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Introduction

Mean field theory for Ising model

e Lattice model (nearest neighbor coupling J, coordination number z)
Hiat = —J >, + Si5;

bt
Pt
bt

o Single site model (m; = (S:), hett = J 3 ; mi = zJm)
Hy = —hetSo

hrt |

e Self-consistency condition
m = (mo) , (= tanh(Bherr) = tanh(BzJm) )
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Introduction

Dynamical mean field theory Metzner & Vollhardt (1989), Georges & Kotliar (1992)

e Lattice model (Density of states D(¢), Self energy ia(iwn, k))
Higtt = —p ) _(niy +n4y) +U Y mipngy — tz<i,j),a cI,acj,a
® O © , ® O
Y
® O <0 | _ 0>
® 6 6 o ©
\ A Y
o Quantum impurity (Hybridization V;,, Self energy imp (iwy,))
Himp = —p(ny +ny) +Ungny + 30 @202l + 37, (Vicha?! + h.c.)

(v

KITP, November 07



Introduction

Dynamical mean field theory Metzner & Vollhardt (1989), Georges & Kotliar (1992)

e Lattice model (Density of states D(¢), Self energy ia(iwn, k))
Higtt = —p ) _(niy +n4y) +U Y mipngy — tz<i,j),a C;'r,acj,a
® O © , ® O
7~ X /T
® 6 6 o ©

( )

O &6 6 o o
7 xS

o Effective Action (Hybridization F'(7), Self energy Ximp (iw))
S = [dr(—p(ny +ny) +Uniny) =3, [drdr’ce(T)Fo (T —7')ck (')

F-1’)
QTT

e Self-consistency condition
Glgft(T) = Gimp(T)

KITP, November 07



Introduction

Dynamical mean field theory Metzner & Vollhardt (1989), Georges & Kotliar (1992)

e Self-consistency loop

Lattice model Impurity model
E 4
) Y
G (iwy) = >, Grant(k, iwn,) impurity solver
- 1
o Zk ’iwn+M—Bk—Elatt(’iwnak) U
~ fdeiwn—l—,u,—e—Eimp(iwn) Gimp(iwn)
T

Ylatt (twn , k) = 2imp(iwn) <~ limp W)
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Hirsch-Fye solver Hirsch & Fye (1986)

Previous work

e Hubbard model: Z = TrT.e~° with action S = Sy + Sy

So=—>_, foﬁ drdr’ co (T)Fy (T — 7'l (77) — ,ufoﬁ dr(ny +ny)

SU = Ufoﬁ dTTLTTLl

Discretize imaginary time into V equal slices Ar

Decouple Unyn| using discrete Hubbard-Stratonovich transformation
e~ ATU(nin +1/2(np+ny)) — % > ety eMUAT)s(n1—n1) Hirsch (1983)

Perform Gaussian integral

Z =), det G&%(sl, - SN)GEj(Sl, ey SN)

MC sampling of auxiliary Ising spins

Initial drop of Green function ~ e~Y7/2

— Matrix size: N ~ 558U
— Low temperatures not accessible

~exp(—-UTt/2)
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Previous work

Weak coupling expansion Rubtsov et al. (2005)

e Hubbard model: Z = TrT.e~° with action S = Sy + Sy
So=—>_, foﬁ drdt’co (T)Fy (T — T’)c];(T’) — ,ufoﬁ dr(nt +n))
SU — Ufoﬁ dTnTnl
e Continuous-time solver based on a diagrammatic expansion of Z
Prokof’'ev et al. (1996)
e Treat quadratic part S, as unperturbed action and expand ¢~ J drnim
_1n\k
Z =3 S [ dr..dm. [ Dle, ctle M ng (1) ny (71)..ng (70 (70
e Perform Gaussian integral
Z =) (_k—U,)k [ dry...d7y,
x det Go 1 (11, ..., Tk)Go, | (T1, ., T) 1 + 8U + U@U + ..
e MC sampling of configurations of
Interaction vertices Unin (1)

e Matrix size: (k) ~ 0.58U KITP, Novernber 07



New Impurity solver

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

o Non-interacting model: Z = TrT, exp( [ drdr'c(r)F(r —7')ct (1))
e Expand exponential, evaluate in the occupation number basis
{10), 1)}
o 7 =g5Trl
+5TrTy [ dridrf o(rf)F(rf — 7§)ct (7§)
+1TrT, [dridridrsdrs o(rf)F(rf — ) (15) c(r§)F (15 — 75)cl (75)

