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“Here	
  we	
  tackle	
  the	
  [protein	
  folding]	
  problem	
  differently.	
  	
  First,	
  
we	
  simplify	
  the	
  representaCon	
  of	
  a	
  protein	
  by	
  averaging	
  over	
  fine	
  
details.	
  	
  This	
  is	
  done	
  both	
  to	
  make	
  the	
  calculaCons	
  much	
  more	
  
efficient	
  and	
  also	
  to	
  avoid	
  having	
  to	
  disCnguish	
  between	
  many	
  
conformaCons	
  that	
  differ	
  only	
  in	
  these	
  finer	
  details.	
  	
  Second,	
  we	
  
simulate	
  the	
  folding	
  of	
  this	
  simple	
  structure	
  …”	
  

“Our	
  method	
  …	
  is	
  based	
  on	
  two	
  assumpCons:	
  (1)	
  that	
  much	
  of	
  
the	
  protein’s	
  fine	
  structure	
  can	
  be	
  eliminated	
  by	
  averaging,	
  and	
  
(2)	
  that	
  the	
  overall	
  chain	
  folding	
  can	
  be	
  obtained	
  by	
  considering	
  
only	
  the	
  most	
  effecCve	
  variables	
  (those	
  that	
  vary	
  most	
  slowly	
  yet	
  
cause	
  the	
  greatest	
  changes	
  in	
  conformaCon).”	
  

InspiraCon	
  



“[Previous	
  studies]	
  have	
  used	
  extremely	
  simplified	
  representaCons	
  of	
  PTI,	
  
which,	
  upon	
  energy	
  minimizaCon,	
  fold	
  into	
  globular	
  structures	
  that	
  in	
  some	
  way	
  
resemble	
  the	
  naCve	
  protein.	
  	
  …	
  The	
  impression	
  generated	
  by	
  these	
  various	
  
simulaCons	
  is	
  that	
  major	
  progress	
  has	
  been	
  made	
  …	
  i.e.,	
  the	
  folding	
  problem	
  
may	
  be	
  far	
  more	
  tractable	
  than	
  generally	
  been	
  considered.	
  …	
  

One	
  of	
  the	
  major	
  conclusions	
  of	
  this	
  study	
  is	
  that	
  the	
  criteria	
  that	
  have	
  been	
  
used	
  to	
  evaluate	
  the	
  success	
  of	
  most	
  folding	
  simulaCons	
  has	
  been	
  overly	
  
permissive.	
  	
  …	
  First,	
  we	
  show	
  that	
  it	
  is	
  possible	
  to	
  obtain	
  a	
  computed	
  structure	
  
of	
  PTI	
  that	
  saCsfies	
  all	
  of	
  the	
  criteria	
  that	
  have	
  been	
  used	
  previously	
  to	
  define	
  
successful	
  folding	
  simulaCons,	
  from	
  a	
  sequence	
  that	
  would	
  certainly	
  not	
  yield	
  
PTI-­‐like	
  conformaCon	
  …	
  Many	
  of	
  the	
  posiCve	
  results	
  that	
  have	
  been	
  reported	
  
are	
  due	
  enCrely	
  to	
  [built-­‐in	
  features	
  of	
  the	
  models]	
  and	
  may	
  thus	
  be	
  regarded	
  
as	
  arCfacts.	
  

A	
  careful	
  examinaCon	
  reveals	
  that	
  despite	
  superficial	
  similariCes	
  to	
  the	
  naCve	
  
protein,	
  all	
  computed	
  structures	
  have	
  fundamental	
  flaws	
  …	
  they	
  fail	
  to	
  
reproduce	
  …	
  important	
  features	
  characterisCc	
  of	
  the	
  terCary	
  structure	
  …	
  [and]	
  
appear	
  sterically	
  inaccessible	
  from	
  the	
  naCve	
  conformaCon.	
  …	
  “	
  

A	
  Warning	
  

The	
  derailment	
  at	
  Gare	
  Montparnasse,	
  Paris,	
  1895.	
  
hFp://phys.columbia.edu/~tutorial/	
  



A	
  Very	
  Good	
  QuesCon	
  
Structure 

rγ 

Pr
ot

ei
n 

Se
qu

en
ce

 

γ 

Tanaka	
  and	
  Scheraga	
  (1976):	
  

What	
  interacCons	
  generated	
  	
  
the	
  PDB	
  structures?	
  

