orientation
of the subsequent bifurcation. Icons show
patterning and morphogenesis operations inferred
for each mode: proximal–distal periodicity
generator, circumferential domain specifier, branch
bifurcator, and bifurcation plane rotator.
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cross-sections

25µm
<latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit><latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit><latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit>

Lungs at E12
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C1

C2

C3

E11.5 E12 E12.5

onset of new 
branch formation

E11.5 E12 E12.5

Growth pattern of epithelium
cross-sections

M L
M L

25µm
<latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit><latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit><latexit sha1_base64="7tvIrvQs73MMNNlmlPm2LrHF9w4=">AAAB+nicdZBLSwMxFIUzPmt9jXXpJlgEF1Kmpa2dXcGNyxasLXSGkknTNjSZGZI70jIU/CVuXKi49Ze489+YPgQVPRD4OOeG3JwgFlyD43xYa+sbm1vbmZ3s7t7+waF9lLvVUaIoa9FIRKoTEM0ED1kLOAjWiRUjMhCsHYyv5nn7jinNo/AGpjHzJRmGfMApAWP17Fyp4l1gTyYesAkomcpZz847BbdcqTouXkCl5qzAreJiwVkoj1Zq9Ox3rx/RRLIQqCBad4tODH5KFHAq2CzrJZrFhI7JkHUNhkQy7aeL3Wf4zDh9PIiUOSHghfv9Rkqk1lMZmElJYKR/Z3Pzr6ybwKDmpzyME2AhXT40SASGCM+LwH2uGAUxNUCo4mZXTEdEEQqmrqwp4eun+H9olQpuwWmW8/Xm/bKNDDpBp+gcFdElqqNr1EAtRNEEPaAn9GzNrEfrxXpdjq5ZqwaP0Q9Zb5+ZPZTZ</latexit>

Lungs at E12



Formation of new domain branch  32

What is the relative 
importance of differential 

growth and smooth 
muscle differentiation for 

the formation of new 
domain branch?

C1

C2

C3

E11.5 E12 E12.5

E11.5 E12 E12.5E11.5 E12 E12.5
Differential growthSmooth muscle differentiation



 33Modeling growing tissues

growth + 
elastic deformationreference 

undeformed 
state

deformed 
state

i, j, k 2 x, y, z
<latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit>

Xi
<latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit>

ri = �i(Xj)
<latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit>



 33Modeling growing tissues

growth + 
elastic deformationreference 

undeformed 
state

deformed 
state

i, j, k 2 x, y, z
<latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit>

Xi
<latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit>

ri = �i(Xj)
<latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit>

elastic 
deformation

growth



 33Modeling growing tissues

growth + 
elastic deformationreference 

undeformed 
state

deformed 
state

i, j, k 2 x, y, z
<latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit>

Xi
<latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit>

ri = �i(Xj)
<latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit>

elastic 
deformation

growth

deformation 
gradient tensor

Fij =
@�i

@Xj
<latexit sha1_base64="5znh5meZdiyOl3tJ4DMmayfwPsw="></latexit><latexit sha1_base64="5znh5meZdiyOl3tJ4DMmayfwPsw="></latexit><latexit sha1_base64="5znh5meZdiyOl3tJ4DMmayfwPsw="></latexit>

only elastic part of 
deformation gradient 

is associated with 
stresses in tissues

F e
ij =

X

k

Fik

�
Fg

�1
�
kj

<latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit><latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit><latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit>

F e
ij

<latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit><latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit><latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit>

Fij =
X

k

F e
ikF

g
kj

<latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit><latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit><latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit>

F g
ij

<latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit><latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit><latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit>



 34Modeling growing tissues
elastic part of 

deformation gradient

elastic 
deformation

growth

growth + 
elastic deformationreference 

undeformed 
state

deformed 
state

i, j, k 2 x, y, z
<latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit><latexit sha1_base64="LeWzw9aQKZlrkn2FDtRZXZZ0fjg=">AAAB+XicbVBNS8NAEJ34WetXq0cvi0XwEEoignorePEkFYwttKFsttt27WYTdjdqjP0pXjyoePWfePPfuG1z0NYHA4/3ZpiZF8ScKe0439bC4tLyymphrbi+sbm1XSrv3KgokYR6JOKRbAZYUc4E9TTTnDZjSXEYcNoIhudjv3FHpWKRuNZpTP0Q9wXrMYK1kTqlMrNv7SFqM4GyBzu1H0edUsWpOhOgeeLmpAI56p3SV7sbkSSkQhOOlWq5Tqz9DEvNCKejYjtRNMZkiPu0ZajAIVV+Njl9hA6M0kW9SJoSGk3U3xMZDpVKw8B0hlgP1Kw3Fv/zWonunfoZE3GiqSDTRb2EIx2hcQ6oyyQlmqeGYCKZuRWRAZaYaJNW0YTgzr48T7yj6lnVuTqu1C7zNAqwB/twCC6cQA0uoA4eELiHZ3iFN+vJerHerY9p64KVz+zCH1ifP0y2kvg=</latexit>

Xi
<latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit><latexit sha1_base64="wzxFY312ohB9M0YIJEe7fRep77M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfbvHe9WaW3dnIMvEK0gNCjR71a9uP2FZjNIwQbXueG5qgpwqw5nASaWbaUwpG9EBdiyVNEYd5LNTJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5OZ6DLIuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadig3BW3x5mfhn9au6e3dea9wWaZThCI7hFDy4gAbcQBN8YDCAZ3iFN0c4L8678zFvLTnFzCH8gfP5A6DHjZc=</latexit>

ri = �i(Xj)
<latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit><latexit sha1_base64="jbnJIzKFHXB8/hIYYG8uesvAZLE=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRUBPUgFLx4kgrGFtoQNttNu3azCbsbpcT+FC8eVLz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLS8srpWXC9tbG5t79jl3TsVp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfBy4rceqFQsFrd6lFAvwn3BQkawNpJvl6XP0AXqJgPms2rbvz/y7YpTc6ZAi6SekwrkaPr2V7cXkzSiQhOOlerUnUR7GZaaEU7HpW6qaILJEPdpx1CBI6q8bHr6GB0apYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ndVIdnnkZE0mqqSCzRWHKkY7RJAfUY5ISzUeGYCKZuRWRAZaYaJNWyYRQn395kbjHtfOac3NSaVznaRRhHw6gCnU4hQZcQRNcIPAIz/AKb9aT9WK9Wx+z1oKVz+zBH1ifP/y+ksI=</latexit>

F e
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X

k

Fik
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Fg
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�
kj

<latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit><latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit><latexit sha1_base64="aUSkgZZM7sfd7sSrvfr1JYayLf0="></latexit>

Elastic energy (neo Hookean model)

F e
ij

<latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit><latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit><latexit sha1_base64="SoK+ZsalYGAGQTTrGbRlvJ1nhpE=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrCOJJKri20K4lm07baPbDJCuUpX/CiwcVr/4eb/4bs20FFX0w8Hhvhpl5fiyFNoR8OLmFxaXllfxqYW19Y3OruL1zpaNEcXB5JCPV9pkGKUJwjTAS2rECFvgSWv7tSea37kFpEYWXZhyDF7BhKAaCM2Ol9uk19FJxM+kVS6RMCKGU4ozQ6jGxpF6vVWgN08yyKKE5mr3ie7cf8SSA0HDJtO5QEhsvZcoILmFS6CYaYsZv2RA6loYsAO2l03sn+MAqfTyIlK3Q4Kn6fSJlgdbjwLedATMj/dvLxL+8TmIGNS8VYZwYCPls0SCR2EQ4ex73hQJu5NgSxpWwt2I+YopxYyMq2BC+PsX/E7dSrpfJxVGpcT5PI4/20D46RBRVUQOdoSZyEUcSPaAn9OzcOY/Oi/M6a80585ld9APO2yfSRJAS</latexit>

Fij =
X

k

F e
ikF

g
kj

<latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit><latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit><latexit sha1_base64="B/AgRjnhthOaJrTI7yQ4izFafLQ="></latexit>

F g
ij

<latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit><latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit><latexit sha1_base64="shLExS27BUexiQTD73elnmur+5g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgVBHElFYwttLFMppN27GQSZyZCCf0JNy5U3Po97vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFpeWV1bXiemljc2t7p7y7dy3jVGDi4ZjFohMgSRjlxFNUMdJJBEFRwEg7GJ/mfvueCEljfqUmCfEjNOQ0pBgpLXXObob9jN5O++WKZTbqVcetQsu0rJrt2Dlxau6JC22t5KiABVr98ntvEOM0IlxhhqTs2lai/AwJRTEj01IvlSRBeIyGpKspRxGRfja7dwqPtDKAYSx0cQVn6veJDEVSTqJAd0ZIjeRvLxf/8rqpCut+RnmSKsLxfFGYMqhimD8PB1QQrNhEE4QF1bdCPEICYaUjKukQvj6F/xPPMRumdelWmheLNIrgAByCY2CDGmiCc9ACHsCAgQfwBJ6NO+PReDFe560FYzGzD37AePsE6GGQIA==</latexit>