F(ti-17)
| A n |+
0 B 0 ‘! 1 B
=
=] |
| S [ S [ | + | S [ Os-*e € | +
0 T T T U 0 © T 1T 3
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New Impurity solver

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

o Non-interacting model: Z = TrT, exp( [ drdr'c(r)F(r —7')ct (1))
e Expand exponential, evaluate in the occupation number basis
{10), 1)}
o 7 =g5Trl
+5TrTy [ dridrf o(rf)F(rf — 7§)ct (7§)
+1TrT, [dridridrsdrs o(rf)F(rf — ) (15) c(r§)F (15 — 75)cl (75)

+ ..
F(ti-17)
| o+ & nd |+
0 B 0 ‘! 1 B
=
U.u O— )
=] |
| S [ S [ | + | S [ (SAG € | +
0 T T T U 0 © T 1T 3

e Some diagrams have negative weight (TP November 07



Segment picture

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

e Non-interacting model: Z = TrT; exp(foﬁ drdr' c(7)F (1t — ')t (7))

e Collect the k! diagrams with the same

{e(78), T (78) }iz1.. 1 Into @ determinant
det F(F)
(FR ) = F(18, — 75)

— resums huge numbers of diagrams

(100! = 10158)
— eliminates the sign problem
— leads to lower perturbation orders

o det F(¥) = configuration of k£ segments

©.@) B S /8 S OTiS e
© Z=2+3 1) dri-- fT;;_l dry; fT,g dry,
x det F)

[
|
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Segment picture

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

e Non-interacting model: Z = TrT; exp(foﬁ drdr' c(7)F (1t — ')t (7))

o Collect the k! diagrams with the same g s g g ¢
{e(m), CT(Tf)}izl...k Into a determinant 0 U T T3 T3
det F(F)

(]:(k))m,n = F(TSz - Trsz,)

— resums huge numbers of diagrams

(100! = 10158)
— eliminates the sign problem
— leads to lower perturbation orders

o det F(¥) = configuration of k£ segments

©.@) B S /8 S OTIS e
© Z=2+3 1) dri-- fT;;_l dry; fT; dry,
x det F)
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Monte Carlo sampling

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

e Sampling of Z through local updates of segment configurations
() insertion/removal of segments

(i) insertion/removal of anti-segments

(ii)) shifts of the segment end points

e Detailed balance

p(Sk — Sk+1) _ detf(k—i_l) 62 €l~’u
p(Ski1 — Sk) det F(F) kE+1

Sk — Sk4+1 = Sk + S
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Monte Carlo sampling

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

e Hubbard model (U # 0): Segment configurations for spin up/down

spin ? | Oe——) O— |

0 U U B

spin } | Oo—— ——e |
overlap

e Weight of MC configuration also depends on segment overlap

w = det Fy det F| exp|(ly + 1)) — Uloverlap)
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Efficiency

Expansion in the impurity-bath hybridization F' PRL 97, 076405 (2006)

o Computational effort grows O(k?) with matrix size k

0.1

® <k> ~ ﬁ 0.09 t
0.08 +
e (k) decreases with increasing U ol
— ideal for strong correlations = o0 |
— works even at very low T oo |
0.01
e Comparison: cond-mat/0609438 00 10 20 30 4 s0 60 70
order k
Method Hirsch-Fye Expansionin U Expansionin F
Matrix size (k) ~ 3 ~ 0 ~
Bt =100,U/t =3 1500 150 32
Bt =100,U/t =4 2000 200 26

Bt =100,U/t=5 2500 250 17
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Sign problem

e Map "impurity+bath" to a "chain" Kaul et al., J. Phys. A (2005)

Hpyo = 32, VicTaP2™ becomes hopping to first site: toctaghan

e ¢
o

®
& 4

* o
N
¢

o
.-0.