(At	
  a	
  Coarse-­‐grained	
  level.)	
  



Knowledge-­‐based	
  approaches	
  

Boltzmann	
  hypothesis:	
  

U(R) =U0 (R) + Uζ (rζ )
ζ
∑

p(R) = p0 (R) pζ (rζ )
ζ
∏

exp[−Uζ (r) / kT ] = pζ (r) / pζ 0 (r)

Foldability	
  Criterion:	
  given	
  R0	
  	
  for	
  each	
  protein	
  

U(R0 ) = minU(R)

U

R0 R

InteracCon	
  

Scheraga,	
  Jernigan,	
  Sippl,	
  Baker,	
  Skolnick,	
  Dill,	
  Thirumalai,	
  Straub	
  …	
  

Reference	
  State	
  

Scheraga,	
  Crippen,	
  Wolynes,	
  Shakhnovich,	
  Banavar,	
  …	
  	
  



MoCvaCng	
  QuesCons	
  
Structure 

rγ 

Pr
ot

ei
n 

Se
qu

en
ce

 

γ 

What	
  interacCons	
  generated	
  the	
  PDB	
  
structures?	
  (Tanaka	
  and	
  Scheraga	
  1976)	
  

1.  Given	
  a	
  collecCon	
  of	
  structures,	
  	
  
what	
  was	
  the	
  underlying	
  potenCal?	
  

2.  How	
  can	
  one	
  determine	
  a	
  transferable	
  
Coarse-­‐Grained	
  (CG)	
  potenCal	
  that	
  
accurately	
  models	
  structure	
  for	
  
mulCple	
  proteins?	
  



Outline	
  

1.  IntroducCon:	
  Basic	
  theory	
  of	
  force-­‐matching	
  

2.  Force-­‐matching	
  without	
  forces:	
  Generalized	
  Yvon-­‐Born-­‐Green	
  Theory	
  

3.  Extended	
  Ensemble	
  framework:	
  VariaConal	
  approach	
  for	
  transferability	
  

4.  New	
  direcCons:	
  

1.  ConnecCons	
  to	
  informaCon	
  theory	
  and	
  thermodynamics	
  

2.  Mean	
  forces	
  as	
  a	
  unifying	
  framework	
  for	
  understanding	
  structure-­‐
potenCal	
  relaCons	
  

5.  Outstanding	
  challenges	
  



Coarse-­‐grained	
  (CG)	
  Mapping	
  

AtomisCc	
   CG	
  

Mapping	
  
Operator	
  

The	
  mapping	
  operator	
  transforms	
  an	
  atomisCc	
  configuraCon	
  onto	
  a	
  CG	
  configuraCon	
  
by	
  defining	
  the	
  coordinates	
  of	
  each	
  site	
  as	
  a	
  linear	
  combinaCon	
  of	
  the	
  coordinates	
  
defining	
  each	
  site.	
  

 M : r R =M(r)

R I =M I (r) = cIiri
i
∑

r R

R I

Noid,	
  Chu,	
  …,	
  Voth,	
  Andersen	
  
J	
  Chem	
  Phys	
  	
  (2008)	
  



The	
  PMF:	
  Structurally	
  Consistent	
  CG	
  Models	
  

AtomisCc	
  ConfiguraCon	
  Space	
   CG	
  ConfiguraCon	
  Space	
  

For	
  a	
  consistent	
  CG	
  model	
  that	
  reproduces	
  the	
  distribuCon	
  of	
  structures	
  generated	
  by	
  the	
  
atomisCc	
  model,	
  the	
  appropriate	
  CG	
  potenCal	
  is	
  a	
  many-­‐body	
  PMF.	
  

