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❖ Dimensionless parameters:

Fluid inertia

Particle inertia                     

Heavy inertial particles
❖ Incompressible turbulence
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The feedback forces exerted by particles suspended in a turbulent flow is shown to lead to a new
scaling law for velocity fluctuations associated to a power-spectra / k�2. The mechanism at play
relies on a direct transfer of kinetic energy to small scales through Kelvin–Helmholtz instabilities
occurring in regions of high particle density contrast. This finding is confirmed by two-dimensional
direct numerical simulations.

It is common to face environmental, industrial or as-
trophysical situations where impurities such as dust,
droplets, sediments, and other kinds of colloids are trans-
ported by a turbulent fluid. When the suspended parti-
cles have finite sizes and masses, they detach from the
flow by inertia and form uneven distributions where in-
tricate interactions and collisions take place. The physi-
cal processes at play are rather well established, leading
to quantitative predictions on the rates at which cloud
droplets coalesce [1], dust accrete to form planets [2], or
heavy sediments settle in a turbulent environment [3, 4].

Still, basic and important questions remain largely
open as to the backward influence of particles on the
carrier flow structure and geometry. Some situations
involve particle mass loadings so large that the fluid
turbulent microscales are altered and, in turn, several
macroscopic processes are drastically impacted. These
include spray combustion in engines [5], aerosol salta-
tion in dust storms [6], biomixing by microorganisms in
the oceans [7], and formation of planetesimals by stream-
ing instabilities in circumstellar disks [8]. Currently such
systems are unsatisfactorily handled by empirical ap-
proaches or specific treatments. A better modelling re-
quires identifying and understanding the universal phys-
ical mechanisms at play in turbulence modulation by dis-
persed particles. In this spirit, we focus here on the alter-
ation of small scales by tiny heavy spherical particles. We
show that the fluid velocity is unstable in regions with a
high particle density contrast, leading to energy transfers
shortcutting the classical turbulent cascade. This e↵ect
leads to a novel scaling regime of the turbulent velocity
field associated to a power-law spectrum / k�2.

The fluid velocity field u solves the incompressible
Navier–Stokes equations: r · u = 0 with

@tu+ (u ·r)u = � 1

⇢f
rp+ ⌫r2u+ fext + fp!f . (1)

⇢f is here the fluid mass density and ⌫ its kinematic
viscosity. A homogeneous isotropic turbulence is main-
tained in a statistical steady state by an external forcing
fext. The fluid flow is perturbed by a monodisperse popu-
lation of small solid particles whose e↵ects are entailed in
the force fp!f . These particles are assumed su�ciently
small, dilute and heavy for approximating their distri-
bution and dynamics in terms of fields, namely a mass

density ⇢p and a particle velocity field vp satisfying

@t⇢p +r · (⇢pvp) = 0 (2)

@tvp + (vp ·r)vp = � 1

⌧p
(vp � u) , (3)

where ⌧p = 2⇢s a2/(9⇢f ⌫) is the particles response time,
a being their radius and ⇢s the mass density of the mate-
rial constituting the particles. The hydrodynamical sys-
tem (2)-(3) has proven to be a valid approximation for
relatively small Stokes numbers St = ⌧p/⌧f [9], that is
when the particle response time is smaller than the small-
est active timescale ⌧f of the fluid flow. In this limit,
fold caustics appear with an exponentially small proba-
bility [10, 11], preventing the development of multivalued
branches in the particle velocity profile and thus ensuring
the validity of a hydrodynamical description.
The force exerted by the particles on the fluid reads

fp!f =
1

⌧p

⇢p
⇢f

(vp � u) . (4)

It is proportional to the mass density of the dispersed
phase and thus combines the heaviness of the particles
with their number density. The strength of feedback is
measured by the comprehensive non-dimensional param-
eter � = h⇢pi/⇢f . It involves the particle density spatial
average h⇢pi = Np mp/V, where Np is the total number
of particles, mp their individual mass, and V the volume
of the domain. All these quantities being conserved by
the dynamics, so is the coupling parameter �.
We first draw some straightforward comments pertain-

ing to the limit of small Stokes numbers. There, particles
almost follow the flow with a tiny compressible correc-
tion [12], namely vp ⇡ u�⌧p a, where a = @tu+(u ·r)u
denotes the fluid flow acceleration field. The feedback
force exerted on the fluid is hence, to leading order,

fp!f(x, t) ⇡ � 1

⇢f
⇢p(x, t)a(x, t) (5)

The e↵ect of particles can thus be seen as an added mass,
which does not depend upon their response time and is
responsible for an increase of the fluid inertia. The fluid
is accelerated as if it has an added density equal to that of
the particles. Such considerations predict that the pres-
ence of particles decreases the e↵ective kinematic viscos-
ity of the fluid and thus increases its level of turbulence.
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2Université Côte d’Azur, CNRS, Laboratoire J.-A. Dieudonné, Nice, France
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with

❖ Particles: small, rigid, heavy, dilute with moderate slip
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Response time

2advp

dt
= �1

⌧
[vp � u(xp, t)]
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Particle clustering

fractal distribution at 
dissipative scales

dissipative dynamics: 
attractor, SRB measure

clusters and voids in the inertial range

Ejection from eddies

stretching & folding in phase space
+ projection onto configurations How to model and quantify?
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Radial distribution function
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a.k.a. pair-correlation function, measures the excess in the distribution 
of distances between particle pairs
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Distribution of voids – 2D
Simulation in two-dimensional inverse cascade

trated at the small scales17 and no large scale coherent struc-
tures appear. Holes emerge as a result of the delayed
dynamics !1", which filters the scales of the underlying tur-
bulent flow characterized by times of the order of the Stokes
time #s .