µ =
E

2(1 + ⌫)
<latexit sha1_base64="iMxfsrsBWSsDj3NQS4MUKbo21gw=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARKkJJiqAuhIIIrqSCsYUmlMl00g6dTMI8hBLixl9x40LFrZ/hzr9x+lho64ELh3Pu5d57wpRRqRzn2yosLC4trxRXS2vrG5tb9vbOvUy0wMTDCUtEK0SSMMqJp6hipJUKguKQkWY4uBz5zQciJE34nRqmJIhRj9OIYqSM1LH3/FjDC+hHAuHsKs9qFffY5/oo79hlp+qMAeeJOyVlMEWjY3/53QTrmHCFGZKy7TqpCjIkFMWM5CVfS5IiPEA90jaUo5jIIBt/kMNDo3RhlAhTXMGx+nsiQ7GUwzg0nTFSfTnrjcT/vLZW0VmQUZ5qRTieLIo0gyqBozhglwqCFRsagrCg5laI+8iEoUxoJROCO/vyPPFq1fOqc3tSrt9M0yiCfXAAKsAFp6AOrkEDeACDR/AMXsGb9WS9WO/Wx6S1YE1ndsEfWJ8/6+OVgA==</latexit><latexit sha1_base64="iMxfsrsBWSsDj3NQS4MUKbo21gw=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARKkJJiqAuhIIIrqSCsYUmlMl00g6dTMI8hBLixl9x40LFrZ/hzr9x+lho64ELh3Pu5d57wpRRqRzn2yosLC4trxRXS2vrG5tb9vbOvUy0wMTDCUtEK0SSMMqJp6hipJUKguKQkWY4uBz5zQciJE34nRqmJIhRj9OIYqSM1LH3/FjDC+hHAuHsKs9qFffY5/oo79hlp+qMAeeJOyVlMEWjY3/53QTrmHCFGZKy7TqpCjIkFMWM5CVfS5IiPEA90jaUo5jIIBt/kMNDo3RhlAhTXMGx+nsiQ7GUwzg0nTFSfTnrjcT/vLZW0VmQUZ5qRTieLIo0gyqBozhglwqCFRsagrCg5laI+8iEoUxoJROCO/vyPPFq1fOqc3tSrt9M0yiCfXAAKsAFp6AOrkEDeACDR/AMXsGb9WS9WO/Wx6S1YE1ndsEfWJ8/6+OVgA==</latexit><latexit sha1_base64="iMxfsrsBWSsDj3NQS4MUKbo21gw=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARKkJJiqAuhIIIrqSCsYUmlMl00g6dTMI8hBLixl9x40LFrZ/hzr9x+lho64ELh3Pu5d57wpRRqRzn2yosLC4trxRXS2vrG5tb9vbOvUy0wMTDCUtEK0SSMMqJp6hipJUKguKQkWY4uBz5zQciJE34nRqmJIhRj9OIYqSM1LH3/FjDC+hHAuHsKs9qFffY5/oo79hlp+qMAeeJOyVlMEWjY3/53QTrmHCFGZKy7TqpCjIkFMWM5CVfS5IiPEA90jaUo5jIIBt/kMNDo3RhlAhTXMGx+nsiQ7GUwzg0nTFSfTnrjcT/vLZW0VmQUZ5qRTieLIo0gyqBozhglwqCFRsagrCg5laI+8iEoUxoJROCO/vyPPFq1fOqc3tSrt9M0yiCfXAAKsAFp6AOrkEDeACDR/AMXsGb9WS9WO/Wx6S1YE1ndsEfWJ8/6+OVgA==</latexit>

Lame constants

� =
E⌫

(1 + ⌫)(1� 2⌫)
<latexit sha1_base64="FVg7K5d7xfm+5q/3oUXWow7LBPo=">AAACEXicbVDNSsNAGNzUv1r/oh69LBahRSxJEdSDUBDBk1QwttCEstls2qWbTdjdCCXkGbz4Kl48qHj15s23cdP2oNWBhWFmPr79xk8YlcqyvozSwuLS8kp5tbK2vrG5ZW7v3Mk4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxRxeF37knQtKY36pxQrwIDTgNKUZKS32z7jIdDhA8h24oEM4uoctTmGc1+1CTes0+ahZKPe+bVathTQD/EntGqmCGdt/8dIMYpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1sclIOD7QSwDAW+nEFJ+rPiQxFUo4jXycjpIZy3ivE/7xeqsJTL6M8SRXheLooTBlUMSz6gQEVBCs21gRhQfVfIR4i3YzSLVZ0Cfb8yX+J02ycNayb42rretZGGeyBfVADNjgBLXAF2sABGDyAJ/ACXo1H49l4M96n0ZIxm9kFv2B8fAO7RZs2</latexit><latexit sha1_base64="FVg7K5d7xfm+5q/3oUXWow7LBPo=">AAACEXicbVDNSsNAGNzUv1r/oh69LBahRSxJEdSDUBDBk1QwttCEstls2qWbTdjdCCXkGbz4Kl48qHj15s23cdP2oNWBhWFmPr79xk8YlcqyvozSwuLS8kp5tbK2vrG5ZW7v3Mk4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxRxeF37knQtKY36pxQrwIDTgNKUZKS32z7jIdDhA8h24oEM4uoctTmGc1+1CTes0+ahZKPe+bVathTQD/EntGqmCGdt/8dIMYpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1sclIOD7QSwDAW+nEFJ+rPiQxFUo4jXycjpIZy3ivE/7xeqsJTL6M8SRXheLooTBlUMSz6gQEVBCs21gRhQfVfIR4i3YzSLVZ0Cfb8yX+J02ycNayb42rretZGGeyBfVADNjgBLXAF2sABGDyAJ/ACXo1H49l4M96n0ZIxm9kFv2B8fAO7RZs2</latexit><latexit sha1_base64="FVg7K5d7xfm+5q/3oUXWow7LBPo=">AAACEXicbVDNSsNAGNzUv1r/oh69LBahRSxJEdSDUBDBk1QwttCEstls2qWbTdjdCCXkGbz4Kl48qHj15s23cdP2oNWBhWFmPr79xk8YlcqyvozSwuLS8kp5tbK2vrG5ZW7v3Mk4FZg4OGax6PpIEkY5cRRVjHQTQVDkM9LxRxeF37knQtKY36pxQrwIDTgNKUZKS32z7jIdDhA8h24oEM4uoctTmGc1+1CTes0+ahZKPe+bVathTQD/EntGqmCGdt/8dIMYpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1sclIOD7QSwDAW+nEFJ+rPiQxFUo4jXycjpIZy3ivE/7xeqsJTL6M8SRXheLooTBlUMSz6gQEVBCs21gRhQfVfIR4i3YzSLVZ0Cfb8yX+J02ycNayb42rretZGGeyBfVADNjgBLXAF2sABGDyAJ/ACXo1H49l4M96n0ZIxm9kFv2B8fAO7RZs2</latexit>

Young’s modulus Poisson’s ratioE
<latexit sha1_base64="fF0UaLeXSu1mNVvneg+NPy8ZN6Y=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FETxJC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMrqd+6wmV5rG8N+ME/YgOJA85o8ZKzZteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6p3+VpFOEIjuEUanABdbiFBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHCtCMqA==</latexit><latexit sha1_base64="fF0UaLeXSu1mNVvneg+NPy8ZN6Y=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FETxJC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMrqd+6wmV5rG8N+ME/YgOJA85o8ZKzZteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6p3+VpFOEIjuEUanABdbiFBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHCtCMqA==</latexit><latexit sha1_base64="fF0UaLeXSu1mNVvneg+NPy8ZN6Y=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FETxJC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMrqd+6wmV5rG8N+ME/YgOJA85o8ZKzZteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6p3+VpFOEIjuEUanABdbiFBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHCtCMqA==</latexit>

⌫
<latexit sha1_base64="0djGyB/KiVrrCI6bOH5HbPNS5jg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfVdmvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8Ac+7jbY=</latexit><latexit sha1_base64="0djGyB/KiVrrCI6bOH5HbPNS5jg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfVdmvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8Ac+7jbY=</latexit><latexit sha1_base64="0djGyB/KiVrrCI6bOH5HbPNS5jg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56korGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj66nfekKleSIfzDjFIKYDySPOqLHSfVdmvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8Ac+7jbY=</latexit>
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<latexit sha1_base64="xiiOswodW1ko6V5q4iVbaWqNSTs="></latexit><latexit sha1_base64="xiiOswodW1ko6V5q4iVbaWqNSTs="></latexit><latexit sha1_base64="xiiOswodW1ko6V5q4iVbaWqNSTs="></latexit><latexit sha1_base64="xiiOswodW1ko6V5q4iVbaWqNSTs="></latexit>
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F g
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�
<latexit sha1_base64="MvfiaLqs6D3fjEfyDNt4QMQtwWk="></latexit><latexit sha1_base64="MvfiaLqs6D3fjEfyDNt4QMQtwWk="></latexit><latexit sha1_base64="MvfiaLqs6D3fjEfyDNt4QMQtwWk="></latexit><latexit sha1_base64="MvfiaLqs6D3fjEfyDNt4QMQtwWk="></latexit>

