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Typical problems

Maxwell equations in dispersive media

Variety of relaxation times of
electronic state

Frequency dependent permittivity,
permeability

Maxwell system extended with
equation(s) to track relaxation
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Typical problems

Crack propagation and fracture

Stress field imposed by boundary
forces

Local stress depends on instantaneous
microconfiguration

Microconfiguration changes
dynamically
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Polymer continuum models

Conservation of mass

∇ · U = 0

Conservation of momentum

∂tU + (U · ∇)U = −∇P + ηs∇2U +∇ ·T

Additional viscoelastic stress

T(x , t) =
∫

κ(x , t, q)ψ(x , t, q)dµ(q)
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Typical problems

Polymer chain stochastic motion

Intrinsic time scales

Interaction between intrinsic and
imposed time scales

In general the flow is history
dependent

Exact analytical closures possible only
for simplest models



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Typical problems

Polymer models

Microconfiguration
q(t) = (r1(t), r2(t), ..., rn(t))

Microscopic: Langevin dynamics

dq =
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Typical problems

Kramers closure for dumbbell model → Oldroyd-B

Viscoelastic stress is average of work done in
deforming dumbbell springs

τ = −nkBTI + n 〈f (r)r〉

Oldroyd-B viscoelastic stress evolution
equation

∂tT+U ·∇T− (∇U)T−T(∇U)T = −T/λ+ ηp(∇U+(∇U)T )

Model fails at high We = λγ̇



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Typical problems

Kramers closure for dumbbell model → Oldroyd-B

Viscoelastic stress is average of work done in
deforming dumbbell springs

τ = −nkBTI + n 〈f (r)r〉

Oldroyd-B viscoelastic stress evolution
equation

∂tT+U ·∇T− (∇U)T−T(∇U)T = −T/λ+ ηp(∇U+(∇U)T )

Model fails at high We = λγ̇



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Typical problems

Kramers closure for dumbbell model → Oldroyd-B

Viscoelastic stress is average of work done in
deforming dumbbell springs

τ = −nkBTI + n 〈f (r)r〉

Oldroyd-B viscoelastic stress evolution
equation

∂tT+U ·∇T− (∇U)T−T(∇U)T = −T/λ+ ηp(∇U+(∇U)T )

Model fails at high We = λγ̇



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Typical problems

Other constitutive models

Oldroyd-B

∂tT+U ·∇T− (∇U)T−T(∇U)T = −T/λ+ ηp(∇U+(∇U)T )

FENE-P

∂tT+U ·∇T− (∇U)T−T(∇U)T = −T/λ− 4H/ζ

1− tr (T) /q2
0

T

Questions

Which model to choose?
With what confidence interval?
Are simple models useful?
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microconfiguration

Microconfiguration changes in response to continuum
boundary conditions

Physics specified at microscale

Microscale is stochastic and does not equilibrate quickly
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Goals

Software environment for multiscale problems

BEARCLAW (Fortran, large runs))

multiphysics
adaptive mesh refinement
multiple levels of parallelism (MPI,
OpenMPI, GPU threads)

GPU execution

Fastest 6-core CPU: 30 GFlops
Tesla C2050 GPU: 600 GFlops

Diapason (Python, prototyping)
mitran-lab.amath.unc.edu:8084/redmine/projects
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Overview

Multiscale, multiphysics predictor-corrector

Predict using continuum scale

Hypothesis: continuum model C is true, P(C ) = 1

Verify using microdynamics

In principle one could use P (C |M) ∝ P (M |C )P (C )
Expensive: continuum priors on M insufficient for rapid Monte
Carlo variance reduction

Kinetic level as bridge

P (C |K ,M) ∝ P (K |M,C )P (C )
P (K |M,C ) ∝ P (M |K ,C )P (K )

Continuum solver

second-order finite volume
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Parareal

Parareal algorithm for ODEs Q̇ = f (Q(t))

Use P available processors to reduce wall-clock computation
time

Solve on [0, tP ], introduce subintervals

[tj−1, tj ], j = 1, 2, . . . ,P
tj = j∆t, ∆t = tP/P

Two ODE integrators

K (tj+1, tj ,Q
k
j ) less accurate, cheap

M(tj+1, tj ,Q
k
j ) accurate, expensive

Apply K serially to quickly propagate initial conditions

Apply M in parallel to refine approximation
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Parareal

Parareal information flow

Iterative update

Qk+1
j+1 = K (tj+1, tj ,Q

k+1
j )+M(tj+1, tj ,Q

k
j )−M(tj+1, tj ,Q

k+1
j )
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Information flow

Initial state

Known continuum, phase space states

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn)
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Information flow

Continuum-level time evolution

Continuum predictor

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn)

Q(tn+1)P (C)
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Information flow

Impose continuum constraints on microconfiguration

Modify previous probability density

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Information flow

Kinetic-level time evolution

Generate intermediate probability densities

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)
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Information flow