Consistency	
  
Kirkwood	
  	
  
Scheraga	
  and	
  coworkers	
  

Noid,	
  Chu,	
  …,	
  Voth,	
  Andersen	
  
J	
  Chem	
  Phys	
  	
  (2008)	
  

pr (r)∝ e−u(r ) kBT PR (R)∝ e−U (R ) kBT

PR (R) = pR (R)

e−U (R ) kBT ∝ dr pr (r)δ M(r) − R( )∫

r R
M



Mean	
  Force	
  Field	
  

In	
  a	
  consistent	
  model,	
  the	
  CG	
  force	
  field	
  is	
  the	
  condiConed	
  average	
  of	
  the	
  atomisCc	
  force	
  field	
  
(I.e.,	
  the	
  mean	
  force	
  field).	
  	
  The	
  mean	
  force	
  field	
  is	
  sufficient	
  for	
  a	
  consistent	
  CG	
  model.	
  

 R

 r
  r1

  r2

  r3

    R1
= M(r

1
) = M(r

2
) =

   fI (r
1
)

   fI (r
2
)

   fI (r
3
)

   FI
(R

1
)

  R1

FI (R) =
−∂U(R)
∂R I

= fI (r) M(r )=R

fI (r) = fi (r)
i∈I
∑

AtomisCc	
  FF:	
  



VariaConal	
  Principle	
  for	
  MulCscale	
  Coarse-­‐graining	
  	
  

χ 2 ′F[ ] = 1
3N

′FI M(r)( ) − fI (r)
2

I =1

N

∑
= χ 2 F[ ] + ′F − F 2

χ F[ ] = F − f
χ ′F[ ] = ′F − f

The	
  MulCscale	
  Coarse-­‐graining	
  (MS-­‐CG)	
  variaConal	
  principle	
  
determines	
  the	
  many-­‐body	
  PMF	
  through	
  a	
  geometric	
  
opCmizaCon	
  problem	
  in	
  the	
  space	
  of	
  CG	
  force	
  fields.	
  	
  	
  

Izvekov	
  and	
  Voth.	
  
J	
  Phys	
  Chem	
  B	
  (2005)	
  	
  
J	
  Chem	
  Phys	
  (2005)	
  

Noid,	
  Chu,	
  Ayton,	
  Voth	
  
J	
  Phys	
  Chem	
  B	
  (2007)	
  
Noid,	
  Chu,	
  …,	
  Voth,	
  Andersen	
  
J	
  Chem	
  Phys	
  (2008)	
  

See	
  also	
  Chorin	
  2003,	
  2006	
  

′F
F

f

Space	
  of	
  force	
  fields	
  of	
  r	
  	
  	
  	
  	
  	
  	
  	
  
(atomisCc)	
  	
  

Space	
   of	
   force	
   fields	
   of	
   R	
  	
  	
  	
  	
  	
  	
  	
  
(CG)	
  	
  

χ F[ ]χ ′F[ ]

′F − F



Molecular	
  Mechanics	
  Basis	
  Set	
  
Approx.	
  CG	
  PotenCal	
  

 
U(R) = UIJ

nb (RIJ )
I − J >4

pairs

∑ + Ui
b (di ) +

i

bonds

∑ Ui
θ (θi ) +

i

angles

∑ Ui
ψ (ψ i )

i

dihedrals

∑ +

Approx.	
  CG	
  Force	
  field	
  

 
FI (R) = FIJ

nb (RIJ )
∂RIJ

∂R II − J >4

pairs

∑ + Fi
b (di )

∂di
∂R Ii

bonds

∑ + Fi
θ (θi )

∂θi
∂R I

+
i

angles

∑ 

F = dz∫ Fζ (z)Gζ (z)
ζ
∑

Basis	
  expansion	
  
Fζ (z) = − dUζ (z) dzForce	
  funcCon	
  

Basis	
  vector	
   Gζ (z) =
∂ψζ (R)
∂R I

⎛
⎝⎜

⎞
⎠⎟
δ ψζ (R) − z( )