J=det
�
F e
ij

�
<latexit sha1_base64="coJPdG5Fx/Xzvr+vlBivrR/VP8s="></latexit><latexit sha1_base64="coJPdG5Fx/Xzvr+vlBivrR/VP8s="></latexit><latexit sha1_base64="coJPdG5Fx/Xzvr+vlBivrR/VP8s="></latexit><latexit sha1_base64="coJPdG5Fx/Xzvr+vlBivrR/VP8s="></latexit>
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<latexit sha1_base64="GxL5G4iVjB8vMcgZxzFOVhYchcg="></latexit><latexit sha1_base64="GxL5G4iVjB8vMcgZxzFOVhYchcg="></latexit><latexit sha1_base64="GxL5G4iVjB8vMcgZxzFOVhYchcg="></latexit><latexit sha1_base64="GxL5G4iVjB8vMcgZxzFOVhYchcg="></latexit>
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<latexit sha1_base64="95u+gGE0rVClns8Kai020dlelf8="></latexit><latexit sha1_base64="95u+gGE0rVClns8Kai020dlelf8="></latexit><latexit sha1_base64="95u+gGE0rVClns8Kai020dlelf8="></latexit>

dz
<latexit sha1_base64="5OXrOkg3I5KOojQVMIRUf3DAHRI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KqkI6q3gxZNUMbbQhrLZTNqlm03Y3Qg19B948aDi1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZYuixRCSqHVCNgkv0DDcC26lCGgcCW8HwauK3HlFpnsh7M0rRj2lf8ogzaqx0Fz71KlW35k5BFkm9IFUo0OxVvrphwrIYpWGCat2pu6nxc6oMZwLH5W6mMaVsSPvYsVTSGLWfTy8dk2OrhCRKlC1pyFT9PZHTWOtRHNjOmJqBnvcm4n9eJzPRhZ9zmWYGJZstijJBTEImb5OQK2RGjCyhTHF7K2EDqigzNpyyDaE+//Ii8U5rlzX39qzauCnSKMEhHMEJ1OEcGnANTfCAQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/F3GNSw==</latexit><latexit sha1_base64="5OXrOkg3I5KOojQVMIRUf3DAHRI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KqkI6q3gxZNUMbbQhrLZTNqlm03Y3Qg19B948aDi1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZYuixRCSqHVCNgkv0DDcC26lCGgcCW8HwauK3HlFpnsh7M0rRj2lf8ogzaqx0Fz71KlW35k5BFkm9IFUo0OxVvrphwrIYpWGCat2pu6nxc6oMZwLH5W6mMaVsSPvYsVTSGLWfTy8dk2OrhCRKlC1pyFT9PZHTWOtRHNjOmJqBnvcm4n9eJzPRhZ9zmWYGJZstijJBTEImb5OQK2RGjCyhTHF7K2EDqigzNpyyDaE+//Ii8U5rlzX39qzauCnSKMEhHMEJ1OEcGnANTfCAQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/F3GNSw==</latexit><latexit sha1_base64="5OXrOkg3I5KOojQVMIRUf3DAHRI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KqkI6q3gxZNUMbbQhrLZTNqlm03Y3Qg19B948aDi1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZYuixRCSqHVCNgkv0DDcC26lCGgcCW8HwauK3HlFpnsh7M0rRj2lf8ogzaqx0Fz71KlW35k5BFkm9IFUo0OxVvrphwrIYpWGCat2pu6nxc6oMZwLH5W6mMaVsSPvYsVTSGLWfTy8dk2OrhCRKlC1pyFT9PZHTWOtRHNjOmJqBnvcm4n9eJzPRhZ9zmWYGJZstijJBTEImb5OQK2RGjCyhTHF7K2EDqigzNpyyDaE+//Ii8U5rlzX39qzauCnSKMEhHMEJ1OEcGnANTfCAQQTP8ApvztB5cd6dj1nrklPMHMAfOJ8/F3GNSw==</latexit>

dr
<latexit sha1_base64="/2UU2szMGlOJcp0gf9V4rLguRNc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kirGFNpTNZtIu3WzC7kYoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHHEpGoTkA1Ci7RM9wI7KQKaRwIbAej66nffkKleSIfzDhFP6YDySPOqLHSfaj61Zpbd2cgy6RRkBoUaPWrX70wYVmM0jBBte423NT4OVWGM4GTSi/TmFI2ogPsWippjNrPZ5dOyIlVQhIlypY0ZKb+nshprPU4DmxnTM1QL3pT8T+vm5no0s+5TDODks0XRZkgJiHTt0nIFTIjxpZQpri9lbAhVZQZG07FhtBYfHmZeGf1q7p7d15r3hZplOEIjuEUGnABTbiBFnjAIIJneIU3Z+S8OO/Ox7y15BQzh/AHzucPC1mNQw==</latexit><latexit sha1_base64="/2UU2szMGlOJcp0gf9V4rLguRNc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kirGFNpTNZtIu3WzC7kYoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHHEpGoTkA1Ci7RM9wI7KQKaRwIbAej66nffkKleSIfzDhFP6YDySPOqLHSfaj61Zpbd2cgy6RRkBoUaPWrX70wYVmM0jBBte423NT4OVWGM4GTSi/TmFI2ogPsWippjNrPZ5dOyIlVQhIlypY0ZKb+nshprPU4DmxnTM1QL3pT8T+vm5no0s+5TDODks0XRZkgJiHTt0nIFTIjxpZQpri9lbAhVZQZG07FhtBYfHmZeGf1q7p7d15r3hZplOEIjuEUGnABTbiBFnjAIIJneIU3Z+S8OO/Ox7y15BQzh/AHzucPC1mNQw==</latexit><latexit sha1_base64="/2UU2szMGlOJcp0gf9V4rLguRNc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kirGFNpTNZtIu3WzC7kYoof/AiwcVr/4kb/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHHEpGoTkA1Ci7RM9wI7KQKaRwIbAej66nffkKleSIfzDhFP6YDySPOqLHSfaj61Zpbd2cgy6RRkBoUaPWrX70wYVmM0jBBte423NT4OVWGM4GTSi/TmFI2ogPsWippjNrPZ5dOyIlVQhIlypY0ZKb+nshprPU4DmxnTM1QL3pT8T+vm5no0s+5TDODks0XRZkgJiHTt0nIFTIjxpZQpri9lbAhVZQZG07FhtBYfHmZeGf1q7p7d15r3hZplOEIjuEUGnABTbiBFnjAIIJneIU3Z+S8OO/Ox7y15BQzh/AHzucPC1mNQw==</latexit>

rd✓
<latexit sha1_base64="fkoguIDyMnvpdMNlpCXkqebUqXk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG8FL56kgrGVNpTNZtIu3U3C7kQoob/CiwcVr/4db/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v7Bg0kyzcHjiUx0J2AGpIjBQ4ESOqkGpgIJ7WB0PfXbT6CNSOJ7HKfgKzaIRSQ4Qys9ahr2cAjI+tWaW3dnoMukUZAaKdDqV796YcIzBTFyyYzpNtwU/ZxpFFzCpNLLDKSMj9gAupbGTIHx89nBE3pilZBGibYVI52pvydypowZq8B2KoZDs+hNxf+8bobRpZ+LOM0QYj5fFGWSYkKn39NQaOAox5YwroW9lfIh04yjzahiQ2gsvrxMvLP6Vd29O681b4s0yuSIHJNT0iAXpEluSIt4hBNFnskreXO08+K8Ox/z1pJTzBySP3A+fwD9LpAb</latexit><latexit sha1_base64="fkoguIDyMnvpdMNlpCXkqebUqXk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG8FL56kgrGVNpTNZtIu3U3C7kQoob/CiwcVr/4db/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v7Bg0kyzcHjiUx0J2AGpIjBQ4ESOqkGpgIJ7WB0PfXbT6CNSOJ7HKfgKzaIRSQ4Qys9ahr2cAjI+tWaW3dnoMukUZAaKdDqV796YcIzBTFyyYzpNtwU/ZxpFFzCpNLLDKSMj9gAupbGTIHx89nBE3pilZBGibYVI52pvydypowZq8B2KoZDs+hNxf+8bobRpZ+LOM0QYj5fFGWSYkKn39NQaOAox5YwroW9lfIh04yjzahiQ2gsvrxMvLP6Vd29O681b4s0yuSIHJNT0iAXpEluSIt4hBNFnskreXO08+K8Ox/z1pJTzBySP3A+fwD9LpAb</latexit><latexit sha1_base64="fkoguIDyMnvpdMNlpCXkqebUqXk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG8FL56kgrGVNpTNZtIu3U3C7kQoob/CiwcVr/4db/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v7Bg0kyzcHjiUx0J2AGpIjBQ4ESOqkGpgIJ7WB0PfXbT6CNSOJ7HKfgKzaIRSQ4Qys9ahr2cAjI+tWaW3dnoMukUZAaKdDqV796YcIzBTFyyYzpNtwU/ZxpFFzCpNLLDKSMj9gAupbGTIHx89nBE3pilZBGibYVI52pvydypowZq8B2KoZDs+hNxf+8bobRpZ+LOM0QYj5fFGWSYkKn39NQaOAox5YwroW9lfIh04yjzahiQ2gsvrxMvLP6Vd29O681b4s0yuSIHJNT0iAXpEluSIt4hBNFnskreXO08+K8Ox/z1pJTzBySP3A+fwD9LpAb</latexit>

