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From Atom to Solid: DMFT
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DMFT: Self-Consistent Set of Equations
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Real systems: LDA+cDMFT

LDA+U
Static mean-field approximation
Energy-independent potential
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LDA+DMFT
Dynamic mean-field approximation

Energy-dependent self-energy operator
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Applications:
Insulators with long-range 

spin-,orbital- and charge order

Applications:
Paramagnetic, paraorbital
strongly correlated metals

short range spin and orbital order

Cluster LDA+DMFT approximation
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A. Lichtenstein, et. al. PRB, 57, 6884 (1998)
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Phys. Rev. Lett. 94, 026404 (2005)



Flow diagram for the LDA+cDMFT approach:
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Orthorhombic 3dOrthorhombic 3d11 PerovskitesPerovskites
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Orbital ordering in MTiO3
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E. Pavarini et al. PRL (2004)



Crystal-field splittings w/in t2g multiplet:
(140,200) meV for LaTiO3 ; (200,330) meV for YTiO3

LDA-LMTO results: DOS

all metallic
in LDA
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LDALDA++DMFT:    DMFT:    comparison with comparison with experimentsexperiments
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LDA+U : Forces and Orbital Ordering
AFM FMLaTiOLaTiO33 YTiOYTiO33

S. Okatov, et. al.
Europhys. Lett. (2004)



M. Marezio et al., (1972)

Phase diagram of VOPhase diagram of VO22: singlet formation: singlet formation
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Matrix of intersite Coulomb interaction

IntersiteIntersite Coulomb interaction TiCoulomb interaction Ti22OO33

Corundum structure
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Electronic StructureElectronic Structure
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Local Green function
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• Metallic solutions in single site and 
cluster DMFT without intersite Coulomb interaction

• Needs a big value of Coulomb parameter U
in order to obtain insulator

Single site and cluster DMFT without Single site and cluster DMFT without intersiteintersite CoulombCoulomb
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Cluster-DMFT results for VO2
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New photoemission from Tjeng’s group
T. C. Koethe, et al. PRL (2006)

Sharp peak below the gap 
is NOT a Hubbard band !

S. Biermann, et al, PRL 94, 026404 (2005)



d2-case: Cluster DMFT for V2O3
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J. Goodenough diagram
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d2 is more 
localized then 
d1 due to 
Hund’s rule 
coupling – J
Therefore 
single site 
DMFT works 
better for V2O3
then   for Ti2O3



Magnetic nanoclusters on surface

Trimer state #1 Trimer state #2

STM dI/dV spectra

A single antiferromagnetic chromium trimer on gold surface:  
M. Crommie Phys. Rev. Lett. 87, 256804 (2001)

Kondo resonance is observed for 
isosceles trimer (state #2)

Interplay between single-impurity 
Kondo effect and RKKY exchange

Complicated phase diagram

Quantum critical points
Heavy fermions 

Non-Fermi-liquid behavior

Uncontrollable approximations:

Replacement of Heisenberg 
exchange by Ising one  

Experiment Theory



Model: correlated exchange-triangle

Action

Bath Green function

Interaction W
First term – Hubbard repulsion

Second term – intersite exchange interaction

a) Is the difference between 
Heisenberg and Ising types of the 
exchange interaction essential?

b) How does geometry of the 
problem affect on Kondo 
response of the system?
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Continuous Time QMC formalism
Formal perturbation-series:
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Since S0 is Gaussian one can 
apply the Wick theorem 

D can be presented 
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calculated as follows

ratio of determinants
In practice efficient calculation 

of a ratio is possible due to 
fast-update formulas 

A. Rubtsov and A.L., JETP Lett. 80, 61 (2004)



Random walks in the space of
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One can perform a random walks over 
terms of the partition function expansion to 

calculate multidimensional integrals and 
thus the partition function itself
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The sign problem

For Hubbard model with attraction

For Hubbard model with repulsion
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Average sign depends on 
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Miracle of CT-QMC: super-perturbation 

Weak coupling expansion (A. Rubtsov et. al)

Strong coupling expansion (P. Werner et. al)



Comparisson of different CT-QMC: U=W
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Metal-insulator transition in the 
Hubbard model on Bethe lattice
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Heisenberg vs. Ising exchange

Intersite exchange term can have Heisenberg (SS) or Ising (SzSz) form

Exchange integral J can be antiferromagnetic (AFM, J>0) or ferromagnetic (FM, J<0)

One can see drastic difference between Heisenberg 
and Ising types of interaction for antiferromagnetic case

U=2, J=+-0.2, t=0, β=16, μ=U/2
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Equilateral and Isosceles Trimers
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Equilateral (ET) and isosceles (IT) trimers

One can see a reconstruction of the Kondo resonance for 
isosceles trimer at antiferromagnetic exchange interaction

J23=J, J12=J13=J/3
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V. Savkin et al, PRL 94, 026402 (2005)



Multiorbital CT-QMC: general U-vertex
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E. Gorelov, et. al. to be published A. Rubtsov and A.L., JETP Lett. (2004)



Co in Cu 5d-orbitals QMC calculation

DOS for Co atom in Cu

E. Gorelov et al, to be published

G
(τ

) LDA

τ

CT-QMC

U=4, b = 10 (T ~ 1/40 W)



Effect of spin-flip on d2: Sr2RuO4

DMFT with full-U, β=10
xy

xz,yz

TB-model 
A. Liebsch and A.L., PRL (2000)

diag-U

full-U

diag-U

full-U



Beyond Cluster DMFT

Δ

How to include exact k-dependence for correlated systems?

- Dynamical Vertex Approximation (K. Held, H. Kusunosa M. Jarrell)
- Dual Fermion Approximation (A. Rubtsov)

short-range fluctuations



Beyond DMFT: Dual Fermion scheme

A. Rubtsov, et al cond-mat/0612196

General Lattice Action

Optimal Local Action with hybridization Δω

Lattice-Impurity connection:

expand



Dual Fermion transformation
Gaussian path-integral (Vector-Matrix notation)

With 
new Action:

here:

gω and χν,ν‘,ω from cDMFT



Basic diagrams for dual self-energy

Lines denote the renormalized Green’s function. 



Condition for Δ and relation with DMFT

To determine Δ, we require 
that Hartree correction in dual variables vanishes.
If no higher diagrams are taken into account, one obtains DMFT:

Higher-order diagrams give corrections to the DMFT self-energy, 
and already the leading-order correction is nonlocal.

Σ(k,ω)



Pseudogap in HTSC: dual fermions

A. Rubtsov et al
cond-mat/0612196

exact

DMFT
a

b

c  + d

2d: U=W=2



2d-Hubbard ARPES:   Im Σ(k, ω=0)
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Near Mott transition self-energy is strongly k-dependent 
In real materials – spin and orbital fluctuations!



Cluster Dual Fermions: 1d-test, n=1

H. Hafermann, et al. arXiv:0707.4022



Conclusions and perspectives

LDA+DMFT is a simplest scheme for realistic description 
of electronic structure and magnetism of correlation 
electron materials

Cluster LDA+DMFT method can be useful for the short-
range non-local spin and orbital fluctuations in solids 
near Mott transition

Multi-orbital DMFT calculation with general interaction 
vertex is possible in CT-QMC scheme

Spin and Orbital in real materials near MIT can be 
investigated with k-dependent Dual Fermion approach