InteracCons	
   ζ

An	
  approximate	
  CG	
  potenCal	
  determines	
  a	
  set	
  of	
  force	
  field	
  basis	
  vectors	
  

Noid,	
  …,	
  Chu,	
  …,	
  Andersen,	
  Voth	
  
J	
  Chem	
  Phys	
  (2008)	
  



Linear	
  Least	
  Squares	
  Problem	
  

FCG (R) = dzFζ (z)Gζ (R; z)∫
ζ
∑

FCG (R)
Fζ

Gζ (R)

CG	
  FF	
  

Force	
  funcCons	
  

FF	
  basis	
  fcns	
  

χ 2[F] = 1
3N

dz Fζ (z)G I ;ζ M(r); z( )∫ − fI (r)
ζ
∑

2

I =1

N

∑

′F

F
Space	
  of	
  CG	
  FF	
  

FCG

Gζ

G ′ζ

Space	
  of	
  CG	
  FF	
  spanned	
  
by	
  	
   Gζ{ }

The	
  MS-­‐CG	
  variaConal	
  principle	
  determines	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  projecCng	
  the	
  PMF	
  
onto	
  the	
  space	
  of	
  CG	
  force	
  fields	
  spanned	
  by	
  the	
  given	
  basis.	
  

Fζ



Geometric	
  ProjecCon	
  

FCG

F1(z)

F2 ( ′z )

G1(z)

G2 ( ′z )

b1(z)

b2 (z)

FCG = dz∫ Fζ (z)Gζ (z)
ζ
∑

bζ (z) = Gζ (z) ⋅F

= Gζ (z) ⋅F
CG

= d ′z Gζ ′ζ (z, ′z )F ′ζ ( ′z )∫
′ζ
∑

Gζ ′ζ (z, ′z ) = Gζ (z) ⋅G ′ζ ( ′z )

= G I ;ζ (M(r); z) ⋅G I ; ′ζ (M(r); ′z )
I
∑

Basis	
  expansion:	
  

ProjecCons:	
  

Metric	
  Tensor:	
  

The	
  PMF	
  is	
  approximated	
  by	
  projecCng	
  the	
  MF	
  onto	
  each	
  basis	
  vector,	
  	
  
while	
  treaCng	
  the	
  metric	
  tensor	
  resulCng	
  from	
  many-­‐body	
  correlaCons.	
  

Noid,	
  …,	
  Andersen,	
  Voth.	
  	
  	
  J	
  Chem	
  Phys	
  	
  	
  	
  	
  	
  	
  	
  (2008)	
  
Mullinax	
  and	
  Noid. 	
  	
  	
  	
  	
  	
  	
  	
  	
  J	
  Phys	
  Chem	
  C	
  	
  	
  	
  (2010)	
  
Mullinax	
  and	
  Noid 	
  	
  	
  	
  	
  	
  	
  	
  	
  J	
  Chem	
  Phys	
  	
  	
  	
  	
  	
  	
  	
  (2010)	
  

MF	
  

Approx	
  FF	
  



Generalized	
  Yvon-­‐Born-­‐Green	
  EquaCon	
  

bζ (z) = Gζ (z) ⋅F = Gζ (z) ⋅F
CG = d ′z Gζ ′ζ (z, ′z )F ′ζ ( ′z )∫

′ζ
∑

bζ (z)Gζ (z)

F

f

Integral	
  Eq	
  	
  

bζ (z) = Gζ (z) ⋅ f
= Gζ (z) ⋅F

= Gζ (z) ⋅∇ −kBT ln pR (R)( )
= kBT dgζ (z) dz

The	
  generalized-­‐YBG	
  EquaCon	
  determines	
  the	
  MS-­‐CG	
  potenCals	
  directly	
  from	
  structures!	
  