As discussed before, clustering occurs also in synthetic
flows where a hierarchy of time scales is absent, just as a
consequence of the dissipative character of the motion.12
However, it appears from our simulations that to fully under-
stand the geometry of inertial particle distribution in a turbu-
lent flow the presence of structures characterized by a large
set of time scales cannot be ignored.

We conclude that the geometry of inertial particle clus-
ters in developed turbulence is controlled both by the dissi-
pative effective dynamics of the particle motion at small
scales, and by the tendency of inertial particles to filter the
active scales characterized by times of the order of the char-
acteristic relaxation time of the particles. A full understand-
ing of the geometry of particle clusters in developed turbu-
lence is particularly relevant for several applications, such as
coalescence processes or chemical reactions. The reaction
rate of two chemical species is a function of their concentra-
tion. When particles of different species are transported by
the same turbulent flow, their local concentrations are not

independent and the presence of large scale correlations in
the particle distribution can in principle influence the reac-
tion velocity.
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exponent is independent of L /!, and we expect the range
over which it is well-defined to be always the same and
limited by !min and !max as long as L /! is much larger than
!max/!min. This scaling behavior of P!A" implies that the
hole sizes of inertial particle clusters are never described by
a single scale !e.g., the Kolmogorov length" structure, and
that the inertial particle clustering is self-similar, reflecting
the self-similarity of background turbulence within the reso-
nance window of scales between !min and !max. This is mean-
ingful because " /# is O!10", and therefore !max/!min is not
small.

The above result strengthens the arguments in our previ-
ous subsections. Incidentally, it has been shown in Ref. 7 that
the pair correlation function m!!" takes a power-law form
!though its exponent depends on S!", which also implies self-
similarity of particle clustering.

D. Model to explain the self-similarity of void areas

In this subsection, we present a simple model to explain
the power-law form of P!A". This model is based on the fact
that turbulence with the energy spectrum !2" has a self-
similar structure of coherent eddies !Fig. 1". Inertial particles
are swept out of these eddies, and P!A" obeys a power law
because hole sizes are self-similarly distributed in a finite
range determined by !min and !max and particles are swept
out of such sized eddies !Fig. 6". More precisely, the largest
holes are due to the largest-scale eddies. Then, in regions
where the largest-scale eddies are absent, the second-largest
eddies eject inertial particles. Hence, the second-largest holes
are due to these eddies. Then, in the rest of space, where the
largest and the second-largest eddies are absent, next-scale
eddies eject particles, and so on.

Based on this picture, a simple model of inertial particle
clustering can be constructed. First, we assume that the tur-
bulent velocity field consists of eddies at discrete scales,

!m # L$−m !12"

with

m = 0,1,2, . . . ,M . !13"

Here, !M $!, and therefore M depends on the Reynolds
number, and $ !%1" is a constant. Second, eddies at each
scale, !m, are assumed to occupy a ratio R of space. Here, we

assume, from self-similarity, that R is independent of m. Ac-
cording to our clustering picture and following from the first
assumption, holes have discrete areas !m

2 !m=0,1 , . . . ,M".
Under these two assumptions, the PDF of the hole area can
be estimated as follows.

Let us start with the largest scale in the turbulence. By
definition of R, the total area A0

total of holes of area !0
2 is RL0

2.
Here, L0 is the system size. Then, since the rest of the space
is !1−R"L0

2, the total area A1
total of holes of area !1

2 is R!1
−R"L0

2. Inductively, the total area of holes of area !m
2 is

Am
total = R!1 − R"mL0

2. !14"

Then, the number Nm of holes of size Am=!m
2 =L2$−2m is

Nm =
Am

total

Am
=

L0
2R!1 − R"m

Am
% Am

−1−!1/2"log$!1−R". !15"

Consequently, the PDF of A takes the form

P!A" % A−2−!1/2"log$!1−R". !16"

Here, the extra A−1 factor stems from the definition of Am;
note that Am are equidistantly located on the logarithmic A
axis.

