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  Motivations: flow of immersed granular media

Laonong River, Taiwan

Sediment transport in river

New Bridge

Old Bridge



  Motivations: flow of immersed granular media

Landslide

Taiwan, 2010 Guatemala

Continuum description

Model experiments 
Understanding the physical mechanism 



  Bed-load transport by laminar shearing flows

Granular bed in a rectangular-tube flow (6.5cmx1mx3.5cm)

Aussillous, Chauchat, Pailha, Médale and Guazzelli, JFM 13
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 Index-matched combinations of fluid and particles→

 Imposed fluid flow rate → qf



   Inside the mobile granular bed (PMMA, )Qf = 4.1cm3/s

No velocity slip between particles and fluid

Fluid made fluorescent (Rhodamine 6G) and seeded with fingerprint powder 
PIV  fluid ( ) and particle ( ) velocities  , → ∙ ∙ uf
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  Velocity and concentration profile (Borosilicate, )Qf = 3.6cm3/s

 quasi-steady uniform regime 
   constant, except at the top interface (vanishes on a distance  )

→
→ ϕ ≈ ≈ d

Grey level intensity  fluid height  and volume fraction  (+)→ hf ϕ(z)
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  Continuum two-phase modelling (Re<<1)

σ
tot

= σf+σp

g

Momentum equations

Volume fraction ϕ

Total stress tensor

Continuity equations
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∂ϕup

k

∂xk
= 0∂ϵ

∂t
+

∂ϵuf
k

∂xk
= 0
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Closures

σ = σp + σ f

Jackson Chem. Eng. Sci. 97
Guazzelli and Pouliquen JFM 18

- Interphase hydrodynamic force : n < f h >p
i = − ρf ϕgi +

ηf

K(ϕ)
(Ui − up

i )

- Stress of the particle phase ? 

- Stress of the fluid phase ? buoyancy force viscous Darcy drag



  Effective stress of the particulate phase: contact interactions

Plane shear under controlled normal stress 

One imposes  and pp ·γ Shear stress ?τp

A single dimensionless number: ratio between 2 times 

⇒

τp = μ(J)pp

Boyer et al PRL 11, Dagois-Bohy et al JFM 15 ; Tapia et al PRF 19

⌧p
pp

�̇

Courrech Du Pont et al Eur. Lett. 03;  Cassar et al PoF 05

time scale of the mean shear: tmacro ∼ 1/ ·γ

tmicro =
ηf

ppmicroscopic time for rearrangement

J =
tmicro

tmacro
=

ηf | ·γ |

pp



  Effective stress of the particulate phase: contact interactions

Rheology for granular flow:

Pressure-imposed rheology of viscous Newtonian non-buoyant suspension

ϕ = ϕ(J)

μ(J ) = μc +
μ2 − μc

1 + J0/J

σp
ij = − ppδij + τp

ij τp
ij =

μ(J)pp

| ·γ |
·γij ϕ = ϕ(J)

Pressure dependant viscosity
Jop et al Nature 06

If μ > μc

Else  ·γ = 0

τp = μ(J)pp

ϕ =
ϕc

1 + J1/2

Tapia et al PRF 19



    Effective stress of the fluid phase

mean fluid stress tensorσ
tot

= σf+σp

g

Total stress tensor
σ f = (1 − ϕ) < σ > f + σ fp

σ = σp + σ f

Newtonian rheology for the fluid phase  
with an effective viscosity ηe(ϕ)

τ f
ij = ηe(ϕ)(

∂Ui

∂xj
+

∂Uj

∂xi
)

σ f
ij = − pf δij + τ f

ij

Jackson Chem. Eng. Sci.  97, Nott et al. PoF 11

Effective viscosity ηe(ϕ)
ηe(ϕ) → ηf(1 +

5
2

ϕ)  Recover Einstein viscosity at low  → ϕ

  depend on the flow configuration ?→

terms coming from  
fluid-particle interactions 

Ui = ϕup
i + ϵuf

i

Volume averaged velocity



  Effective viscosity: neutrally buoyant suspension

Shear reversal experiment at large ϕ

Boyer et al. PRL 11
Numerical simulations (Volume-imposed rheology)

ηe(ϕ) = ηf[1 +
5
2

ϕ(1 −
ϕ
ϕc

)−1]

Gallier et al. JFM 14

JJ

Pressure-imposed rheology

Blanc et al. J. Rheol. 11

μ = μc +
μ2 − μc

1 + J0/J

μc

+ J +
5
2

ϕcJ1/2

μh

ϕ =
ϕc

1 + J1/2
⇒ J = (

ϕc − ϕ
ϕ

)2



  Effective viscosity: immersed granular media

Flow in porous media

ηe(ϕ) = ηf[1 +
5
2

ϕ]

Brinkman, Appl. Sci. Res

Goharzadeh et al PoF 05

 particles are touching : long-range hydrodynamic effects screened

Index matched technic

Bed-load transport (Direct Numerical Simulations)
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  Continuum two-phase modelling (viscous dense suspensions)