MS-­‐CG	
  “Force-­‐Matching”	
  	
  

MF	
  	
  

kBT dgζ (z) dz = d ′z Gζ ′ζ (z, ′z )F ′ζ ( ′z )∫
′ζ
∑

Mullinax	
  and	
  Noid.	
  
Phys	
  Rev	
  Le.	
  	
  	
  	
  103	
  198104	
  (2009)	
  	
  
J	
  Phys	
  Chem	
  C	
  	
  114	
  5661	
  	
  	
  	
  	
  (2010)	
  	
  



HoneycuF-­‐Thirumalai	
  (HT)	
  Model	
  

Green: hydrophobic (B) 
White: hydrophilic (L) 
Blue:   neutral (N) 

Honeycutt and Thirumalai  Biopolymers (1992) 32, 695 

U(R) = UIJ
nb (RIJ )

I − J >4

pairs

∑

+ Ui
b (di ) +

i

bonds

∑ Ui
θ (θi ) +

i

angles

∑ Ui
ψ (ψ i )

i

dihedrals

∑



HT	
  Results	
  1	
  

First	
  generalizaCon	
  of	
  the	
  YBG	
  theory	
  for	
  proteins	
  with	
  many-­‐body,	
  e.g.,	
  torsional	
  and	
  
angle,	
  interacCons.	
  

Mullinax	
  and	
  Noid	
  	
  
Phys	
  Rev	
  Le.	
  131	
  198104	
  (2009)	
  

bζ (z) = kBT dgζ (z) dz



2.	
  Precise	
  DefiniCon	
  of	
  Transferability	
  

Model:	
  

(1)  Topology	
  
-­‐	
  ParCcles	
  and	
  bonds	
  used	
  	
  

to	
  describe	
  system	
  	
  

(2)  PotenCal	
  
	
  	
  -­‐	
  InteracCons	
  among	
  	
  

	
  those	
  parCcles	
  

γ Γ

uγ (rγ ) UΓ (RΓ )

atomisCc	
   CG	
  

A	
  potenCal	
  is	
  transferable	
  if	
  it	
  can	
  be	
  used	
  for	
  describing	
  mulCple	
  topologies.	
  

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  	
  2009.	
  



Extended	
  Ensemble	
  

aγ (rγ ) = pγ drγ pr |γ (rγ )aγ (rγ )∫
γ
∑

An extended ensemble is a  
collection of equilibrium 
ensembles for different  
topologies. 

Configuration 
rγ 

To
po

lo
gy

 

γ 

…	
  

…	
  

…	
  

Averages:	
  

pγ
pr |γ (rγ )

topology	
  

configuraCon	
  

DistribuCons:	
  

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  	
  2009.	
  



Mappings	
  

µ    : γ                        Γ  = µ(γ) 
Mγ :rγ                       RΓ = Mγ(rγ) 

ConstrucCng	
  a	
  CG	
  model	
  requires	
  two	
  maps:	
  

(1)  Topology	
  map	
  -­‐	
  specifying	
  site	
  types	
  and	
  bonds	
  

(2)  ConfiguraCon	
  map	
  -­‐	
  specifying	
  site	
  coordinates	
  

Then	
  the	
  remaining	
  challenge	
  is	
  to	
  determine	
   UΓ (RΓ )



Consistency	
  between	
  extended	
  ensembles	
  

Γ
Γ1 Γ2

RΓ1
RΓ2

Mγ 2

Mγ 3

(Γ,RΓ )

γ

γ 1

γ 2

γ 3
rγ 3

rγ 2

rγ 1

(γ ,rγ )

AtomisCc	
  Extended	
  Ensemble	
  
CG	
  Extended	
  Ensemble	
  

Consistency:	
   PΓ = δΓ ,µ(γ )

exp[−UΓ (RΓ ) / kBT ]∝ δΓ ,µ(γ )δ RΓ −Mγ (rγ )( )Generalized	
  PMF	
  

Γ3

RΓ3

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  	
  2009.	
  



