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PARTICLE LADEN FLOWS IN GEOPHYSICS
• Turbulent flows in geophysics 

are inhomogeneous and 
anisotropic.

• Particles are often treated as 
Lagrangian tracers, or as 
continuous fields.

• Even with the growth of 
computing power, ensembles 
of runs are needed, and 
descriptions should be 
statistical.

• How to improve descriptions 
of particle laden flows in this 
context? What are the 
minimal ingredients?

Wagner et al., J. Phys. Ocea Oceanography (2019).



The Feynman Lectures on Physics, Vol. 2, 1966



PARTICLES AND DYNAMICS

• How to improve descriptions of particle laden flows in this 
context? Can we see particles in a 3D time-evolving phase space?

• Can we derive probabilistic descriptions for their evolution?
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v̇ = F [u(x, t)]



• Landau model and the path to turbulence 
through bifurcations (1944).

• Lorenz model and atmospheric 
convection (1963).

GEOMETRY AND TOPOLOGY
Local versus global properties

forcingconservative terms



EXPERIMENTS AND SIMULATIONS



THE VON KARMAN FLOW
An inhomogeneous and anisotropic flow 
if we consider the entire domain!





NUMERICAL 
SIMULATIONS

• GHOST: 
https://github.com/pmininni/
GHOST

• SPECTER: 
https://github.com/mfontanaar
/SPECTER

• VAPOR (NCAR): 
https://www.vapor.ucar.edu/

https://github.com/pmininni/GHOST
https://github.com/mfontanaar/SPECTER
https://www.vapor.ucar.edu/


LAGRANGIAN TRACERS
Angriman, Mininni & Cobelli, PRF (2020)

• Flow geometry and topology affect Lagrangian statistics.

• Velocity and acceleration spectra compare well between experiments and simulations.



INERTIAL PARTICLES
Angriman, Mininni & Cobelli, PRF (2020)

• Flow geometry and topology also affect inertial particles statistics.

• Neutrally buoyant particles (a = 30h) against point particles with effective Stokes number.



PREFERENTIAL 
CONCENTRATION

Journal of Turbulence 297

Figure 2. (a) Example of raw image of water droplets in the active-grid-generated turbulence.
(b) Corresponding Voronoı̈ diagram and detected clusters.

found that (1) Reynolds and Stokes number effects essentially influence small and highly
concentrated areas (left tail of the PDFs in Figure 3(a)) while large and depleted areas (right
tail) remain independent of Reynolds and Stokes numbers and (2) the centred–reduced PDFs
of log (V) are well approximated by a Gaussian distribution, suggesting that Voronoı̈ area
distributions are close to log-normal. Finally, Figure 4 shows how σV varies with the particle
Stokes number St. We recall that the standard deviation of 2D Voronoı̈ cells for an RPP can
be obtained analytically, being σ RPP

V = 0.53. Higher values of σV indicate the presence of
clustering, and the higher σV the stronger the clustering. Figure 4 shows that clustering in
active grid experiments is significantly more intense than what was observed in previous
measurements by Monchaux et al. [15] at lower Reynolds numbers. Interestingly, though
σV changes by less than 10% over the different active grid experiments, the present data-set
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Obligado, Teitelbaum, Cartellier, Mininni & Bourgoin, JoT (2014).

• Flow geometry and topology affect particle acumulation.

• Point particles with more inertia than the fluid (St > 1) tend 
to accumulate in points with zero Lagrangian acceleration 
(Coleman & Vassilicos 2009; Obligado, Teitelbaum, 
Cartellier, Mininni & Bourgoin 2014, Angriman et al 
2022), particles with less inertial (St > 1) accumulate in 
points with low vorticity.

• Small and inertial particles do not cluster (Fiabane et al. 
2013), but the dynamics depends on many parameters.



TAYLOR SCALE PARTICLES IN THE VK FLOW

PDFs of 3D Voronoï volumes 
compared against a Random 
Poisson Process (RPP).

One parameter (St) is not enough 
to describe the problem!

Angriman, Ferran, Zapata, Cobelli, Obligado & Mininni, JFM (2022)
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Reynolds number
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HELICITY
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Conserved quantities

(global or topological 
quantities, e.g., Moffatt 
1992)
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EXPERIMENTS AND SIMULATIONS



HELICITY AND LINKS

Angriman, Cobelli, Bourgoin, Huisman, Volk, & Mininni, PRL (2022)
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MEASURING HELICITY
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K = ↵H
Angriman, Cobelli, Bourgoin, Huisman, Volk, & Mininni, PRL (2022)



THROUGH THE LOOKING GLASS
• We can quantify 

how long the 
datasets must be to 
reconstruct the 
field topology.

• We can also 
quantify the 
number of 
trajectories needed.