g✓✓rd✓
<latexit sha1_base64="41tbZHy8zUSw1Yo1fDsrOhnfVyU=">AAACAnicbZBPS8MwGMbT+W/Of1VvegkOwdNoRVBvAy+eZIJ1g62UNE23sDQtyVthlIEXv4oXDype/RTe/DZm6w66+ULCj+d5X5L3CTPBNTjOt1VZWl5ZXauu1zY2t7Z37N29e53mijKPpiJVnZBoJrhkHnAQrJMpRpJQsHY4vJr47QemNE/lHYwy5iekL3nMKQEjBfZBPyh6MGBAynuMFY5KDOy603CmhRfBnUEdzaoV2F+9KKV5wiRQQbTuuk4GfkEUcCrYuNbLNcsIHZI+6xqUJGHaL6Y7jPGxUSIcp8ocCXiq/p4oSKL1KAlNZ0JgoOe9ifif180hvvALLrMcmKTlQ3EuMKR4EgiOuGIUxMgAoYqbv2I6IIpQMLHVTAju/MqL4J02LhvO7Vm9eTNLo4oO0RE6QS46R010jVrIQxQ9omf0it6sJ+vFerc+ytaKNZvZR3/K+vwBmAaXuA==</latexit><latexit sha1_base64="41tbZHy8zUSw1Yo1fDsrOhnfVyU=">AAACAnicbZBPS8MwGMbT+W/Of1VvegkOwdNoRVBvAy+eZIJ1g62UNE23sDQtyVthlIEXv4oXDype/RTe/DZm6w66+ULCj+d5X5L3CTPBNTjOt1VZWl5ZXauu1zY2t7Z37N29e53mijKPpiJVnZBoJrhkHnAQrJMpRpJQsHY4vJr47QemNE/lHYwy5iekL3nMKQEjBfZBPyh6MGBAynuMFY5KDOy603CmhRfBnUEdzaoV2F+9KKV5wiRQQbTuuk4GfkEUcCrYuNbLNcsIHZI+6xqUJGHaL6Y7jPGxUSIcp8ocCXiq/p4oSKL1KAlNZ0JgoOe9ifif180hvvALLrMcmKTlQ3EuMKR4EgiOuGIUxMgAoYqbv2I6IIpQMLHVTAju/MqL4J02LhvO7Vm9eTNLo4oO0RE6QS46R010jVrIQxQ9omf0it6sJ+vFerc+ytaKNZvZR3/K+vwBmAaXuA==</latexit><latexit sha1_base64="41tbZHy8zUSw1Yo1fDsrOhnfVyU=">AAACAnicbZBPS8MwGMbT+W/Of1VvegkOwdNoRVBvAy+eZIJ1g62UNE23sDQtyVthlIEXv4oXDype/RTe/DZm6w66+ULCj+d5X5L3CTPBNTjOt1VZWl5ZXauu1zY2t7Z37N29e53mijKPpiJVnZBoJrhkHnAQrJMpRpJQsHY4vJr47QemNE/lHYwy5iekL3nMKQEjBfZBPyh6MGBAynuMFY5KDOy603CmhRfBnUEdzaoV2F+9KKV5wiRQQbTuuk4GfkEUcCrYuNbLNcsIHZI+6xqUJGHaL6Y7jPGxUSIcp8ocCXiq/p4oSKL1KAlNZ0JgoOe9ifif180hvvALLrMcmKTlQ3EuMKR4EgiOuGIUxMgAoYqbv2I6IIpQMLHVTAju/MqL4J02LhvO7Vm9eTNLo4oO0RE6QS46R010jVrIQxQ9omf0it6sJ+vFerc+ytaKNZvZR3/K+vwBmAaXuA==</latexit>

gzzdz
<latexit sha1_base64="Duem+drL+h85ttJTTUWJsG73hc8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y3Qhv4KLx5UvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0srq2vlHerGxt7+zuVfcPHnSSKUJ9kvBEtUOsKWeS+oYZTtupoliEnLbC4fXUbz1RpVki780opYHAfcliRrCx0mO/l4/HExSNe9WaW3dnQMvEK0gNCjR71a9ulJBMUGkIx1p3PDc1QY6VYYTTSaWbaZpiMsR92rFUYkF1kM8OnqATq0QoTpQtadBM/T2RY6H1SIS2U2Az0IveVPzP62QmvgxyJtPMUEnmi+KMI5Og6fcoYooSw0eWYKKYvRWRAVaYGJtRxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+EBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AGxTkGM=</latexit><latexit sha1_base64="Duem+drL+h85ttJTTUWJsG73hc8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y3Qhv4KLx5UvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0srq2vlHerGxt7+zuVfcPHnSSKUJ9kvBEtUOsKWeS+oYZTtupoliEnLbC4fXUbz1RpVki780opYHAfcliRrCx0mO/l4/HExSNe9WaW3dnQMvEK0gNCjR71a9ulJBMUGkIx1p3PDc1QY6VYYTTSaWbaZpiMsR92rFUYkF1kM8OnqATq0QoTpQtadBM/T2RY6H1SIS2U2Az0IveVPzP62QmvgxyJtPMUEnmi+KMI5Og6fcoYooSw0eWYKKYvRWRAVaYGJtRxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+EBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AGxTkGM=</latexit><latexit sha1_base64="Duem+drL+h85ttJTTUWJsG73hc8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y3Qhv4KLx5UvPp3vPlv3LY5aOuDgcd7M8zMC1POtHHdb6e0srq2vlHerGxt7+zuVfcPHnSSKUJ9kvBEtUOsKWeS+oYZTtupoliEnLbC4fXUbz1RpVki780opYHAfcliRrCx0mO/l4/HExSNe9WaW3dnQMvEK0gNCjR71a9ulJBMUGkIx1p3PDc1QY6VYYTTSaWbaZpiMsR92rFUYkF1kM8OnqATq0QoTpQtadBM/T2RY6H1SIS2U2Az0IveVPzP62QmvgxyJtPMUEnmi+KMI5Og6fcoYooSw0eWYKKYvRWRAVaYGJtRxYbgLb68TPyz+lXdvTuvNW6LNMpwBMdwCh5cQANuoAk+EBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AGxTkGM=</latexit>

grrdr
<latexit sha1_base64="W5yb8NePpEjGMNxZfIQNg8hqJgk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y1QQn6FFw8qXv073vw3btsctPXBwOO9GWbmhSln2rjut1NZWV1b36hu1ra2d3b36vsHDzrJFKE+SXiiuiHWlDNJfcMMp91UUSxCTjvh+Hrqd56o0iyR92aS0kDgoWQxI9hY6XE4yJUqUKQG9YbbdGdAy8QrSQNKtAf1r36UkExQaQjHWvc8NzVBjpVhhNOi1s80TTEZ4yHtWSqxoDrIZwcX6MQqEYoTZUsaNFN/T+RYaD0Roe0U2Iz0ojcV//N6mYkvg5zJNDNUkvmiOOPIJGj6PYqYosTwiSWYKGZvRWSEFSbGZlSzIXiLLy8T/6x51XTvzhut2zKNKhzBMZyCBxfQghtogw8EBDzDK7w5ynlx3p2PeWvFKWcO4Q+czx9Hw5BL</latexit><latexit sha1_base64="W5yb8NePpEjGMNxZfIQNg8hqJgk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y1QQn6FFw8qXv073vw3btsctPXBwOO9GWbmhSln2rjut1NZWV1b36hu1ra2d3b36vsHDzrJFKE+SXiiuiHWlDNJfcMMp91UUSxCTjvh+Hrqd56o0iyR92aS0kDgoWQxI9hY6XE4yJUqUKQG9YbbdGdAy8QrSQNKtAf1r36UkExQaQjHWvc8NzVBjpVhhNOi1s80TTEZ4yHtWSqxoDrIZwcX6MQqEYoTZUsaNFN/T+RYaD0Roe0U2Iz0ojcV//N6mYkvg5zJNDNUkvmiOOPIJGj6PYqYosTwiSWYKGZvRWSEFSbGZlSzIXiLLy8T/6x51XTvzhut2zKNKhzBMZyCBxfQghtogw8EBDzDK7w5ynlx3p2PeWvFKWcO4Q+czx9Hw5BL</latexit><latexit sha1_base64="W5yb8NePpEjGMNxZfIQNg8hqJgk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL56kgrGVNpTNZtMu3d2E3Y1QQn6FFw8qXv073vw3btsctPXBwOO9GWbmhSln2rjut1NZWV1b36hu1ra2d3b36vsHDzrJFKE+SXiiuiHWlDNJfcMMp91UUSxCTjvh+Hrqd56o0iyR92aS0kDgoWQxI9hY6XE4yJUqUKQG9YbbdGdAy8QrSQNKtAf1r36UkExQaQjHWvc8NzVBjpVhhNOi1s80TTEZ4yHtWSqxoDrIZwcX6MQqEYoTZUsaNFN/T+RYaD0Roe0U2Iz0ojcV//N6mYkvg5zJNDNUkvmiOOPIJGj6PYqYosTwiSWYKGZvRWSEFSbGZlSzIXiLLy8T/6x51XTvzhut2zKNKhzBMZyCBxfQghtogw8EBDzDK7w5ynlx3p2PeWvFKWcO4Q+czx9Hw5BL</latexit>