Instantiate microscopic scale

Generate microscopic ensembles

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)

(time-parallel)
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Information flow

Microscopic-level time evolution

Evolve stochastic differential equations (GPU)

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)

(time-parallel)
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Information flow

Microscopic verification of kinetic level

Compare probability density estimates

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)

Iterative corrections

(time-parallel)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Information flow

Correct continuum evolution

Runge-Kutta multistage update of continuum closure

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)

Iterative corrections

(time-parallel)
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tP-CKM

1 Paradigm

2 Approach

3 C ↔ K
Continuum → Kinetic
Viscoelastic example
Adaptive Bregman divergence

4 K ↔ M

5 Results
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Continuum → Kinetic

Continuum predictor imposes boundary condition
constraints

Microstate specified by q ∈ P ⊆ Rm within phase space P of
dimension m� 1

Probability density ψ (q, t), P(q(t) ∈ p) =
∫
p

ψ (q, t)dq

G (q) microscopic generator of Q,
Q (t) =

∫
P
G (q)ψ (q, t)dq

In particular, at end of continuum time step,
QL+1 =

∫
P
G (q)ψ

(
q,T L+1

)
dq are constraints on ψ

Normalization constraint,
∫
P

ψ
(
q,T L+1

)
dq = 1
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Continuum → Kinetic

C → K Minimal entropy modification of ψ

Modify ψn to incorporate new constraints at
tn+1∫

Gi (q)ψ
n+1(q)dq = Ci , 1 ≤ i ≤ N

Define relative entropy (Kullback-Leibler)

D(ψn+1|ψn) =
∫

ψn+1 log

(
ψn+1

ψn

)
dq

D(ψn+1|ψn) information distance between
ψn+1 and ψn (example of Bregman
divergence)

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)
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Continuum → Kinetic

C → K Minimal entropy modification of ψ

∃ψn+1 that minimizes information distance

Optimal ψn+1 found by Lagrange multipliers

inf
λi

sup
ψ

[
−D(ψ|ψn) +

N

∑
i=1

λi

(∫
Gi (q)ψ(q)dq − Ci

)]

N-parameter family of candidate solutions

ψλ =
1

Z (λ)
ψn(q) exp

(
N

∑
i=1

λiGi (q)

)
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Continuum → Kinetic

C → K Minimal entropy modification of ψ

Optimization over Lagrange multipliers equivalent to
minimization of

F (λ) = log(Z (λ))−
N

∑
i=1

λiCi

Z (λ) =
∫

ψn(q) exp

(
N

∑
i=1

λiGi (q)

)
dq

Solve nonlinear system

1

Z (λ)

∂Z (λ)

∂λi
= Ci , 1 ≤ i ≤ N
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Viscoelastic example

C → K FENE-P predictor

Impose continuum constraints

Example: FENE-P predictor
Dumbbell model q ≡ r
Continuum prediction

Tn+1 =< rn+1rn+1 >

∂tT+ v ·∇T−∇vT−T(∇v)T =
4kT

ζ
I − 4H/ζ

1− tr(T)/q2
0

T

-
∫
G(r)ψn+1(r)dr = Tn+1, G(r) = r r

Solve: 1
Z (λ)

∂Z (λ)
∂λi

= Tn+1
i

Z (λ) =
∫

ψn (r) exp
[
∑ND

i=1 λi (rr)i

]
dr

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)
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Viscoelastic example

Modification of dumbbell pdf under flow

Initial PDF ψ (r, tn) = 1√
2πσ2

n

exp
[
− (r−rn)2

2σ2
n

]
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Adaptive Bregman divergence

Bregman divergence

Definition: D (ψ, ϕ) =
∫
P
B (ψ (q) , ϕ (q))dq

δH
(

ψ, ψL, λ
)
= −

∫
P

[
∂B
(
ψ (q) , ψL (q)

)
∂ψ

−
M

∑
i=0

λiGi (q)

]
δψdq

Solution:
∂B(ψ(q),ψL(q))

∂ψ = ∑M
i=0 λiGi (q)

Generating function:
BF (x , y) = F (x)− F (y)− (x − y) F ′ (y)

Euclidean distance:
BE (x , y) = x2 − y2 − 2 (x − y) · y = (x − y)2

Kullback-Leibler: BKL (x , y) = x log x
y − (x − y)
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Adaptive Bregman divergence

Relation to physical, information entropy

A(x) ≡ F ′(x), solution of δH
δψ = 0 is

A (ψ (q)) = A
(

ψL (q)
)
+

M

∑
i=0

λiGi (q)

A (z) = A (x) + A (y), z ≡ f (x , y)

Determine f by method of characteristics solution of

A′ (y)
∂f

∂x
− A′ (x)