σ
tot

= σf+σp

g

Momentum equations

σtot = σp + σ f
Continuity equations

- Drag force  

- Frictional rheology for the particle phase  

- Newtonian rheology for the fluid phase 

Closures
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  Two-phase model for viscous shearing flows

• Hydrostatic pressure:
pp = ϕΔρg(hp − z)

• Brinkman equation for the fluid phase:
∂p f

∂x
−

∂τ f

∂y
+ ηβ(U − up) = 0

• Mixture equation: 
τp(z) + τ f(z) = τ f(hp) −

∂p f

∂x
(hp − z)

 Darcy drag term dominant ( ) 
(particle-fluid interaction)
→ up ≈ uf

 Exchange between stresses of the fluid 
and solid phases
→
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  Comparison with the experiments

Dimensional analysis: Coulomb friction 

 Einstein viscosity (1956) 

 μ = μc

Ouriemi el al. JMF 09 Part 1ϕ = 0.55, ηe ≈ 2.4ηf

Analytical solution 

• Relevant scaling   length scale  
• Control parameter   dimensionless fluid flow rate   
• Parabolic velocity profile  does not well describe the experimental velocity profile 

→ hf
→ qf /(Δρgh3

f /ηf )
→
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Granular frictional rheology

μ(J ) = μc +
(μ2 − μc)
1 + J0/J

ϕ = 0.55, ηe = cst

Aussillous et al. JFM 13, Chauchat et al. 14

Solve numerically in 2D (—) and 3D (- -)

μc = 0.24, μ2 = 0.39, J0 = 0.01, ηe /ηf = 6.6



   Flow of immersed granular media

 Refractive index matched technic with low viscous fluid 
       hydrogels 

→
→

St =
ρpd2 ·γ

ηf

Bedload sediment transport: Inertial but still laminar case

Beyond steady flow

Frictional rheology for the particle phase τp
ij =

μ(J)pp

| ·γ |
·γij J =

ηf | ·γ |

P
 only valid in steady flows→

 role of the initial preparation of the granular bed ?⇒

RHINOS

B. Vowinckel, E. Guazzelli, E. Meiburg 
C.-W. Hong, F. Tapia

ϕ = ϕ(J)



  Granular collapse in a fluid

• Glass beads, d=225 μm
• Ucon-water mixture 

η=12/23 cP
• Initial aspect ratio 

A=Hi/Li

• 0.555  <  ɸi  < 0.62

Pressure
Sensor

Pressure
Sensor

70cm

15cm

15
cm

Rondon et al POF 11



  Granular collapse in a fluid

Dense

Loose

Loose → fast, long run out
Dense → slow, short run out

Crucial role of the initial solid volume fraction
Iverson et al. Sciences 00



  Pore pressure feedback

Two phase model:
→ Dilatancy

Dense case:Loose case: � &� %

• Fluid expelled
• 
• Friction&

pf % ) pp &
• Fluid sucked
• 
• Friction %

pf & ) pp %

Iverson et al. Sciences 00



h

  Dilatancy : critical state theory 

Roux et al. 98

τ = (μ(J) + tan ψ)pp

tan ψ = K(ϕ − ϕeq(J))

c

Dilatancy angle    ψPailha et al JFM 09

158 CHAPITRE 4. LE SOLIDE GRANULAIRE : PLASTICITÉ

Fig. 4.7 – (a) Modèle à trois billes pour illustrer l’origine géométrique du co-
e�cient de friction macroscopique. (b) système équivalent en terme de blocs.

Si ⇥p est l’angle que forme le plan de contact entre la bille A et la bille
C avec l’horizontale, le problème est équivalent à un coin posé sur un plan
incliné à un angle ⇥p (Fig. 4.7b). En projetant les forces N et T dans un
repére lié à la surface de contact on trouve la force tangentielle FT et nor-
male FN au plan : FT = T cos ⇥p � N sin ⇥p et FN = N cos ⇥p + T sin ⇥p.
Lors du glissement on a FT = tan �pFN ce qui nous donne après quelques
manipulations trigonométriques :

T = tan(�p + ⇥p)N. (4.2)

Ce calcul montre donc que la force tangentielle nécessaire pour déloger
la bille de son trou est proportionnelle à la force normale, c’est à dire que
l’on retrouve une loi de friction. Le point important est que le coe�cient de
friction que l’on obtient dépend à la fois de la friction entre grains �p mais
aussi de la géométrie de l’empilement encodée dans ⇥p. Ainsi une friction
microscopique nulle �p = 0 n’implique donc pas une friction macroscopique
nulle puisque pour déformer le système de la figure 4.7b il reste à vaincre
l’enchevêtrement géométrique. Cette propriété semble rester vraie pour des
empilements irréguliers. Un ensemble de billes non frottantes présentent un
coe�cient de friction faible mais non nul (5.8o d’après les simulations de
Peyneau & Roux 2008) dont l’origine est donc purement géométrique.

