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Key Message: 2 distinct
charge e excitations

at low energy in a DMI
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0.) Normal State:  Charge 
Degrees of Freedom?



approach

Isolate the relevant degrees of freedom

Construct low-energy theory

(Spectral Weight Transfer)
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ε

Order eigenstates of Hubbard 
                   model

Only possible for small systems



Low-energyTheories:  

Integrate
Out high

Energy fields
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Low-energy theory
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Hole doping:
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e-doping:
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LH B

N(ω)

Goal: Identify high-energy field



20 
years 
after:

Has the 
U-scale 

been
Integra
ted out?



No!



• U-scale physics is neither fermionic nor 
bosonic:  

• Spectral weight transfer: UHB and LHB  are 
not orthogonal

Two problems



ciσ=ciσ(1-ni-σ)+ciσni-σ

Spectral weight transfer
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µ
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How can we preserve
the 2x sum rule without
the high-energy scale ?

?
new particle

statistics



each aiσ excitation
blocks two states

P0e
iSHe−iSP0



Half-filling

Local SU(2) symmetry

Not in original model 



applicability

Incoherent broadening
of LHB does not fill in the 

charge gap

do not commute



Projection is not integration:

Integration does not change the number 
             of states per site

Local SU(2) symmetry is
An artifact of projection



How can we preserve
the 2x sum rule without

the high-energy scale (UHB)

Change
Particle

statistics

New degrees
of freedom

emerge at low 
energy!



e

(charge 2e boson)

new bound state
   (charge e)

e 2 states are 
annihilated

(c†iσ, ciσ̄ϕ†
i )
remnant of high energy





Key idea:

Extend the Hilbert space:
Associate with U-scale a new 

Fermionic oscillator
Impose a constraint in such

A way that all unphysical states
Are removed



Impose a constraint:      is 
associated with creation of double

occupancy

Solve constraint

Hubbard Model

Integrate over 
      heavy field

Exact low-energy
      theory 

   (g_h appears)

Clean Coarse-graining on energy scale U

D†
i



Extend Hilbert Space



local SU(2)

Ψ =
(

c↑ c↓
c†↓ −c†↑

)

S = Ψ†Ψ

Ψ = hΨ h =
(

α β
−β∗ α∗

)

S− > Ψ†h†hΨ = S

|α|2 + |β|2 = 1



Construct Lagrangian

Allowed Hops: Hole Doping



Lagrangian

Grass-
mann
Integra-
tion

Couples to singlet



Solve Constraint:

a.) Integrate over ϕi

b.) integrate over Di

UV theory = Hubbard model



Integrate over D_j: heavy field

Fermionic Guassian integral: Do exactly!!

L =
∫

d2η

[
η̄η

∑

iσ

(1− niσ̄)c†iσ ċiσ +
∑

i

D†
i Ḋi

+U
∑

j

D†
jDj − t

∑

i,j,σ

gij

[
Cijσc†i,σcj,σ + D†

i c
†
j,σci,σDj

+ (D†
jηci,σVσcj,σ̄ + h.c.)

]
+ Hcon

]
,



 Exact Low-energy theory



What is s?

s=U

ϕi  couples to high
     energy

integrate over ϕi

Hubbard model

s~O(t)

A low-energy
theory exists

ϕi generates
dynamics at low 

energy



a.)             ?

No double occupancy

b.) Conserved Charge: bosons+fermions

U →∞ ∫
dϕidϕ†

i



two-site terms
Spin

exchange



let M-1
ij=δij

Non-projective



Low energy
Limit of Hubbard model

t-J model



Half-filling

U

ε
N(ω)

Integrate out both



Note no    …D termsD†



No M Matrix: Closed Form 



Why?

Much ado about zeros
Boson breaks local
SU(2) symmetry

Of Heisenberg model!!



Zero condition:  Re G(0,p)=0No Zeros:                  

(π,0)

(0,π)

 G(0,p=pF)=0

Mott
insulator

Σ =∞



Non-projective terms
Preserve the zeros
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Low-energy theory preserves ‘Mott gap’



Wavefunction

ψ = Πi<jf(zi − zj)e−
U
t

R
d2θ

P
i |Di|2

IR

|ψ〉IR = e−
t
U

P
i |ϕi+bi|2Πi<jf(ri − rj)b†ij |0〉

UV

ψ = Πi<jf(zi − zj)
(
1− (1− e−

U
t )ni↑n↓

)

Gutzwiller at U =∞



What is the electron operator?

UV IR

new charge e bound state?



Bosonic field ~ independent of space

Spectral function





t2/U~60meV





Lanzara et. al.



Two bands!!

Graf,  et al. PRL vol. 98, 67004 (2007).

Spin-charge
separation?



Origin of two bands

ϕ†
i ciσ̄

Two charge e excitations

ciσ
New bound state

ϕi is confined ?



Density of States

pseudogap

With bosonWithout boson
ciσ̄ϕ†

i bound state?
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T-linear resistivity

• One critical length scale

• Charges are critical

• Charges are neither created nor annihilated  
(charge conservation)

PP, CC, PRL, vol. 95, 107002 (2005)



EEB µ

New scenario

as x increases

T

x

 EB>0 unbound

EB=0

T>ωD



Thermal effects

C_v~T
2



Optical conductivity



Basov, et. al. 2005
Two-components

Drude Mid-IR



Semiconductors:
Si:P: N~x

cuprates

From where do the extra
Degrees of freedom originate?

Cooper,
et al. PRB
41, 11605

(1990)





MID-IR= 
New bound 

state



Prediction: dielectric function
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(b)2 particle-hole branches



e ≈ eL + eH(ciσ̄ϕ†
i )

unbound
bound

Hubbard model 

integrate high energy



summary
 low-energy theory: non-electron

Quantum numbers emerge--- 
 SC boson-fermion model

Boson=normal state properties of cuprates

Thanks to R.  G. Leigh and 
Ting-Pong Choy,
and DMR-NSF