growth tensor
top view

side view

mesenchyme

z
<latexit sha1_base64="RDhe5flgL+jXXZdxEdNtZvHAGU0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kBWMLbSib7aRdu9mE3Y1QQ3+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApG11O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ub/M0inAEx3AKNbiAOtxAAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDWu+M3Q==</latexit><latexit sha1_base64="RDhe5flgL+jXXZdxEdNtZvHAGU0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kBWMLbSib7aRdu9mE3Y1QQ3+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApG11O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ub/M0inAEx3AKNbiAOtxAAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDWu+M3Q==</latexit><latexit sha1_base64="RDhe5flgL+jXXZdxEdNtZvHAGU0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG8FL56kBWMLbSib7aRdu9mE3Y1QQ3+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApG11O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ub/M0inAEx3AKNbiAOtxAAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDWu+M3Q==</latexit>

r
<latexit sha1_base64="d/FRNb30qsayJibikmRV75mln9g=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZO0YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRzdRvPaHSPJH3ZpxiENOB5BFn1FipqXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNbvijRKcAwncAYeXEIdbqEBPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNO14zV</latexit><latexit sha1_base64="d/FRNb30qsayJibikmRV75mln9g=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZO0YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRzdRvPaHSPJH3ZpxiENOB5BFn1FipqXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNbvijRKcAwncAYeXEIdbqEBPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNO14zV</latexit><latexit sha1_base64="d/FRNb30qsayJibikmRV75mln9g=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZO0YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRzdRvPaHSPJH3ZpxiENOB5BFn1FipqXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNbvijRKcAwncAYeXEIdbqEBPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNO14zV</latexit>

✓
<latexit sha1_base64="w8LlBJDUllAfMhm1dcz+OEmrMsY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz3bRrN5uwOxFK6H/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eCwaZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ilZheHHGmvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bUTcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZm+TvpCc4ZybAllWthbCRtSTRnagMo2BG/x5WXin9eua+79RbV+V6RRgmM4gTPw4BLqcAsN8IHBIzzDK7w5ifPivDsf89YVp5g5gj9wPn8AE6iPBw==</latexit><latexit sha1_base64="w8LlBJDUllAfMhm1dcz+OEmrMsY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz3bRrN5uwOxFK6H/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eCwaZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ilZheHHGmvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bUTcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZm+TvpCc4ZybAllWthbCRtSTRnagMo2BG/x5WXin9eua+79RbV+V6RRgmM4gTPw4BLqcAsN8IHBIzzDK7w5ifPivDsf89YVp5g5gj9wPn8AE6iPBw==</latexit><latexit sha1_base64="w8LlBJDUllAfMhm1dcz+OEmrMsY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxZNUMG2hDWWz3bRrN5uwOxFK6H/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eCwaZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ilZheHHGmvUnVr7gxkmXgFqUKBRq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bUTcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZm+TvpCc4ZybAllWthbCRtSTRnagMo2BG/x5WXin9eua+79RbV+V6RRgmM4gTPw4BLqcAsN8IHBIzzDK7w5ifPivDsf89YVp5g5gj9wPn8AE6iPBw==</latexit>

Need to specify growth tensors for all 
tissues and then minimize the total 

elastic deformation energy.

Assume no mesenchyme growth.

36
0
µ
m

<latexit sha1_base64="I8abTzDWrN1SwUkXt85E68PpWYQ=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwICVV8eNW8OJJKhhbaELZbDft0t0k7E7EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsLi0vLK6ultfL6xubWtr2ze6/jVFHm0ljEqh0QzQSPmAscBGsnihEZCNYKhldjv/XAlOZxdAdZwnxJ+hEPOSVgpK5dOTlzvCPsydQD9ghK5nLUtatOzZkAz5N6QaqoQLNrf3m9mKaSRUAF0bpTdxLwc6KAU8FGZS/VLCF0SPqsY2hEJNN+Pjl+hA+M0sNhrExFgCfq74mcSK0zGZhOSWCgZ72x+J/XSSG88HMeJSmwiE4XhanAEONxErjHFaMgMkMIVdzciumAKELB5FU2IdRnX54n7nHtsubcnlYbN0UaJbSH9tEhqqNz1EDXqIlcRFGGntErerOerBfr3fqYti5YxUwF/YH1+QNTeJQs</latexit><latexit sha1_base64="I8abTzDWrN1SwUkXt85E68PpWYQ=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwICVV8eNW8OJJKhhbaELZbDft0t0k7E7EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsLi0vLK6ultfL6xubWtr2ze6/jVFHm0ljEqh0QzQSPmAscBGsnihEZCNYKhldjv/XAlOZxdAdZwnxJ+hEPOSVgpK5dOTlzvCPsydQD9ghK5nLUtatOzZkAz5N6QaqoQLNrf3m9mKaSRUAF0bpTdxLwc6KAU8FGZS/VLCF0SPqsY2hEJNN+Pjl+hA+M0sNhrExFgCfq74mcSK0zGZhOSWCgZ72x+J/XSSG88HMeJSmwiE4XhanAEONxErjHFaMgMkMIVdzciumAKELB5FU2IdRnX54n7nHtsubcnlYbN0UaJbSH9tEhqqNz1EDXqIlcRFGGntErerOerBfr3fqYti5YxUwF/YH1+QNTeJQs</latexit><latexit sha1_base64="I8abTzDWrN1SwUkXt85E68PpWYQ=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwICVV8eNW8OJJKhhbaELZbDft0t0k7E7EEOpf8eJBxat/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsLi0vLK6ultfL6xubWtr2ze6/jVFHm0ljEqh0QzQSPmAscBGsnihEZCNYKhldjv/XAlOZxdAdZwnxJ+hEPOSVgpK5dOTlzvCPsydQD9ghK5nLUtatOzZkAz5N6QaqoQLNrf3m9mKaSRUAF0bpTdxLwc6KAU8FGZS/VLCF0SPqsY2hEJNN+Pjl+hA+M0sNhrExFgCfq74mcSK0zGZhOSWCgZ72x+J/XSSG88HMeJSmwiE4XhanAEONxErjHFaMgMkMIVdzciumAKELB5FU2IdRnX54n7nHtsubcnlYbN0UaJbSH9tEhqqNz1EDXqIlcRFGGntErerOerBfr3fqYti5YxUwF/YH1+QNTeJQs</latexit>