4.2.2 Second niveau de description : prise en compte des
variations de fraction volumique

Un second niveau de description consiste à tenter de modéliser les tran-
sitoires des figures 4.3a et b en prenant en compte l’influence de la fraction

τ

ppRheology Evolution

1

�

d�

dt
= � tan �̇tan ψ =

dh
dX

dhϕ
dt

= 0

·γ =
dX /dt

h

}



  Depth averaged two-phase model

Hypothesis:
→ Inertia negligible (Fr<<1)
→ vp<<up, H<<L

Mass Conservation:

• mixture:

Momentum Conservation

⌧mb +
1

2
�⇢g

@�h2

@x
= 0

ppb + pfb = �⇢�gh

dh�

dt
= 0

K =
(1� �)3

150�2
d2

• fluid:
with

(Darcy, Kozeny-Carman)

pfb = �h
⌘

K
vp

up

vp

x

z

dx

pm
pm

𝜏bm

h(x,t)

Variable: h(x,t)

Pailha et al JFM 09



  Rheology / Dilatancy

Rheology at equilibrium

(c)
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vp = K4 tan u
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= � tan �̇

•  dilatancy angle:

•  rheology:

•  evolution:

(reference stationary flow)�̇b = 3
up

h

K3 = 4.09,K4 = 1.8

Dilatancy
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µ1 = 0.32

�µ = 0.62

I0 = 0.0077

fe = 3.3

�max = 0.585

�� = 0.2

I1 = 0.027

(data Boyer et al. 09)

τmeq = μm(J )pp, J =
ηf

·γ
pp

μm(J ) = μ1 +
μ2 − μ1

1 + J0/J
+ feJ ϕeq(J ) = ϕmax −

Δϕ
J + J1

J

tan ψ = K3(ϕ − ϕeq(J ))

τm
b = (μm(J ) + tan ψ)pp



  Comparison 

Dense

Loose

Parameters:
Numerical simulation → Lagrangian description 

Characteristic dimensions: Hi, P0 = �⇢gHi, V0 =
�⇢gd

2

⌘
, t0 =

Hi

V0
=

⌘Hi

�⇢gd2

�i, A = Hi/Li, � = Hi/d



   Comparison 

Dynamics Final shape

Hi/Li =1
Hi/Li =2

Exp.  Simu.
△       •
△       •

Loose → Dynamics independent on ɸ/ Final shape depend on ɸ
Dense  → Dynamics depends on ɸ /  Final shape close to the angle of avalanches

t0 =
⌘Hi

�⇢gd2
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→ Water saturated
→ Role of the interface with air ?

  Landslide 

Guatemala Taiwan, 2010



  Capillary cohesion 

Column discharge:

hs

h

Discharge
Pressure sensor

�P = 10
�

d

d = 80µm : �P ⇠ 90 cm of water

P0

Pf



  Water-saturated granular column in air

Pressure drop in the liquid   ⇒   Pressure on the granular media 

P0

Pf

zR

�P = ⇢gzR < 10
�

d

6cm

 Glass beads, d=80 μm

water



  Water-saturated granular column in air

�P = ⇢gzR < 10
�

d

P0Pf

d

zR

Pressure drop in the liquid   ⇒   Pressure on the granular media 



  Volume imposed Collapse initiation

Destabilisation triggered by a kick



  Results

ɸi = 0.555

ɸi = 0.569



  Dependence on the solid volume fraction ɸi

No collapse for ɸi  0.574⩾
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  Destabilisation triggered by a kick: Principle

Random loose packing Perturbation Flow

• Kick ⇒ compaction

•               ⇔   fluid expelled 
• Interface not anymore stabilised by the capillarity

  ⇒ collapse of the column

pf %



  A second process to initiate collapse

�P = ⇢gzR < 10
�

d

P0Pf

d

zR

  zR < 0 → zr > 0

Pressure drop in the liquid   ⇒   Pressure on the granular media 



  Pressure imposed Collapse Initiation

ɸi = 0.555

ɸi = 0.604

ɸi = 0.610

ɸi = 0.572



  Variation with ɸi

Loose → fast, long run out
Dense → slow, circular collapse
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   Comparison 

Dynamics Final shape

Dynamics → depend on surrounding/ not on the initiation process
Final shape  →  independent on initiation/surrounding conditions

 depth averaged two phase model for the water-saturated column⇒

t0 =
⌘Hi

�⇢gd2
HF

LF

Tap 
▲ zR = 200mm 
✳  zR = 100mm
+  zR = 60mm

◇ rough  •smooth

Pressure 

Immersed ☐	exp	◼	simu



  Conclusion 

Continuum two-phase modelling 
Closure in the viscous dense suspension limit 
Application to several experimental configurations 

Perspectives 
 Bedload sediment transport: Inertial but still laminar regime 
 Depth averaged two phase model for the water-saturated column : 

pressure conditions at the interface 

→
→