In the above argument, we have introduced two artificial
parameters, $ and R. However, they are not independent. As
we are considering turbulence with the Kolmogorov
spectrum !2", the energy in the eddies between scales !m and
!m+1 is

&
!m

−1

!m+1
−1

E!k"dk % &2/3!m
2/3'1 − $−2/3( . !17"

Hence, in the discrete model introduced above, the mth scale
eddies occupy a portion of space proportional to the factor
1−$−2/3. Since R must tend to 1 in the limit where $ tends to
infinity, we may conclude

R = 1 − $−2/3 !18"

for turbulence with the Kolmogorov spectrum. Then, substi-
tuting !18" into !16", we have

P!A" % A−5/3. !19"

The scaling observed in Fig. 7 supports this consequence of
our simple model.

IV. COINCIDENCE WITH ZERO-ACCELERATION
CLUSTERING

The remaining problem is where inertial particles, which
are swept out of multiscale coherent eddies, accumulate. Be-
cause eddies of different sizes are effectively superimposed
on each other in a complex way, it is very difficult to define
the regions where particles cluster in term of multiscale ed-
dies or even in terms of multiscale strain fields. Instead, the
particle clusters can be easily described in terms of zero-
acceleration points. As shown in our previous paper,7 the
clustering of inertial particles reflects that of zero-
acceleration points. In this section, we develop the argument
explaining this coincidence.

FIG. 7. PDF of hole areas A of inertial particles. !, S!=0.1; !, 0.4; ", 1.6;
#, 6.4. Thick solid curve is the PDF of hole areas of zero-acceleration
points. Solid straight lines indicate the scaling A−5/3 predicted by the model
developed in Sec. III D, and vertical dotted lines indicate A=L2. !a" Run A.
!b" Run D.

115103-6 S. Goto and J. C. Vassilicos Phys. Fluids 18, 115103 !2006"

Goto & Vassilicos
(2006)

Goto & Vassilicos: Sweep-stick mechanism. 
Particles follow the zero-acceleration of the flow
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Distribution of voids – 3D

PREFERENTIAL CONCENTRATION OF INERTIAL SUB- . . .

FIG. 11. (a) PDFs of cluster areas Ac and (b) PDFs of cluster areas normalized by the mean. (c) and (d)
Same PDFs for the void areas.

(σrel,∗ = σ∗−σ RPP
∗

σ RPP
∗

, with ∗ = c, i, or v) and their dependences on Reynolds number, Stokes number,
and volume fraction are, respectively,

σrel,c = 0.11 Reλ
1.09±0.5φv

0.43±0.25St−0.06±0.06, (4)

σrel,v = 0.78 Reλ
0.84±0.24φv

0.41±0.12St0.0±0.03, (5)

σrel,i = 0.35 Reλ
0.66±0.16φv

0.35±0.08St−0.03±0.07, (6)

These power-law fits show that although the strongest contribution comes indeed from the voids,
the dependences on experimental parameters are comparable for all zones, with a leading role for
the Reynolds number, a lesser influence of the volume fraction, and practically no dependence on
Stokes number, within the range of explored parameters.

C. Geometry of clusters and voids in the particle concentration field

Figure 11 presents the PDF of cluster and void areas, before (left) and after (right) normalization.
The cluster PDFs exhibit a distinct peak, indicating the existence of a typical characteristic cluster
dimension, in agreement with other previous experimental findings [14,18,24,28]. Figure 11(c)
shows that the PDFs of the normalized cluster areas Ac/〈Ac〉 follow an algebraic decay with an
exponent nc ≈ −5/3, for areas larger than the most-probable value. Similar trends are observed for
the void areas PDFs, although the range of sizes of the voids is naturally larger than that of the
clusters (by a factor about 10). The exponent nv for the decay of the PDF of normalized void area
follows a trend similar to the clusters (nv ≈ −5/3). These qualitative features are found to be robust
for all experimental conditions. Algebraic decay of the cluster and void areas have been previously
reported in several previous experimental and numerical studies [18,19,24,29,30] and is in agreement
with a simple model proposed in [30], which predicts an algebraic decay for the PDF of void areas
with a −5/3 exponent. In this model, the distribution of voids mimics the self-similar distribution
of eddies across the turbulent energy cascade, suggesting that clustering (and voiding) of inertial
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Figure 4. Spatial distribution of particles (Sη = 1) inside a thin layer (width 5η) for four dif-
ferent numbers Np of particles. (a) Np = 643, (b) 1283, (c) 2563 and (d) 5123. Run A. Side
length of plots is 3.9L ≈ 240η.
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Figure 5. PDF of void volume of inertial particles. Solid lines indicate V −1.8 power-law form,
dotted vertical lines indicate V = L3. (a) Run A. Sη = 1. Average over 100 snapshots between
t = 1.8T and 2.3T. (b) Run B. Sη = 2 (•), 0.5 (◦) and 0.1 (!). Estimated by a snapshot at
t ≈ 2.1T.

function m(") to be the broadest in "; i.e. Sη = 1 for Run A and 2 for B. Two other
Sη (0.1 and 0.5) cases are also plotted in figure 5(b) for comparison. We can see that
larger voids exist in the larger Reynolds number flow, and that void volumes are
distributed in a self-similar manner in the range 103η3 " V " L3 (≈105η3 for Run A,
and 107η3 for B), when Sη is appropriate for all eddies (from the smallest eddies
of radius O(10η) and length O(10η) to the largest ones of radius O(L) and length
O(L)) to play a role. As evidence, a clear power law in the range, 103η3 " V " L3,
is observed for such Sη. The exponent is about −1.8 irrespective of Rλ. Incidentally,
if the volume of eddies of size " is approximated by "3 (although this is a quite naive
modelling of the coherent eddies in the present turbulence; see the next subsection)
we can predict the exponent to be −16/9 by extending a model suggested by Goto &
Vassilicos (2006) for two-dimensional turbulence to the present system.