∂f

∂y
= 0

ψL+1
λ (q) = f

(
ψL (q) ,A−1

(
∑M

i=0 λiGi (q)
))

F (x) = KL (x) = x log x − x , A (x) = F ′ (x) = log x ,

A (x) + A (y) = A (xy)
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Adaptive Bregman divergence

Adaptive Bregman divergence, learning algorithms

Chebyshev approximation AL+1(x) = ∑n
k=0 a

L
kTk(x)

Pade approximation AL+1(x) =
∑m

j=0 a
L
j x

j

∑n
k=0 b

L
kx

k

Determine aLj , bLk coefficients from previous time steps

For example

aLj is mean of Gaussian distribution

Bayes self-conjugate update of aLj
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Approximate kinetic evolution

Impose continuum constraints on microconfiguration

Modify previous probability density

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)
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Approximate kinetic evolution

Kinetic-level time evolution

Generate intermediate probability densities

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)
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Optimal transport

K (tn)←→ K (tn+1) Optimal transport of ψ

Given two pdf’s ψ0 : A→ R, ψ̃1 : B → R

Transferance plan T : A→ B∫
q∈P⊂A

ψ0(q)dq =
∫
q∈T (P)⊂B

ψ̃1(q)dq

Optimal T minimizes Wasserstein distance

dp(ψ
0, ψ̃1) =

(
inf
T

∫
|T (q)− q|pψ0(q)dq

)1/p
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Optimal transport

Example: discretely supported densities

µ (x) = ∑m
i=1 αiδ (x − xi ) , ν (y) = ∑n

j=1 βjδ (y − yj )
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Variational formulation of PDF time evolution

K (tn)←→ K (tn+1) Initial value problem for ψ

Fokker-Planck equation

∂ψ

∂t
=

∂

∂q
·
(

∂φ

∂q
ψ

)
+

1

β

∂

∂q
· ∂ψ

∂q

φ force potential

Difficult to solve q ∈ Q, dim(Q) >> 1

grid methods impractical
fast multipole methods work
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Variational formulation of PDF time evolution

K (tn)←→ K (tn+1) Optimal transport of ψ

Jordan, Kinderlehrer, Otto: ψ(t) solves
minimization problem

min
ψ

[
1

2
d2(ψ

(n−1), ψ) + (∆t)F (ψ)

]

Steepest descent of free energy w.r.t.
Wasserstein 2-distance

F (ψ) = E (ψ) +
1

β
S(ψ)

E (ψ) =
∫

φ(q)ψ(q)dq, S(ψ) =
∫

ψ(q) log ψ(q)dq

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Variational formulation of PDF time evolution

K (tn)←→ K (tn+1) Optimal transport of ψ

Jordan, Kinderlehrer, Otto: ψ(t) solves
minimization problem

min
ψ

[
1

2
d2(ψ

(n−1), ψ) + (∆t)F (ψ)

]

Steepest descent of free energy w.r.t.
Wasserstein 2-distance

F (ψ) = E (ψ) +
1

β
S(ψ)

E (ψ) =
∫

φ(q)ψ(q)dq, S(ψ) =
∫

ψ(q) log ψ(q)dq

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Variational formulation of PDF time evolution

Interpolation of ψ(q, t) time evolution

JKL reformulation is just as hard as solving
FP

Interpolate between ψn(q), ψ̃n+1(q)

Choose basis functions Bl (q) (e.g. Gaussian
kernels)

Introduce approximation over [tn, tn+1]

ψn,n+1(t, q) =
L

∑
l=1

cl (t)Bl (q)

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)
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Variational formulation of PDF time evolution

Gradient descent determines cubic interpolant

Gradient in c-space, ∇cF (ψ)

F (ψ) = E (ψ) + S(ψ)/β

Continuum
Q(tn)

time
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Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Variational formulation of PDF time evolution

Gradient descent determines cubic interpolant

Gradient in c-space, ∇cF (ψ)

F (ψ) = E (ψ) + S(ψ)/β

Continuum
Q(tn)

time

Kinetic

Microscopic

ψ(q, tn) ψ̃(q, tn+1)

Q(tn+1)P (C)

P (K)



tP-CKM Paradigm Approach C ↔ K K ↔ M Results

Variational formulation of PDF time evolution

Radial Basis Function approximation

Approximation over [tn, tn+1]

ψn,n+1(t, q) =
L

∑
l=1

cl (t)Bl (||q − ql ||)

Choose ql in hypercylinder from
< q(tn1 ) >,< q(tn2 ) >, ...

Averages determined from
microscopic-corrected PDF
P (K |M) ∝ P (M |K )P (K ) at each tnj

Continuum
Q(tn)

time
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Viscoelastic contraction flow

High Weissenberg number We = 15
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AirwayHighSpeed

Transient link gel model, long link
lifetime

High-speed core airflow

Lattice Boltzmann core airflow

Airway surface liquid entrainment
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