• This is relevant for 
machine learning, 
time series analysis 
and data 
embeddings.



MARKOVIAN PROPERTY OF TRACERS AND PARTICLES

Velocity increments of particles in a turbulent flow satisfy Markovian properties.

This implies they follow a Fokker-Planck equation, which allows the definition of an entropy 
and the verification of integral and detailed fluctuation theorems.

Fuchs, Obligado, Bourgoin, Gibert, Mininni & Peinke, EPL (2022)



ENTROPY AND DETAILED THEOREMS

Fuchs, Obligado, Bourgoin, Gibert, Mininni & Peinke, EPL (2022)



STABLY STRATIFIED TURBULENCE
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FIG. 3: Above: (Color online.) Normalized histograms (in
semi-log coordinates) evaluated shortly after the peak of dissi-
pation, for the temperature fluctuations ✓ and for the vertical
component of the velocity, w, for high resolution simulations
of a stratified flow with Froude number Fr ⇡ 0.1 (N = 4)
and Fr ⇡ 0.03 (N = 12). A normal distribution is shown
(inner black curve) as a reference. Below: PDFs of vertical
derivatives for the same quantities. In all cases, the more
strongly stratified flow with N = 12 has larger probability of
developing extreme events, as illustrated by the wider wings
in the PDFs. For the fields themselves, the velocity is more
intermittent than the temperature, and the converse is true
for their vertical derivatives.

Fig. 1 for N > 12. The large negative values of �w can be
interpreted as the signature of strong intermittent bursts.
Note that for larger values of N , although the solutions
become oscillatory, they still display skewness (i.e., they
have a preference towards more negative values of �w).
If the initial conditions are negative (�w, �✓ < 0), the
divergence is delayed by increasing stratification.

The coupling of this evolution to that of the horizontal
velocity damps the run-away evolution of �w (because
of incompressibility) but strong gradients still form (see
[17] for a similar model for non-stratified flows with a pas-
sive scalar, and [18] for rotating flows which display less
extreme events than isotropic homogeneous turbulence).
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FIG. 4: Above: Two-dimensional cuts in a [0, 2⇡]3 box in the
x, z directions for the flow with Fr ⇡ 0.1 (N = 4, top rows)
and Fr ⇡ 0.03 (N = 12, bottom rows). The white segment is
of unit length. The first column corresponds to the tempera-
ture, and the second to the vertical velocity. Note the strata in
the temperature (the more strata, the higher the value of N).
For Fr ⇡ 0.03, sporadic overturning in the vertical cut and
weaker eddies in the horizontal plane are clearly visible. The
flow with stronger stratification is less complex, but extreme
values of the fields and their gradients are higher, leading to
the development of turbulent bursts and localized mixing. Be-
low: Details of some extreme events: Kelvin-Helmholtz (KH)
instability in the velocity field for Fr ⇡ 0.03 (N = 12, top),
eddies in the temperature field for Fr ⇡ 0.1 (N = 4, bot-
tom left), KH instability in the temperature field for N = 12
(bottom right).

Our model can also be extended to consider the e↵ects of
shear in the flow, and results in a stronger amplification
of velocity variations.

This run-away toward strong gradients can be inter-
preted somewhat di↵erently: for a given level of strati-
fication, there exists a scale ` at which strong negative
tails in the velocity fluctuations will occur. For N not too
large, extreme events can develop even at large scale, and
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Our model can also be extended to consider the e↵ects of
shear in the flow, and results in a stronger amplification
of velocity variations.

This run-away toward strong gradients can be inter-
preted somewhat di↵erently: for a given level of strati-
fication, there exists a scale ` at which strong negative
tails in the velocity fluctuations will occur. For N not too
large, extreme events can develop even at large scale, and

• Many control parameters 
or dimensionless 
numbers (Reynolds, 
Froude, Richardson, …).

• Waves and eddies.

• Anisotropy

• A huge number of 
degrees of freedom.

Rorai, Mininni & Pouquet PRE 
(2014)



PARTICLES IN STABLY STRATIFIED TURBULENCE



• The Froude and Stokes number 
control whether particles are in 
overdamped or underdamped 
regimes.

• This in turn results in strong 
vertical confinement of the 
particles.
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A SIMILAR PROBLEM: FLOATERS IN SHALLOW WATER





• Flow geometry and topology have a strong 
impact in statistical properties of point 
particles. 

• The von Karman flow is a good testbed for 
many of these ideas, and for calibration of 
particles’ models.

• In many cases, local properties are the 
result of global topological properties, of 
the flow, as is the case in the linking of 
particles’ trajectories, or in accumulation 
of large particles.

• A probabilistic description of velocity 
fluctuations of inertial particles is possible, 
at least for the case of point particles.

• Many of these ideas can be extended to 
stratified flows, or to floaters in free surface 
flows.
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