It is also observed in figure 5(b) that as Sη increases the largest size of voids also
increases. This is similar to two-dimensional turbulence (Boffetta et al. 2004) and
consistent with the argument in the preceding subsection (i.e. "max is an increasing
function of Sη).

It is this multiplicity, captured by the PDF (figure 5) of void volumes, that supports
the hypothesis, suggested in the preceding subsection, of the formation of clusters
and voids in turbulence. Multi-scale eddies satisfying (4.2) sweep out particles
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Figure 4. Spatial distribution of particles (Sη = 1) inside a thin layer (width 5η) for four dif-
ferent numbers Np of particles. (a) Np = 643, (b) 1283, (c) 2563 and (d) 5123. Run A. Side
length of plots is 3.9L ≈ 240η.
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Figure 5. PDF of void volume of inertial particles. Solid lines indicate V −1.8 power-law form,
dotted vertical lines indicate V = L3. (a) Run A. Sη = 1. Average over 100 snapshots between
t = 1.8T and 2.3T. (b) Run B. Sη = 2 (•), 0.5 (◦) and 0.1 (!). Estimated by a snapshot at
t ≈ 2.1T.

function m(") to be the broadest in "; i.e. Sη = 1 for Run A and 2 for B. Two other
Sη (0.1 and 0.5) cases are also plotted in figure 5(b) for comparison. We can see that
larger voids exist in the larger Reynolds number flow, and that void volumes are
distributed in a self-similar manner in the range 103η3 " V " L3 (≈105η3 for Run A,
and 107η3 for B), when Sη is appropriate for all eddies (from the smallest eddies
of radius O(10η) and length O(10η) to the largest ones of radius O(L) and length
O(L)) to play a role. As evidence, a clear power law in the range, 103η3 " V " L3,
is observed for such Sη. The exponent is about −1.8 irrespective of Rλ. Incidentally,
if the volume of eddies of size " is approximated by "3 (although this is a quite naive
modelling of the coherent eddies in the present turbulence; see the next subsection)
we can predict the exponent to be −16/9 by extending a model suggested by Goto &
Vassilicos (2006) for two-dimensional turbulence to the present system.

It is also observed in figure 5(b) that as Sη increases the largest size of voids also
increases. This is similar to two-dimensional turbulence (Boffetta et al. 2004) and
consistent with the argument in the preceding subsection (i.e. "max is an increasing
function of Sη).

It is this multiplicity, captured by the PDF (figure 5) of void volumes, that supports
the hypothesis, suggested in the preceding subsection, of the formation of clusters
and voids in turbulence. Multi-scale eddies satisfying (4.2) sweep out particles
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Difficult to assess…
Sweep-stick mechanism?
Possible dependence on the Stokes number?

PD
F
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p(V ) ⇠ V �16/9
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❖ In inhomogeneous flow: (Caporaloni et al. 1975, Reeks 1983)

Another viewpoint: turbophoresis

8
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Turbophoresis in inhomogeneous flow 

Heavy particles dispersed in a shear flow 
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Reeks (1983),  Belan et al. (2014) 

F.De Lillo et al. (2016) 

Particle concentration (yellow high and red low) 

Ejection from regions with a 
higher level of turbulence  

 

Analogy with thermophoresis 
 

Hot 

Cold 

❖ Analogy with thermophoresis: 
diffusive particles spend more time in 
colder regions

Effective diffusion equation for 
the average particle concentration

(from De Lillo et al. 2016)



Inhomogeneous turbophoresis
❖ Turbulent boundary layers: channel flow

9

particle migrate 
toward the walls

ejection from high-kinetic-energy regions

(Rouson & Eaton 2001, 
Marchioli & Soldati 2002, 
Costa et al. 2020)

❖ Periodic flow with non-uniform forcing

(De Lillo et al. 2016, Mitra et al. 2018)

Non-monotonic dependence 
upon the particle response time

drives particles away from the maxima of turbulent energy, which correspond to maxima of

the eddy diffusivity. In the case of the Kolmogorov flow, the maxima of turbulent fluctuations

occur where the shear of the mean flow is maximum and the mean flow vanishes, i.e., at the

borders between the virtual channels. Therefore, particles are driven toward the center of

the virtual channels. This is in contrast with the case of a turbulent channel (or pipe) flow, in

which turbulence is intense in the bulk and vanishes in the viscous sub-layer close to the walls.