Modeling growing tissues

epithelium

smooth 
muscles

te = 20µm
<latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit>

 35

60µm
<latexit sha1_base64="MnaEouO5Qr5i17uhXVZKimdk5j8=">AAAB+nicdZDNSgMxFIUz/tb61+rSTbAILqQkRbTdFd24rGBroVNKJk01NJkZkjtqGfsoblwo4tYncefbmGkrqOiFwMc593JvThAraYGQD29ufmFxaTm3kl9dW9/YLBS3WjZKDBdNHqnItANmhZKhaIIEJdqxEUwHSlwGw9PMv7wRxsoovIBRLLqaXYVyIDkDJ/UKxSPiH/g68UHcgdGpHvcKJVImhFBKcQb0+Ig4qNWqFVrFNLNcldCsGr3Cu9+PeKJFCFwxazuUxNBNmQHJlRjn/cSKmPEhuxIdhyHTwnbTyeljvOeUPh5Exr0Q8ET9PpEybe1IB65TM7i2v71M/MvrJDCodlMZxgmIkE8XDRKFIcJZDrgvjeCgRg4YN9Ldivk1M4yDSyvvQvj6Kf4fWpUydXx+WKqfzOLIoR20i/YRRceojs5QAzURR7foAT2hZ+/ee/RevNdp65w3m9lGP8p7+wRnJZQc</latexit><latexit sha1_base64="MnaEouO5Qr5i17uhXVZKimdk5j8=">AAAB+nicdZDNSgMxFIUz/tb61+rSTbAILqQkRbTdFd24rGBroVNKJk01NJkZkjtqGfsoblwo4tYncefbmGkrqOiFwMc593JvThAraYGQD29ufmFxaTm3kl9dW9/YLBS3WjZKDBdNHqnItANmhZKhaIIEJdqxEUwHSlwGw9PMv7wRxsoovIBRLLqaXYVyIDkDJ/UKxSPiH/g68UHcgdGpHvcKJVImhFBKcQb0+Ig4qNWqFVrFNLNcldCsGr3Cu9+PeKJFCFwxazuUxNBNmQHJlRjn/cSKmPEhuxIdhyHTwnbTyeljvOeUPh5Exr0Q8ET9PpEybe1IB65TM7i2v71M/MvrJDCodlMZxgmIkE8XDRKFIcJZDrgvjeCgRg4YN9Ldivk1M4yDSyvvQvj6Kf4fWpUydXx+WKqfzOLIoR20i/YRRceojs5QAzURR7foAT2hZ+/ee/RevNdp65w3m9lGP8p7+wRnJZQc</latexit><latexit sha1_base64="MnaEouO5Qr5i17uhXVZKimdk5j8=">AAAB+nicdZDNSgMxFIUz/tb61+rSTbAILqQkRbTdFd24rGBroVNKJk01NJkZkjtqGfsoblwo4tYncefbmGkrqOiFwMc593JvThAraYGQD29ufmFxaTm3kl9dW9/YLBS3WjZKDBdNHqnItANmhZKhaIIEJdqxEUwHSlwGw9PMv7wRxsoovIBRLLqaXYVyIDkDJ/UKxSPiH/g68UHcgdGpHvcKJVImhFBKcQb0+Ig4qNWqFVrFNLNcldCsGr3Cu9+PeKJFCFwxazuUxNBNmQHJlRjn/cSKmPEhuxIdhyHTwnbTyeljvOeUPh5Exr0Q8ET9PpEybe1IB65TM7i2v71M/MvrJDCodlMZxgmIkE8XDRKFIcJZDrgvjeCgRg4YN9Ldivk1M4yDSyvvQvj6Kf4fWpUydXx+WKqfzOLIoR20i/YRRceojs5QAzURR7foAT2hZ+/ee/RevNdp65w3m9lGP8p7+wRnJZQc</latexit><latexit sha1_base64="MnaEouO5Qr5i17uhXVZKimdk5j8=">AAAB+nicdZDNSgMxFIUz/tb61+rSTbAILqQkRbTdFd24rGBroVNKJk01NJkZkjtqGfsoblwo4tYncefbmGkrqOiFwMc593JvThAraYGQD29ufmFxaTm3kl9dW9/YLBS3WjZKDBdNHqnItANmhZKhaIIEJdqxEUwHSlwGw9PMv7wRxsoovIBRLLqaXYVyIDkDJ/UKxSPiH/g68UHcgdGpHvcKJVImhFBKcQb0+Ig4qNWqFVrFNLNcldCsGr3Cu9+PeKJFCFwxazuUxNBNmQHJlRjn/cSKmPEhuxIdhyHTwnbTyeljvOeUPh5Exr0Q8ET9PpEybe1IB65TM7i2v71M/MvrJDCodlMZxgmIkE8XDRKFIcJZDrgvjeCgRg4YN9Ldivk1M4yDSyvvQvj6Kf4fWpUydXx+WKqfzOLIoR20i/YRRceojs5QAzURR7foAT2hZ+/ee/RevNdp65w3m9lGP8p7+wRnJZQc</latexit>

tsm = 10µm
<latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit>

tmes = 120µm
<latexit sha1_base64="OnK2ffiWkdgRYsLaCd2gjkyyWIU=">AAACCnicbZDLSsNAFIYnXmu9RV26iRbBhZSkCLoRCoK4rGAv0IQwmU7aoTNJmDkRS8jaja/ixoUibn0Cd76N0zaItv4w8PGfczhz/iDhTIFtfxkLi0vLK6ultfL6xubWtrmz21JxKgltkpjHshNgRTmLaBMYcNpJJMUi4LQdDC/H9fYdlYrF0S2MEuoJ3I9YyAgGbfnmAfgu0HuQIhNU5RdOzXZPXJH+mLlvVuyqPZE1D04BFVSo4Zufbi8mqaAREI6V6jp2Al6GJTDCaV52U0UTTIa4T7saI6wXe9nklNw60k7PCmOpXwTWxP09kWGh1EgEulNgGKjZ2tj8r9ZNITz3MhYlKdCITBeFKbcgtsa5WD0mKQE+0oCJZPqvFhlgiQno9Mo6BGf25Hlo1aqO5pvTSv2qiKOE9tEhOkYOOkN1dI0aqIkIekBP6AW9Go/Gs/FmvE9bF4xiZg/9kfHxDeEkmwQ=</latexit><latexit sha1_base64="OnK2ffiWkdgRYsLaCd2gjkyyWIU=">AAACCnicbZDLSsNAFIYnXmu9RV26iRbBhZSkCLoRCoK4rGAv0IQwmU7aoTNJmDkRS8jaja/ixoUibn0Cd76N0zaItv4w8PGfczhz/iDhTIFtfxkLi0vLK6ultfL6xubWtrmz21JxKgltkpjHshNgRTmLaBMYcNpJJMUi4LQdDC/H9fYdlYrF0S2MEuoJ3I9YyAgGbfnmAfgu0HuQIhNU5RdOzXZPXJH+mLlvVuyqPZE1D04BFVSo4Zufbi8mqaAREI6V6jp2Al6GJTDCaV52U0UTTIa4T7saI6wXe9nklNw60k7PCmOpXwTWxP09kWGh1EgEulNgGKjZ2tj8r9ZNITz3MhYlKdCITBeFKbcgtsa5WD0mKQE+0oCJZPqvFhlgiQno9Mo6BGf25Hlo1aqO5pvTSv2qiKOE9tEhOkYOOkN1dI0aqIkIekBP6AW9Go/Gs/FmvE9bF4xiZg/9kfHxDeEkmwQ=</latexit><latexit sha1_base64="OnK2ffiWkdgRYsLaCd2gjkyyWIU=">AAACCnicbZDLSsNAFIYnXmu9RV26iRbBhZSkCLoRCoK4rGAv0IQwmU7aoTNJmDkRS8jaja/ixoUibn0Cd76N0zaItv4w8PGfczhz/iDhTIFtfxkLi0vLK6ultfL6xubWtrmz21JxKgltkpjHshNgRTmLaBMYcNpJJMUi4LQdDC/H9fYdlYrF0S2MEuoJ3I9YyAgGbfnmAfgu0HuQIhNU5RdOzXZPXJH+mLlvVuyqPZE1D04BFVSo4Zufbi8mqaAREI6V6jp2Al6GJTDCaV52U0UTTIa4T7saI6wXe9nklNw60k7PCmOpXwTWxP09kWGh1EgEulNgGKjZ2tj8r9ZNITz3MhYlKdCITBeFKbcgtsa5WD0mKQE+0oCJZPqvFhlgiQno9Mo6BGf25Hlo1aqO5pvTSv2qiKOE9tEhOkYOOkN1dI0aqIkIekBP6AW9Go/Gs/FmvE9bF4xiZg/9kfHxDeEkmwQ=</latexit><latexit sha1_base64="OnK2ffiWkdgRYsLaCd2gjkyyWIU=">AAACCnicbZDLSsNAFIYnXmu9RV26iRbBhZSkCLoRCoK4rGAv0IQwmU7aoTNJmDkRS8jaja/ixoUibn0Cd76N0zaItv4w8PGfczhz/iDhTIFtfxkLi0vLK6ultfL6xubWtrmz21JxKgltkpjHshNgRTmLaBMYcNpJJMUi4LQdDC/H9fYdlYrF0S2MEuoJ3I9YyAgGbfnmAfgu0HuQIhNU5RdOzXZPXJH+mLlvVuyqPZE1D04BFVSo4Zufbi8mqaAREI6V6jp2Al6GJTDCaV52U0UTTIa4T7saI6wXe9nklNw60k7PCmOpXwTWxP09kWGh1EgEulNgGKjZ2tj8r9ZNITz3MhYlKdCITBeFKbcgtsa5WD0mKQE+0oCJZPqvFhlgiQno9Mo6BGf25Hlo1aqO5pvTSv2qiKOE9tEhOkYOOkN1dI0aqIkIekBP6AW9Go/Gs/FmvE9bF4xiZg/9kfHxDeEkmwQ=</latexit>
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<latexit sha1_base64="5mQxKjEgqba1cMO04VNO04ojp6M=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEF1ISqeiyIIjLCvYCTSiT6aQdOpOEmRNpCXkVNy4UceuLuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHlbaOU0VZi8YiVt2AaCZ4xFrAQbBuohiRgWCdYHw7q3eemNI8jh5hmjBfkmHEQ04JGKtvV67qjnfhydQDNgElM5n37apTc+bCq+AWUEWFmn37yxvENJUsAiqI1j3XScDPiAJOBcvLXqpZQuiYDFnPYEQk0342vz3HZ8YZ4DBW5kWA5+7viYxIracyMJ2SwEgv12bmf7VeCuGNn/EoSYFFdLEoTAWGGM+CwAOuGAUxNUCo4uZWTEdEEQomrrIJwV3+8iq0L2uu4Yd6tXFXxFFCJ+gUnSMXXaMGukdN1EIUTdAzekVvVm69WO/Wx6J1zSpmjtEfWZ8/kTeUJw==</latexit><latexit sha1_base64="5mQxKjEgqba1cMO04VNO04ojp6M=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEF1ISqeiyIIjLCvYCTSiT6aQdOpOEmRNpCXkVNy4UceuLuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHlbaOU0VZi8YiVt2AaCZ4xFrAQbBuohiRgWCdYHw7q3eemNI8jh5hmjBfkmHEQ04JGKtvV67qjnfhydQDNgElM5n37apTc+bCq+AWUEWFmn37yxvENJUsAiqI1j3XScDPiAJOBcvLXqpZQuiYDFnPYEQk0342vz3HZ8YZ4DBW5kWA5+7viYxIracyMJ2SwEgv12bmf7VeCuGNn/EoSYFFdLEoTAWGGM+CwAOuGAUxNUCo4uZWTEdEEQomrrIJwV3+8iq0L2uu4Yd6tXFXxFFCJ+gUnSMXXaMGukdN1EIUTdAzekVvVm69WO/Wx6J1zSpmjtEfWZ8/kTeUJw==</latexit><latexit sha1_base64="5mQxKjEgqba1cMO04VNO04ojp6M=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEF1ISqeiyIIjLCvYCTSiT6aQdOpOEmRNpCXkVNy4UceuLuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHlbaOU0VZi8YiVt2AaCZ4xFrAQbBuohiRgWCdYHw7q3eemNI8jh5hmjBfkmHEQ04JGKtvV67qjnfhydQDNgElM5n37apTc+bCq+AWUEWFmn37yxvENJUsAiqI1j3XScDPiAJOBcvLXqpZQuiYDFnPYEQk0342vz3HZ8YZ4DBW5kWA5+7viYxIracyMJ2SwEgv12bmf7VeCuGNn/EoSYFFdLEoTAWGGM+CwAOuGAUxNUCo4uZWTEdEEQomrrIJwV3+8iq0L2uu4Yd6tXFXxFFCJ+gUnSMXXaMGukdN1EIUTdAzekVvVm69WO/Wx6J1zSpmjtEfWZ8/kTeUJw==</latexit><latexit sha1_base64="5mQxKjEgqba1cMO04VNO04ojp6M=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEF1ISqeiyIIjLCvYCTSiT6aQdOpOEmRNpCXkVNy4UceuLuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHlbaOU0VZi8YiVt2AaCZ4xFrAQbBuohiRgWCdYHw7q3eemNI8jh5hmjBfkmHEQ04JGKtvV67qjnfhydQDNgElM5n37apTc+bCq+AWUEWFmn37yxvENJUsAiqI1j3XScDPiAJOBcvLXqpZQuiYDFnPYEQk0342vz3HZ8YZ4DBW5kWA5+7viYxIracyMJ2SwEgv12bmf7VeCuGNn/EoSYFFdLEoTAWGGM+CwAOuGAUxNUCo4uZWTEdEEQomrrIJwV3+8iq0L2uu4Yd6tXFXxFFCJ+gUnSMXXaMGukdN1EIUTdAzekVvVm69WO/Wx6J1zSpmjtEfWZ8/kTeUJw==</latexit>