VariaConal	
  Principle	
  for	
  the	
  generalized	
  PMF	
  

χ 2 ′F[ ] = ′Fµ(γ ); I Mγ (rγ )( ) − fγ ; I (rγ ) 2
I =1

Nµ (γ )

∑

= χ 2 F[ ] + ′F − F 2

FΓI (RΓ ) = −∇ΓIUΓ (RΓ )where	
   is	
  a	
  mean	
  force	
  field	
  

Key	
  approxima?on	
   UΓ (RΓ ) ≈ Uζ ψζ (RΓ )( )
ζ∈Γ
∑

Determine	
  opCmal	
  transferable	
  approximaCon	
  to	
  the	
  PMF	
  



Methanol-­‐Neopentane	
  Test	
  System	
  

M1N1 

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  	
  2009.	
  

methanol	
  neopentane	
  

UΓ (RΓ ) = Uζ ( I ,J )
(2) (RIJ )

{I ,J}∈Γ
∑

CG	
  PotenCal	
  



M1N1 

methanol	
  

N	
  

M	
  

neopentane	
  

M-­‐N:	
  Results	
  1	
  

Extended	
  ensemble	
  potenCals	
  provide	
  improved	
  transferability.	
  

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  2009.	
  



M-­‐N:	
  Results	
  2	
  

M1N1 

M2N1 

M3N1 

M	
   N	
  

The	
  accuracy	
  and	
  transferability	
  of	
  the	
  potenCals	
  are	
  sensiCve	
  to	
  the	
  topology	
  mapping.	
  	
  

Mullinax	
  and	
  Noid.	
  	
  J	
  Chem	
  Phys	
  2009.	
  



Model	
  Protein	
  Databank	
  
Extended	
  Ensemble	
  

-­‐ 	
  TG	
  <	
  T	
  <	
  TF	
  

-­‐ 	
  	
  Uniform	
  topology	
  distribuCon	
  

-­‐ 	
  	
  5	
  sequences	
  

-­‐ 	
  105	
  structures	
  /	
  sequence	
  

-­‐ 	
  modified	
  HT	
  potenCal	
  

Honeycutt and Thirumalai   
Biopolymers (1992) 32, 695 



B-­‐B	
  

B-­‐X	
  

X-­‐X	
  

DistribuCons	
  from	
  Model	
  PDB	
  

1.	
  	
  SoE	
  degrees	
  of	
  freedom	
  
couple	
  to	
  other	
  degrees	
  of	
  	
  
freedom.	
  

2.	
  Chain	
  connecCvity	
  
generates	
  long-­‐ranged	
  
effecCve	
  interacCons	
  
between	
  B-­‐X	
  and	
  X-­‐X	
  pairs	
  
(which	
  are	
  purely	
  repulsive).	
  

SoE	
  degrees	
  of	
  freedom	
  are	
  strongly	
  coupled	
  and	
  cannot	
  be	
  treated	
  independently.	
  

Mullinax	
  and	
  Noid.	
  	
  PNAS	
  	
  107	
  19867	
  (2010)	
  	
  



ValidaCon	
  

The	
  generalized-­‐YBG	
  theory	
  quanCtaCvely	
  determines	
  the	
  underlying	
  
potenCals	
  for	
  a	
  model	
  extended	
  ensemble	
  of	
  folded	
  protein	
  structures.	
  	
  

B-­‐B	
  

B-­‐X,X-­‐X	
  

Mullinax	
  and	
  Noid.	
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  198104	
  (2009)	
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  19867	
  (2010)	
  	
  



RelaCve	
  Entropy	
  
InformaCon	
  content	
  in	
  configuraCon	
  R	
  for	
  disCnguishing	
  atomisCc	
  and	
  CG	
  distribuCons	
  

Φ(R U ) = ln pR (R)
PR (R U )

⎡

⎣
⎢

⎤

⎦
⎥

pR (R) = PR (R U )