/e

| C+\

—
o ¢
¢QQ

-

e Inthe chain representation, can choose basis {|a)} such that
H becomes tridiagonal with offdiagonal elements ¢; < 0

e MC weight are of the form Tr[e~71 e (— Hypp)e = (T2 =T1) Hioe (— Fp ). ]
o (a| — Hpyp|B) = —tgda,c08,0 > 0
o (ale™™ee|B) = (al(1 — FHioe) " [B) = 0
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Hubbard model

Bethe lattice, paramagnetic phase

T )

0.05 —

previously

not accessible
0.01

(M-t |

U/t
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Hubbard model

Bethe lattice, paramagnetic phase PRB 75, 085108 (2007)

e Mott transition is first order for 7" > 0, but second order at 7' = 0
e Charge compressibility On/ou vanishes as U — U

0.18 . :
U/t=5.6 —e— (VT
0.16 r Ut=5.7 ——

Ut=6.0 ——
0.14 | Ut=65 ——

U/t=8.0 —x—
012 F yp=12 —o—
0.1t ’

0.08 |
0.06 |
0.04
0.02

0.5-n

0 1 2 3 4 S Ua 5 55 U2 g 6.5 Ult
(UI2-p)/t
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Hubbard model

Bethe lattice, paramagnetic phase PRB 75, 085108 (2007)

(UI2-p )it

e Doping a Mott insulator induces states in the gap

Fisher, Kotliar, Moeller (1995)

e In-gap nature of these states only relevant for dopings < 2%

35 . . . . . - 0.45
3l semi-circles - - - - - 0.4
gap at half-filling —e— - ? 035 |
o5 | Heo (Bt=400) —o— '
0.3
2t 0.25 |
15 t 0.2 r
0.15 |
1 -
0.5 0.05 |
0 - : 0
4 5 6 7 8 9 10

0.1t

Uit=7
Bt=300
5=0.0094

10 -8 6 -4 -2
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Hubbard model

Bethe lattice, paramagnetic phase PRB 75, 085108 (2007)

(UI2-p )it

e Doping a Mott insulator induces states in the gap

Fisher, Kotliar, Moeller (1995)

e In-gap nature of these states only relevant for dopings < 2%

3.5 : : : : — 0.45
3l semi-circles - - - - - 0.4
gap at half-filing —e— g 035 |
o5 | Heo (Bt=400) —o— -~ '
‘ 0.3 |
2r 0.25 |
1.5 |
0.15 ¢
1 -
0.5 0.05 r
O < L 0
4 5 6 7 8 9 10

0.2

0.1t

Uit=7
Bt=300
5=0.0144
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Hubbard model

Bethe lattice, paramagnetic phase PRB 75, 085108 (2007)

(UI2-p )it

e Doping a Mott insulator induces states in the gap

Fisher, Kotliar, Moeller (1995)

e In-gap nature of these states only relevant for dopings < 2%

3.5 : : : : — 0.45
3l semi-circles - - - - - 0.4
gap at half-filing —e— g 035 |
o5 | Heo (Bt=400) —o— -~ '
‘ 0.3 |
2r 0.25 |
1.5 |
0.15 ¢
1 -
0.5 0.05 r
O < L 0
4 5 6 7 8 9 10

0.2

0.1t

Uit=7
Bt=300
5=0.035

-10
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LDA+DMFET

Cerium (7-band model, density-density interactions)
in collaboration with A. Lukoyanov, A. Shorikov & V. Anisimov

Spectral function a-Ce CT-QMC [3=20 Spectral function y-Ce CT-QMC =20

total_old . -+ tota_old
—! —!
— 92 N B

R g4
N g?
— total new

Spectral function (Arb. units)
Spectral function (Arb. units)