Blocked smooth muscle differentiation leads  
to wrinkling instability of growing epithelium 

assume epithelium growth only along the z axis
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grr = g✓✓ ⌘ 1
<latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit>

gzz = 1 +
(g � 1)

3
(2 + cos(✓))

<latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit>
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grr = g✓✓ ⌘ 1
<latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit>

gzz = 1 +
(g � 1)

3
(2 + cos(✓))

<latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit>
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grr = g✓✓ ⌘ 1
<latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit><latexit sha1_base64="NXTLTt1QUSXXFvRyITXVZqTWy3c=">AAACB3icdVDLSgMxFM34rPVVdenCYBFclUzV1i6EghtXUsFaoS0lk962oZmHyR2hDF268VfcuFBx6y+4829MH4KKHkju4Zx7Se7xIiUNMvbhzMzOzS8sppbSyyura+uZjc0rE8ZaQFWEKtTXHjegZABVlKjgOtLAfU9BzeufjvzaLWgjw+ASBxE0fd4NZEcKjlZqZXa6rUTr4YktDewB8sk9bMBNLG+p28pkWY4VjkoHjLLcEXOLpZIljBWOD/LUtWSELJmi0sq8N9qhiH0IUChuTN1lETYTrlEKBcN0IzYQcdHnXahbGnAfTDMZLzKke1Zp006o7QmQjtXvEwn3jRn4nu30OfbMb28k/uXVY+wcNxMZRDFCICYPdWJFMaSjVGhbahCoBpZwoaX9KxU9rrlAm13ahvC1Kf2fVPO5Uo5dHGbL59M0UmSb7JJ94pIiKZMzUiFVIsgdeSBP5Nm5dx6dF+d10jrjTGe2yA84b59FFpph</latexit>

gzz = 1 +
(g � 1)

3
(2 + cos(✓))

<latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit><latexit sha1_base64="i6fjIX3R5gW14qi6O2vpNxLCBkI="></latexit>

wrinkles first form 
on the right side 
that grows faster



100µm
<latexit sha1_base64="ZQ4AuCabZA3ajPD5VbOauvJlOC0=">AAAB+3icbZDNS8MwGMbT+TXnV3VHL8EheJDRiqDeBl48bmDdYC0jzdItLGlL8lYsZeJ/4sWDilf/EW/+N2YfB918IPDjed6QN0+YCq7Bcb6t0srq2vpGebOytb2zu2fvH9zpJFOUeTQRieqERDPBY+YBB8E6qWJEhoK1w9H1JG/fM6V5Et9CnrJAkkHMI04JGKtnV13H8U+xLzMf2AMoWchxz645dWcqvAzuHGpormbP/vL7Cc0ki4EKonXXdVIICqKAU8HGFT/TLCV0RAasazAmkumgmC4/xsfG6eMoUebEgKfu7xsFkVrnMjSTksBQL2YT87+sm0F0GRQ8TjNgMZ09FGUCQ4InTeA+V4yCyA0QqrjZFdMhUYSC6atiSnAXv7wM3ln9qu60zmuN1tOsjTI6REfoBLnoAjXQDWoiD1GUo2f0it6sR+vFerc+ZqMla95gFf2R9fkDbb2Upw==</latexit><latexit sha1_base64="ZQ4AuCabZA3ajPD5VbOauvJlOC0=">AAAB+3icbZDNS8MwGMbT+TXnV3VHL8EheJDRiqDeBl48bmDdYC0jzdItLGlL8lYsZeJ/4sWDilf/EW/+N2YfB918IPDjed6QN0+YCq7Bcb6t0srq2vpGebOytb2zu2fvH9zpJFOUeTQRieqERDPBY+YBB8E6qWJEhoK1w9H1JG/fM6V5Et9CnrJAkkHMI04JGKtnV13H8U+xLzMf2AMoWchxz645dWcqvAzuHGpormbP/vL7Cc0ki4EKonXXdVIICqKAU8HGFT/TLCV0RAasazAmkumgmC4/xsfG6eMoUebEgKfu7xsFkVrnMjSTksBQL2YT87+sm0F0GRQ8TjNgMZ09FGUCQ4InTeA+V4yCyA0QqrjZFdMhUYSC6atiSnAXv7wM3ln9qu60zmuN1tOsjTI6REfoBLnoAjXQDWoiD1GUo2f0it6sR+vFerc+ZqMla95gFf2R9fkDbb2Upw==</latexit><latexit sha1_base64="ZQ4AuCabZA3ajPD5VbOauvJlOC0=">AAAB+3icbZDNS8MwGMbT+TXnV3VHL8EheJDRiqDeBl48bmDdYC0jzdItLGlL8lYsZeJ/4sWDilf/EW/+N2YfB918IPDjed6QN0+YCq7Bcb6t0srq2vpGebOytb2zu2fvH9zpJFOUeTQRieqERDPBY+YBB8E6qWJEhoK1w9H1JG/fM6V5Et9CnrJAkkHMI04JGKtnV13H8U+xLzMf2AMoWchxz645dWcqvAzuHGpormbP/vL7Cc0ki4EKonXXdVIICqKAU8HGFT/TLCV0RAasazAmkumgmC4/xsfG6eMoUebEgKfu7xsFkVrnMjSTksBQL2YT87+sm0F0GRQ8TjNgMZ09FGUCQ4InTeA+V4yCyA0QqrjZFdMhUYSC6atiSnAXv7wM3ln9qu60zmuN1tOsjTI6REfoBLnoAjXQDWoiD1GUo2f0it6sR+vFerc+ZqMla95gFf2R9fkDbb2Upw==</latexit>