In this case turbophoresis drives the particles away from the bulk and concentrates them

along the walls26–28. In this sense, the fact that turbophoresis may eventually accumulate the

particles to regions of large or small mean velocity (or mean shear) is an incidental (albeit

relevant for applications) consequence of the details of the particular flow considered.

 0
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 0.07

10-2 10-1 100
χ

S

FIG. 4. Rms relative deviation χ from the homogeneous distribution plotted as a function of S

for Re = 230 (grey curve) and Re = 990 (black curve). The thickness of the curves reflects the

statistical fluctuations around the mean value.

The overall effect of turbophoresis can be quantified by means of the rms relative deviation

of the mean density profile ρ(z) from the uniform distribution ρ0 as χ = [1/Lz

∫ Lz

0 (1 −

ρ(z)/ρ0)2dz]1/2. For the specific profile (4), clearly we have χ(S) = a(S)/
√
2. This quantity

is plotted in Fig.4 as a function of the inertia parameter. In agreement with expectations,

the turbophoretic effect is not monotonic as a function of inertia. It displays a maximum

at S # 10−1. The shape of the curves is not strongly affected by changing Re even though

we observe, within the statistical uncertainties, a weak dependence of the position of the

maximum.
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Effective diffusion

Do such considerations extend to statistically homogeneous flows?



100 101 102 103

!/η

100

101

102

S
2
(!
)/
(ε
ν
)1

/2
=

〈u
2 !
〉/
u
2 η

∝ !2
/3

Rλ = 290
Rλ = 460

Direct numerical simulations
❖ Fluid + particles

Pseudo-spectral code LaTu 
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Turbulence similarity
(Kolmogorov 1941)
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Particle clusters at a glance

11

Clear correlations between particle positions, accelerations, 
and turbulent activity over inertial-range scales.



Diffusive process

12

ap = �1

⌧
[vp � u(xp, t)] ) vp = u(xp, t)� ⌧ ap
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❖ Importance of acceleration to measure deviations from the fluid

❖ Acceleration is moreover:
✓ correlated over short scales (in principle…)
✓ very sensitive to flow activity

xp(t+ �t)� xp(t) =

Z t+�t

t
u(xp(s), s) ds� ⌧

Z t+�t

t
ap(s) ds
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large-scale
 const.≈

small-scale
Central-limit theorem?
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�T� = ⌧2TI (ap ⌦ ap � ap ⌦ ap)

<latexit sha1_base64="hkshuDP/gkiOW41uReL7mB8A71A="></latexit>

dxp(t) ⇡ [u(xp(t), t)� ⌧ ap(t)] dt+ �(t) dW (t)

NB:  equilibrium Eulerian approaches, for which
used to describe              (Maxey 1987, Ferry & Balachandar 2001)

≠
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ap ⇡ af(xp, t)
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St ⌧ 1
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Figure 4: (a) Variance of the fluid acceleration normalised by Y3/2/a1/2, as a function of the
Reynolds number '4 = '2

_/15. Data from several numerical studies are shown as symbols.
The dashed line is a behaviour/ ReW with W = 0.078. The solid line corresponds to the fitting
formula (3.1) with 0 = 6.2 and '¢ = 80. (b) Spatial correlation of the fluid acceleration
⇠ (A) = ha(r, C) · a(0, C)i with A = |r |, shown for the two Reynolds numbers of our dataset.
The dashed line is/ AZ4�2 with Z4 = 1.276. The dotted curve is the parabolic approximation
⇠ (A) ⇡ ⇠ (0) [1 � (A/_1)2/2] with _1 = [3⇠ (0)/&(0)]1/2 ⇡ 5.3 [. The solid line is the
approximation (3.4) that displays a behaviour ' ⇠ (0) _1/A at large separations.

1999; Gotoh & Fukayama 2001; Biferale et al. 2004) and of highly-accurate particle-tracking
experimental techniques (La Porta et al. 2001; Mordant et al. 2001) that gave a precise handle on
acceleration statstics. These studies revealed that the variance of acceleration deviates from its
dimensional estimate and displays a significant dependence upon the Reynold number of the flow.
Specifically, it can be written as h|a |2i = �2 (Re) Y3/2/a1/2, where the function �2 accounts for
such a dependence. At moderate values of the Reynolds number, Hill (2002b) used Taylor’s scaling
to find that �2 / Re1/2 when assuming that acceleration is dominated by pressure gradients. At
large values of Re, intermittency prevails and one expects �2 / ReW , where the exponent W can
be estimated from multifractal approaches (see, e.g., Borgas 1993; Sawford et al. 2003; Biferale
et al. 2004). Using the log-normal approximation discussed in §2.1, we obtain W ⇡ 0.078 for
` = 0.26. In order to match these two behaviours, we chose an ad hoc approximation of the form

�2 (Re) ⇡ 0 ReW⇥
1 + ('¢/Re)1/2⇤1�2W

. (3.1)

This formula is compared in figure 4(a) to the numerical measurements of Gotoh & Fukayama
(2001), Bec et al. (2006), and Yeung et al. (2006), together with those from the current simulations.
A rather good agreement is observed for W = 0.078, 0 = 6.2, and '¢ = 80.