Energy (eV) Energy (eV)
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Holstein-Hubbard model

e On-site repulsion and coupling to Einstein phonons PRL 99, 146404 (07)

Hipe = HPWPPA 4 Ny 1) — 1)(0" 4 b) 4+ wob'b

e Evaluate T'r|- - -] analytically using Lang-Firsov transformation
= additional interaction between segment start/end points

e No truncation of phonons; negligible extra computational cost

$In T | Se \;’l,\: ~~~~~~ -
N\ ’f Vs \\\ - . ~
~ L - ¢, I \ ~
0 N s U B
- ——" ‘\ \~\ .....
—~
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Holstein-Hubbard model

e On-site repulsion and coupling to Einstein phonons PRL 99, 146404 (07)

Hubbard
Hloc — H|

+ Ang +ny — 1) +b) +wob'b

e Evaluate T'r|- - -] analytically using Lang-Firsov transformation
= additional interaction between segment start/end points

e No truncation of phonons; negligible extra computational cost

e Phase diagram and phonon contribution to the self-energy

Uef=0 - - - -

bipolaronic
| Mott insulating

°
IIQ °

llq

—eo0o—
S, eeee0
ARXXY
veoo
sec0
\\
se0 o
* ser00 o

$ ¢ ¢ o o o o000
R

\
mllllllllll.‘

D

C
-~

T \ d 1 T
o i Mt=0.65 ——
s - ’ AM=0.6 ——
: 0s | Mo02 — |
_ 5 =0.
= Migdal-Eliashberg
S
W k
S
<
E
14 16 0 0.5 1 15 2

wy/t
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General formalism

Matrix method PRB 74, 155107 (2006)

General impurity model: Z = TrT,e~° with action S = Sr + Sioc

Sp ==X Jy drdr'va(r)Fulr =76l (7")
Sioc = Jy dr(¥' Qe + Ui etba)

Hloc

segment formulation (U%°n,ny) matrix formulation (U/**%f ¢ lp.1p4)

| ot Ot o—l |
o t S s
w = ]],det F, w =], det F,

ab
X eﬂz la_UZ loverlap X TT[Q_HIOC(Tl)Ol G_HIOC(T2_T1)02 .. }

R
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Kondo lattice model

Antiferromagnetic self-consistency loop, J > 0 PRB 74, 155107 (2006)

1,
Hioe = _H;¢2¢a + JS - §¢20a,b¢b

e Quantum phase transition: antiferromagnet < paramagnet

e Classical spins would yield m? > 0 for all J

0.1

0.08

0.06

0.04

0.02

classical spin, T=0 pt=20 —o—
Bt=40 —<—
Bt=80 ——x<—

02 04 06 038 1 12 14

Jit

0.16

0.14
0.12
0.1 r
0.08 |
0.06 r
0.04 |
0.02

classical spin J=1

) guantum spin
&
&
| 6B &
0 0.02 0.04 0.06 0.08 0.1
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2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)

Hioc = )., Unaina, +> ,Unions o +> (U —J)ni o020
= T} 8 e n g+ 08 0l b hee) = (= A)ny = (u+ A)ns

e Results for half-filling, gt =50, U’ =U — 2J, A/t =0.2, 0.6, 1

orbital 2

e

orbital 1

P
S

0.5

q
04

03 ¥

filling of orbital 1
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2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)

Hioc = )., Unaina, +> ,Unions o +> (U —J)ni o020
= T} 8 e n g+ 08 0l b hee) = (= A)ny = (u+ A)ns

e Results for half-filling, gt =50, U’ =U — 2J, A/t =0.2, 0.6, 1

orbital 2 A orbital 1 0.5

A
N3

filling of orbital 1
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2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)