initial state final state

linear 
interpolation 

in time

mesenchyme epithelium
smooth 
muscles
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te = 20µm
<latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit><latexit sha1_base64="OSfLA2ov6hsmRTK0VNgVWBoIGcA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2E2MZocBMGDHhWMCkkIs5OODpnZXWZ6xbDm4K948aCIV3/Dm3/j5CGoaEFDUdVNd1cQK2mRsQ9vYnJqemY2M5edX1hcWs6trJ7bKDECaiJSkbkMuAUlQ6ihRAWXsQGuAwUXQfdw4F/cgLEyCs+wF0NT86tQdqTg6KRWbh1bQPdpkdGGThoIt2h0qvutXJ4V2G65WmKUFcrM36tWHWFst1IqUt+RAfJkjJNW7r3RjkSiIUShuLV1n8XYTLlBKRT0s43EQsxFl19B3dGQa7DNdHh/n245pU07kXEVIh2q3ydSrq3t6cB1ao7X9rc3EP/y6gl2Ks1UhnGCEIrRok6iKEZ0EAZtSwMCVc8RLox0t1JxzQ0X6CLLuhC+PqX/k/NiwWcF/3Qnf3A0jiNDNsgm2SY+2SMH5JickBoR5I48kCfy7N17j96L9zpqnfDGM2vkB7y3T0xgla8=</latexit> tsm = 10µm

<latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit><latexit sha1_base64="6H+A4wVZlcTJc8VXYz1tgp1F3sU=">AAACCHicdZDLSgMxFIYzXmu9VV26MFgEF1JmamnrQigI4rKCvUCnlEyatqHJzJCcEcvQpRtfxY0LRdz6CO58GzO9gIr+EPj5zjmcnN8LBddg25/WwuLS8spqai29vrG5tZ3Z2a3rIFKU1WggAtX0iGaC+6wGHARrhooR6QnW8IYXSb1xy5TmgX8Do5C1Jen7vMcpAYM6mQPouMDuQMlYy/G5Y7snrozmSI47maydOysX84UitnO2XXLyTmLypcJpATuGJMqimaqdzIfbDWgkmQ9UEK1bjh1COyYKOBVsnHYjzUJCh6TPWsb6RDLdjieHjPGRIV3cC5R5PuAJ/T4RE6n1SHqmUxIY6N+1BP5Va0XQK7dj7ocRMJ9OF/UigSHASSq4yxWjIEbGEKq4+SumA6IIBZNd2oQwvxT/b+r5nGP8dSFbuZzFkUL76BAdIweVUAVdoSqqIYru0SN6Ri/Wg/VkvVpv09YFazazh37Iev8C+5Gamw==</latexit>

tmes = 120µm
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Future directions

Analyze mesenchyme growth patterns 

Treat mesenchyme as viscoelastic solid to 
enable elongation of the new branch.

Long term goals: Identify relevant morphogens 
that are responsible for patterned growth and 

for the differentiation of mesenchyme to 
smooth muscles. Implement the relevant 

reaction diffusion equations.

Test the hypothesis that smooth muscles are 
actively contracting the epithelium.
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the onset of wrinkling in 
bacterial biofilms is due to 

mechanical instability

differentiated stiff smooth 
muscles guide the formation 

of new domain branches 

Summary
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by eg
h (region II) and the concentric ring-like buckling mode

induced by eg
r (region VI) [Fig. 4(a)]. In the transitional

regions III and V, both radial and circumferential wrinkles
emerge in the same biofilm. It is observed that a self-similar
hierarchy of radial ridges can occur in biofilms undergoing a
dominant circumferential growth (eg

h > eg
r ). Our simulations

show that the merging or branching of wrinkles can happen in
most growth modes of biofilms, except for nearly pure radial
growth (eg

r > 0 and eg
h ¼ 0), which features concentric ring-

like patterns without branching [Fig. 4(b)].
We take the radial ridge morphology as an example to

reveal the energy mechanisms underlying the hierarchical pat-
tern formation. In this situation, w ¼ w0 sin ðnh Þ is adopted to
approximate the radial wrinkles, where w0 is the amplitude
and n ¼ nðrÞ is the circumferential wavenumber. Let nin ¼
n ðr ! 0Þ denote the number of wrinkles in the vicinity of the
center and nout ¼ nðroutÞ denote that along the outer edge,
where rout is the outer radius of the biofilm. Our numerical
simulations show that nout > nin. To examine the energetic
state of the radius-dependent surface patterns, we introduce
two artificial states, A and B, with surface profiles w1 ¼
w0 cos ðninhÞ and w2 ¼ w0 cos ðnouthÞ, respectively. Neither
morphology A nor B has wrinkle branching. Compared to the
actual morphology characterized by nðrÞ, State A yields sparse
wrinkles with a larger wavelength at the peripheral region,
whereas State B induces dense wrinkles with a smaller wave-
length in the vicinity of the center. Figure 5 shows the total
potential energy P for the morphologies A and B and an actual
wrinkling pattern with a varying wrinkle number nðrÞ along

the radius. Our simulations show that both the potential ener-
gies in States A and B are higher than that in the actual state,
and therefore, neither A nor B is energetically favorable. The
increase in the wavenumber n with r, keeping a nearly constant
wavelength along the radius direction, can minimize the poten-
tial energy in the system. It is found that such a constant wave-
length, k , scales as k $ ðEs=EbÞ1=3, in consistency with that
emerging in the plane-strain system under uniaxial compres-
sion.32,33 Therefore, the branching of wrinkles could be engen-
dered by energetic optimization.

Surface wrinkling has been recognized as an active adap-
tion mechanism of bacteria biofilms to resource scarcity.15 On
the one hand, the instabilities result from non-uniform nutrient
access and differential growth, and on the other hand, the
induced wrinkles may enhance nutrient/oxygen access by
increasing the surface area of the biofilm. The amplitude of the
wrinkles in the film continues to increase with its further
growth, rendering high tensile interfacial stresses at the wave
peak positions. Thus, delamination may occur at the interface
between the skin and the bottom layer, leading to the formation
of periodic ridges. The channels underneath the ridges may
improve liquid transport efficiency via convection. The cohe-
sive interface model in Eq. (4) is used here to account for the
interfacial delamination. The morphological evolutions of bio-
films with a cohesive interface are shown in Fig. 6. It is seen
that the interfacial delamination takes place when the interfa-
cial traction reaches the adhesion strength. The ridges grow up
at the expense of the neighboring wrinkles. The deformation is
gradually localized in the delaminated regions, leading to nar-
row blisters. As a result of deformation localization with fur-
ther growth, the number of wrinkles reduces and the blisters
develop both in the height and length directions. The spaces
under the blisters can serve as microchannels to transport
nutrients.18 The complicated morphological evolution shows

FIG. 4. Morphogenesis diagram for biofilms undergoing different growth
modes. (a) Surface wrinkling modes and (b) a detailed pattern map shown in (a).

FIG. 3. Experimental and numerical results for the morphologies of bacterial
biofilms. The first row in columns (a)–(e) shows the experimental observations
on macrocolony of strain E. coli K-12 strain W3110,6 E. coli AR3110,24 P.
aeruginosa,19 B. subtilis NCBI3610,35 and E. coli strain UTI89,34 respec-
tively. First row in (a)–(c). Reprinted with permission from Serra et al., mBio
4, e00103 (2013). Copyright 2013, American Society for Microbiology; Serra
et al., J. Bacteriol. 195, 5540 (2013). Copyright 2013, American Society for
Microbiology; Dietrich et al., J. Bacteriol. 195, 1371 (2013). Copyright 2013,
American Society for Microbiology. First row in (d). Reprinted with permis-
sion from Romero et al., Proc. Natl. Acad. Sci. U.S.A. 107, 2230 (2010).
Copyright 2010, National Academy of Sciences. First row in (e). Reprinted
with permission from Evans and Chapman, Biochim. Biophys. Acta 1843,
1551 (2014). Copyright 2014, Elsevier. The corresponding simulation results
are shown in the rows below the experimental images (supplementary mate-
rial). In simulations (a)–(c), the growth strains are spatially uniform across the
skin layer, while we take (a) eg

r > 0 and eg
h ¼ 0, (b) eg

r ¼ 0 and eg
h > 0, and (c)

eg
r ¼ eg

h > 0. In simulation (d), the growth strains are set as eg
r ¼ eg

h > 0 in the
inner region, and eg

r ¼ 0 and eg
h > 0 in the outer region. In (e), they are set as

eg
r > eg

h % 0 in the inner region and eg
h > eg

r % 0 in the outer region.
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