±∞ pR (R) PR (R U )→∞ or 0

AtomisCc	
  	
  

if	
  

if	
  0	
  

CG	
  

SRe l[U ] = dR pR (R)Φ(R U )∫RelaCve	
  Entropy:	
  	
  
(Kullback-­‐Leibler	
  divergence)	
  

δSRe l U[ ] δUζ (z) = pζ (z) − Pζ (z U )( ) kBT
Considering	
  variaCons	
  w.r.t.	
  CG	
  potenCal	
  
1.  The	
  RelaCve	
  Entropy	
  is	
  minimized	
  when	
  the	
  conjugate	
  distribuCon	
  is	
  reproduced	
  
2.  Minimizing	
  the	
  RelaCve	
  entropy	
  via	
  Newton’s	
  method	
  leads	
  to	
  IMC	
  equaCons	
  

Uζ (z)

References:	
  Kullback	
  &	
  Leibler	
  Ann	
  Math	
  Stat	
  (1951);	
  	
  Shell	
  JCP	
  (2008,2010);	
  Murtola	
  et	
  al.	
  JCP	
  (2009)	
  

Φ(R)



RelaCon	
  to	
  the	
  RelaCve	
  Entropy	
  

χ 2 U[ ] = 1
3N

′FI M(r)( ) − fI (r)
2

I =1

N

∑
= χ 2 U 0⎡⎣ ⎤⎦

+
kBT( )2

3N
dR pR (R) ∇Φ(R U ) 2

∫

SRel[U ] = kB dR pR (R)Φ(R U )∫

Inverse	
  Monte	
  Carlo	
  (RelaCve	
  Entropy)	
  
	
  funcConal:	
  

MulCscale	
  Coarse-­‐graining	
  
“force-­‐matching”	
  funcConal	
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P
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P
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P
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p
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(a)
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Both	
  the	
  MS-­‐CG	
  “force-­‐matching”	
  and	
  Inverse	
  Monte	
  Carlo	
  approaches	
  can	
  be	
  expressed	
  
in	
  terms	
  of	
  the	
  Kullback-­‐Leibler	
  informaCon	
  funcCon.	
  

Rudzinski	
  and	
  Noid	
  JCP	
  2011	
  



AddiConal	
  results	
  
1.  Equivalence	
  of	
  Force-­‐	
  and	
  Structure-­‐based	
  potenCals	
  for	
  quadraCc	
  potenCals	
  

2.  Remarkable	
  parallels	
  in	
  formulaCon:	
  	
  
VariaConal	
  problems	
  in	
  linear	
  space	
  with	
  bases	
  that	
  are	
  related	
  by	
  differenCaCon	
  

3.  GeneralizaCon	
  of	
  Henderson’s	
  uniqueness	
  theorem	
  

1.  CondiCons	
  –	
  Linear	
  independence	
  of	
  conjugate	
  density	
  operators	
  
2.  RelaCon	
  to	
  force-­‐matching	
  uniqueness:	
  	
  

Uniqueness	
  of	
  force-­‐matching	
  implies	
  uniqueness	
  of	
  structure-­‐based	
  potenCal	
  

4.  GeneralizaCon	
  of	
  force-­‐matching	
  and	
  g-­‐YBG	
  theory	
  for	
  arbitrary	
  potenCals	
  

5.  Entropy	
  changes	
  in	
  coarse-­‐graining:	
  

Rudzinski	
  and	
  Noid	
  JCP	
  2011	
  
Noid	
  and	
  Shell	
  In	
  progress	
  

Smap = sr − sR

= dR pR (R) kB ln V N pR (R)
V n pr (r)

⎡

⎣
⎢

⎤

⎦
⎥∫

R

≤ 0

sr = −kB dr ∫ pr (r)ln V n pr (r)⎡⎣ ⎤⎦

sR = −kB dR ∫ pR (R)ln V N pR (R)⎡⎣ ⎤⎦



Mean	
  forces	
  

Generalized	
  YBG	
  theory:	
  

− ′wζ (R) = Fζ (R) + d ′z F ′ζ ( ′z ) Gζ ′ζ (R, ′z ) gζ (R)∫
′ζ
∑

pair	
  MF	
  	
  

CG	
  pair	
  force	
  

direct	
   indirect	
  
condiConed	
  	
  
3-­‐parCcle	
  density	
  

The	
  generalized	
  Yvon-­‐Born-­‐Green	
  equaCon	
  determines	
  the	
  CG	
  
potenCal	
  that	
  reproduces	
  the	
  mean	
  force	
  (when	
  using	
  atomisCc	
  
configuraCons).	
  