We next turn to the spatial correlations of the acceleration, quantities that will play a crucial
role when approximating later on the particles displacement. In an isotropic flow, the components
of the correlation tensor in the directions longitudinal or transverse to a given separation r are
related to each other. We thus focus on ⇠ (A) = ha(r, C) · a(0, C)i which solely depends on the
distance A = |r |. Homogeneity and isotropy imply that

1
A2

d
dA

✓
A2 d⇠

dA

◆
⇡ �&(A), with &(A) ⌘

⌦
m 9D8 (r, C) m8D 9 (r, C) m;D: (0, C) m:D; (0, C)

↵
(3.2)

where summation is performed over repeated indices. This relation was derived by Obukhov & Ya-
glom (1951, see also Hill & Wilczak 1995). It assumes that acceleration is dominated by pressure

13

Spatial correlations of acceleration
C(r) = ha(r, t) · a(0, t)i
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Inertial-range expectation

C(r) ⇠ r⇣4�2
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Contributions from dissipative 
scales actually seem dominant:

Hill-Wilczak (1995), Xu et al. (2007)

⇣4 ⇡ 1.27

<latexit sha1_base64="the3DBzP2W07V7wWBCWHpQX2yMs="></latexit>

C(r) ⇡
⌦
|a|2

↵

(1 + (c r/⌘)2)1/2
⇠ r�1
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Reflect the intrinsic correlations of 
turbulent activity  Must be accounted for!⇒
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Refined self-similarity
❖ Coarse-grained dissipation

"`(x) ⌘
1

|B`|

Z

B`(x)
"loc(x

0) d3x0
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Refined similarity (Kolmogorov 1962)

h"`i = "
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accounts for instantaneous 
inhomogeneities in turbulent activity
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❖ “Multifractal” statistics of dissipation

p("`) d"` = (`/L)3�D(↵) dµ(↵)

<latexit sha1_base64="Aatol4uVUa9iegpoH3xq9iA1kTo="></latexit>

with

<latexit sha1_base64="cnc+hXy7fdWI+jFhYLZZUyBZLe8="></latexit>

Sn(`) = hun
` i ⇠ `⇣n

<latexit sha1_base64="jl4ERI8yEEE/IyfayaJx1rL7Mdw="></latexit>

"` = " (`/L)↵

<latexit sha1_base64="ODc/5xccpXZofg+4KIhg47i0m/s="></latexit>

⇣n =
n

3
+ inf

↵

⇥
1
3↵n+ 3�D(↵)

⇤



`

<latexit sha1_base64="BFVg6l7byiSV7zoShIU3Jk5qPdU="></latexit>

B`

<latexit sha1_base64="ann/y679i4gmTAqHjx9/YYbZtmY="></latexit>

Coarse-grained dynamics

15

: average over a coarse-graining box of size 
hapi`

<latexit sha1_base64="wqTqxY6AM3twFtnsjQhb8hHz6ss="></latexit>

`

<latexit sha1_base64="HY4V7Rvx3H4vw5kUJpiX+/B1Iw0="></latexit>

Residence time  correlation time 
 Box average  time integral conditioned 

on local turbulent fluctuations

≫ TI
⇒ ≈

<latexit sha1_base64="e/KjYlZRdDIwGVdMBeOHhUaxl0U="></latexit>

(·) ⌘ h·i`

Evaluated in the box of reference  depend upon⇒ <latexit sha1_base64="QwKpDZUL8ioPODU0umTLd/JMoEM="></latexit>xp

Itô, to be consistent with
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hvpi = hu(xp(t), t)i
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dxp(t) ⇡ [u(xp(t), t)� ⌧ hapi`(xp(t), t)] dt+ �`(xp(t), t) dW (t)
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Coarse-grained statistics

16

local turbulent fluctuations described by the 
coarse-grained dissipation rate 

Refined-similarity hypothesis: 
Particle statistics conditioned on      depend solely on:
- the local Reynolds number
- the local Stokes number 

"`
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dominates at scales               (Batchelor scale)

Effect of diffusion
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Drift prevails at moderate Stokes numbers and inertial-range scales 
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Figure 7: (a) Evolution of the ratio between the di�usive scale ✓di� and the coarse-graining
scale ✓ as a function of ✓ and for various Stokes numbers for '_ = 460. The scale ✓di� is the
“Batchelor” scale above which the di�usive term in (3.12) can be neglected. The dashed line
has a slope �1 + (2/3) (W + V) ⇡ �0.402, as predicted from the lognormal approximation.
(b) Coe�cient  of the power law (3.13). The circles are numerical measurements; The
solid curve corresponds to the prediction (3.14).

an ensemble average to (3.12) and noticing that hhapi✓i = hhapii✓ = 0, one obtains that the
contribution of noise should vanish, whence the need to impose the Itô convention.