Hioc = )., Unaina, +> ,Unions o +> (U —J)ni o020
= T} 8 e n g+ 08 0l b hee) = (= A)ny = (u+ A)ns

e Results for half-filling, gt =50, U’ =U — 2J, A/t =0.2, 0.6, 1

orbital 2

e

orbital 1

P
S

filling of orbital 1

0.5

04 r

03T

0.2

0.1 r

(

€0,

0.25
0.15
0.1

0.05
J/U=0

At=0.2 —o— |

At=0.6 —5—
At=1 —<—

7 8

9
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2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)
e Lowest energy eigenstates of Hy
6) =[T1), [7) =To), 8) = |T-1) S=1  E=U-3J-2u
110) = cos6|T],0) + sin#|0,T]) S=0 E=U—-VJ?+4A2 - 2u

o Energy levels cross at A = v/2J = insulator-insulator transition

A

orbital 2 orbital 1

10T Mott insulator

U/t

/e
=4

orbitally polarized
insulator

2.5 3 3.5
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2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)

e Lowest energy eigenstates of Hy
6) = [T1), [7) = |To), I8) = |T—1) S=1  E=U-3J-2u
110) = cos6|T],0) + sin#|0,T]) S=0 E=U—-VJ?+4A2 - 2u

o Energy levels cross at A = v/2J = insulator-insulator transition

orbital 2

A

orbital 1

-
-

U/t

10

Mott insulator
(spin triplet for J/U=0.25)

JU=0  J/U=0.25 «

¢ orbitally polarized
insulator

0 0.5 1 15 2 2.5 3 3.5

A/t KITP, November 07



2-orbital model

Effect of Hund coupling J and crystal field splitting A, PRL 99, 126405 (2007)

e Lowest energy eigenstates of Hy
6) = [T1), [7) = [T0), [8) = [T1)
|10) = cos 6] T],0) + sin 00,11)

S=1
S=0

E=U-3J-2u
E=U—+J2+4A%2 - 24

o Energy levels cross at A = v/2J = insulator-insulator transition

orbital 2

A

orbital 1

-
-

weight

1

08

0.6

N\

<

triplet Mott insulator ——K—

Metal —O— |
orbitally polarized insulator —&—

6 8 10 12 4

basis state KITP, November 07



3-orbital model

L HIOC — Za UnO‘)Tnaal —|— ZO{#B,O’ U/naao-nﬁa_o- —|— Za#ﬁ,U(U/ T J)na,gnﬁ,g
o Zoz;éﬁ J(wl,lwg,TwﬁalwaaT _|_ wg,ng,lwaaTwaal _|_ h.C) o ZQ,O' Mnaaa

e Bethe lattice with 6t =50, U' =U —2J, J =0
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14
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10 -
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1/6
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20
p/t
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3-orbital model

L HIOC — Za UnO‘)Tnaal —|— ZO{#B,O’ U/naao-nﬁa_o- —|— Za#ﬁ,U(U/ T J)na,gnﬁ,g
o Zoz;éﬁ J(wl,lwg,TwﬁalwaaT _|_ wg,ng,lwaaTwaal _|_ h.C) o ZQ,O' Mnaaa

e Bethe lattice with gt =50, U'=U —2J, J =U/6
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3-orbital model

L HIOC — Za UnO‘)Tnaal —|— ZO{#B,O’ U/naao-nﬁa_o- —|— ZO{#B,U(U/ T J)na,gnﬁ,g
o ZO&#B J(wl,lwg,TwﬁalwaaT _|_ wg,ng,lwaaTwaal —|_ h.C) o ZQ,O' /’LnOé,O'

e Bethe lattice with gt =50, U' =U —2J, J =U/6, A1 = 0.5

16

14

12

10 -

U/t

-5 0 5 10 15 20 25 30 35 40 45
p/t
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Ongoing and future projects

e Applications: Multiorbital models, cluster DMFT, LDA+DMFT
— More realistic models/parameter regimes can now be studied
— Investigate "real materials" (band structure, filling, couplings, ...)

e Methodology: Explore limits and alternative approaches

— Truncation of Hilbert space; Effective action methods
— Krylov-space approach
— Continuous-time auxiliary field method

e Beyond DMFT: Real time dynamics and non-equilibrium systems
— Diagrammatic Monte Carlo on the Keldysh contour

KITP, November 07
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