 R

  ′z

 JI
FIK ( ′z )

FIJ (R)

 K

bζ (z) = kBT dgζ (z) dz = d ′z Gζ ′ζ (z, ′z )F ′ζ ( ′z )∫
′ζ
∑

− ′wζ (R)

Fζ (R)

gζ (R)

Ellis,	
  Rudzinski,	
  and	
  Noid	
  	
  
Macromol	
  Sim	
  Theory	
  (2011)	
  

ϕ



IteraCve	
  Boltzmann	
  Inversion	
  

Uζ
0 z( ) = wζ (z) = −kBT ln pζ (z) / Jζ (z)( )

Pζ (z |Ui ) ≠ pζ (z)

wζ (z) −Wζ
i (z) = −kBT ln pζ (z) Pζ (z |Ui )⎡⎣ ⎤⎦

CG	
  MD	
  

Uζ
i+1 z( ) =Uζ

i z( ) − kBT ln pζ (z) / Pζ (z |U
i )⎡⎣ ⎤⎦

i = 0

i = 0,...
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Iterate	
  to	
  convergence	
  !	
  

First	
  esCmate:	
  	
  

Corresponding	
  	
  
pmf	
  

Error	
  in	
  pmf:	
  

Error	
  in	
  distribuCon	
  

Improve	
  pmf:	
  



Understanding	
  the	
  Metric	
  Tensor	
  

Gζ ′ζ (r, ′r ) = cosϕ r , ′r

Rudzinski	
  and	
  Noid	
  JPCB	
  2012	
  

ϕ

ϕ

Pζ ′ζ (r, ′r )



Robust	
  features	
  

Rudzinski	
  and	
  Noid	
  JPCB	
  2012	
  

Gζ ′ζ (r, ′r ) = cosϕ r , ′r



DecomposiCon	
  of	
  mean	
  forces	
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Eigenspectrum	
  of	
  metric	
  tensor	
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Impact	
  upon	
  CG	
  structure	
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Conclusions	
  
1.  The	
  generalized-­‐YBG	
  theory	
  determines	
  variaConally	
  opCmal	
  potenCals	
  (i.e.,	
  MS-­‐

CG	
  potenCals)	
  directly	
  (i.e.,	
  noniteraCvely)	
  from	
  structures.	
  

2.  The	
  extended	
  ensemble	
  framework	
  systemaCcally	
  and	
  quanCtaCvely	
  improves	
  the	
  
transferability	
  of	
  CG	
  potenCals	
  for	
  accurately	
  modeling	
  mulCple	
  chemically	
  disCnct	
  
systems.	
  

3.  In	
  combinaCon,	
  these	
  approaches	
  provide	
  a	
  rigorous	
  and	
  accurate	
  approach	
  for	
  
determining	
  physics-­‐based	
  potenCals	
  from	
  a	
  databank	
  of	
  protein	
  structures.	
  

4.  The	
  MS-­‐CG/g-­‐YBG	
  method	
  can	
  be	
  related	
  to	
  gradients	
  of	
  the	
  informaCon	
  funcCon	
  
that	
  provides	
  a	
  variaConal	
  basis	
  for	
  structure-­‐based	
  coarse-­‐graining.	
  

5.  Mean	
  forces	
  provide	
  a	
  basis	
  for	
  connecCng	
  force	
  and	
  structure-­‐based	
  coarse-­‐
graining	
  approaches.	
  	
  