Note that the proposed model (3.12) for the particles dynamics shows some analogies with that
introduced by Fevrier et al. (2005). The drift term, dubbed in their case the “mesoscopic Eulerian
particle velocity”, is in both approaches the sum of the fluid velocity and of a residual velocity that
is identified in our case to being proportional to the filtered particle acceleration. The presence
of a noise is also common to both models. However, while the “quasi-Brownian velocity” of
Fevrier et al. (2005) satisfies the molecular chaos assumption and has no spatial correlations, we
here identify it to a di�usion with a space-time dependent coe�cient that fluctuates because of
turbulent agitation and is hence correlated over inertial-range separations.

Particles inertia intervenes in both the drift and the di�usion of the stochastic equation (3.12).
These two contributions have di�erent weights at di�erent scales. They balance at a scale ✓di� that
can be estimated as ✓di� = hD88

✓ i/
⇥
gph|hapi✓ |2i1/2⇤ . At length scales smaller than ✓di� di�usion

dominates, while it is negligible at larger scales. This makes the di�usion term relevant only
when ✓di� is larger than the coarse-graining scale ✓. Using the considerations on acceleration of
previous subsection, we can write for ✓ � [

✓di�

✓
=

gp

2 ✓

⌦
gI
⇥
h|ap |2i✓ � |hapi✓ |2

⇤↵
h|hapi✓ |2i1/2 '  (St)

✓
✓

[

◆�1+(2/3) (W+V)
. (3.13)

The negativity of the exponent ensures that the di�usive scale becomes very small when the
coarse-graining scale ✓ is chosen far inside the inertial range. The numerical measurements of
✓di� reported in figure 7(a) and that are obtained from the coarse-grained statistics of acceleration,
confirm the power-law behaviour (3.13) at ✓ � [. They clearly show that, for the moderate values
of the Stokes number that we consider here, one always observes ✓di� smaller than ✓. Using our
previous measurements on acceleration correlation, we expect that the constant  behaves as

 (St) /
St (1 + 3 St)5/6 ⇥

1 � exp(�1/St1/2)
⇤1/6

�
1 + 2 St2

�1/8 . (3.14)

This prediction is shown as solid curve in figure 7(b). It compares fairly well to the numerical
measurements shown as circles. When extrapolating such a behaviour to higher Stokes numbers,
one obtains that ⇠ St3/2, implying that neglecting di�usion requires choosing a coarse-graining
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Ejection process
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Particle fluxes = transport by the 
fluid velocity + ejection due to inertia

h⇢pi`
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coarse-grained particle density
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p (x, t) = u(x, t)� ⌧ hapi`(x, t)
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depends on past

Outgoing flux from the cell :i

Ejection process => diffusion equation 

● Particles concentration evolution in a given fluid volume 

 

 

 
 

● Diffusion equation  
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Scale-dependent Peclet number

19
Far inertial-range distribution depends solely on 

@t h⇢pi` + u ·rh⇢pi` ⇡ r2(` h⇢pi`)
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Figure 9: Scale-dependent Péclet number Pe✓ defined from (4.5) shown in (a) as a function
of the coarse-graining scale ✓ for various Stokes numbers and in (b) as a function of the
Stokes number for various coarse-graining scales ✓. The dashed line in (a) shows a behaviour
Pe✓ / (✓/[) X with X = Z2/2+ (2/3) (W� V) ⇡ 0.842 that is expected for ✓ � [. The dashed
line in (b) corresponds to Pe✓ / St�1 that prevails at small values of the Stokes number.

where fluid velocity fluctuations are estimated by the square-root of the second-order longitudinal
structure function ( k

2 . At scales ✓ in the inertial-range, one expects ( k
2 ⇠ ✓Z2 with Z2 ⇡ 0.696. For

the spatially-averaged acceleration, equation (3.7) gives h|hapi✓ |2i / �2 (Re✓) Re�V✓ ⇠ ✓ (4/3) (W�V) .
This leads to the scaling behaviour Pe✓ ⇠ ✓X with X = Z2/2 � (2/3) (W � V) ⇡ 0.842 for coarse-
graining scales ✓ in the inertial range. This power-law dependence can be observed in figure 9(a),
which reports numerical measurements of the scale-dependent Péclet number Pe✓ as a function
of ✓ for '_ = 460. As to the dependence on the Stokes number, we clearly have Pe✓ ⇠ St�1 when
St ⌧ 1. This is observed in figure 9(b), which shows this time Pe✓ as a function of St. Numerical
data shows that the Péclet number reaches values larger than 1, both when ✓ � [ or St ⌧ 1. The
small-Stokes-number and large-scale scaling laws give Pe✓ ⇠ (✓/[) X/St, so that Péclet numbers
much higher than unity are reached when ✓/[ � St1/X ⇠ St1.19. This is yet another scaling than
those discussed in the previous section based on Lagrangian considerations.

4.2. Distribution of the coarse-grained density

We expect from previous arguments that, at large-enough scales, the Péclet number Pe✓ defined
in (4.5) combines into a single parameter the dependences upon the Stokes number St and upon
the coarse-graining scale ✓. In this asymptotic regime, corresponding to the parameter range
where the approximation (4.3) provides a good handle on the particles dynamics, their clustering
properties are expected to solely depend upon Pe✓ .

We start with examining the behaviour of the variance of the particle coarse-grained density.
Particles mass conservation implies that hhdpi✓i = const = d0, where d0 is the total mass of
particles divided by the volume of the spatial domain (here density is normalised to d0 = 1).
For a uniform distribution of particles, we have hdpi✓ ⌘ d0. Deviations from uniformity can be
measured by the variance Xd2

✓ = hhdpi2
✓ i � hhdpi✓i2. Measurements of Xd2

✓ as a function of the
scale-dependent Péclet number are shown in figure 10(a). The data associated to di�erent values
of the Stokes number collapse onto a unique master curve, as long as the coarse-graining scale ✓
is chosen far enough in the inertial range. The master curve displays two scaling regimes, one at
moderate values of the Péclet number and the other at large values.
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Radial distribution function
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Second-order moment of density:
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Figure 10: (a) Variance of the coarse grained density Xd2
✓ for '_ = 460 and various Stokes

numbers, shown as a function of the scale-dependent Péclet number Pe✓ . The dashed
lines show behaviours / PeZ2/X�2

✓ and / Pe�2
✓ expected at moderate and large values of

Pe✓ , respectively. The black solid line gives an ad-hoc approximation of the master curve
/ PeZ2/X�2

✓ /[1 + Pe✓/%]Z2/X with % = 200. (b) Probability density function (PDF) of the
particle coarse-grained density for three di�erent values of the Péclet number (di�erent
symbols) associated to di�erent combinations of the particle response time and the coarse-
raining scale. The solid lines correspond to the associated Poisson distributions with the
same mean and same variance.

At large values of Pe✓ , the coarse-grained density can be written as hdpi✓ = d0 + Xd with
Xd ⌧ d0. It is easily seen that the perturbation solves, to leading order, mCXd +u ·rXd = d0r2^✓ .
Statistically stationary deviations to uniformity are such that XD(✓) Xd ⇠ d0 ^✓/✓, implying that
Xd ⇠ Pe�1

✓ and thus that the variance scales as Xd2
✓ = Pe�2

✓ . At lesser values of the Péclet
number and higher Stokes numbers, but when deviations to uniformity are still small, the velocity
contribution is capped to the large-scale advection and we now have Drms Xd ⇠ ^✓/✓, meaning
that deviations to uniformity depend on ^✓ , but not on the increment of the fluid velocity over a
separation ✓. This implies that Xd ⇠ ^✓/✓ ⇠ XD(✓)/Pe✓ . Using Pe✓ ⇠ ✓X , we get the second scaling
regime Xd2

✓ = PeZ2/X�2
✓ . An ad-hoc approximation reproducing these two asymptotic scaling laws

is shown as a solid curve in figure 10(a). It gives a fair approximation to the measurements
obtained numerically.

We next turn to the probability density function ?(hdpi✓) of the coarse-grained density.
Numerical measurements associated to three large values of the Péclet number are shown in
figure 10(b). The data obtained from di�erent combinations of the Stokes number and of the
coarse-graining scale leading to the same Pe✓ collapse on the top of each other, up to statistical
errors. This gives another evidence on the relevance of the scale-dependent Péclet number to
characterise density fluctuations. For comparison, we have also represented as solid curves in
figure 10(b) the Poisson distribution defined with the same mean and variance as those measured
numerically. One clearly observes that actual distributions are negatively skewed with respect
to the Poisson law. Empty regions indeed show a higher probability, while high densities seems
less likely. These deviations can be explained using the ejection process approach developed
in Bec & Chétrite (2007). At small values, the distribution of density is found to behave as a
power-law ?(hdpi✓) / hdpi[✓ , where the exponent [ depends on the ejection rate, and thus on the
Péclet number. At large values, the probability distribution function behave super-exponentially
as ?(hdpi✓) / exp(�⇠ hdpi✓ loghdpi✓). Our data are compatible with these two behaviours.
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Universal properties of ejection processes 

❖ Algebraic behaviour of the mass distribution at small values
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❖ Super-exponential behaviour at large values
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Varying both Stokes number and scale: 
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Void distribution
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Connected boxes of size      that contain no particles`
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Summary / Conclusions

❖ Turbophoresis acts in statistically homogeneous flows because of 
their instantaneous non-uniformities

❖ Inertial-range particles dynamics can be described in terms of an 
effective diffusion equation with a space and time-dependent 
diffusivity determined by local turbulent activity

❖ The scaling properties of particle distributions can be inferred from 
such a model through a scale-dependent Peclet number. These 
include second-order moments of mass (RDF) and statistics of voids.              
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