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Goal: understand how networks of neurons;compute.
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Goal: choose network so that p(y|r,) is close to ¢(y|r,)

and ry is a “pure code” fory.

Quantitatively: minimize Dy (p(y(r,)||g(y|r,))



Jdx 3(y-£(x)) p(x]r,)
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r > T
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minimize Dy, (p(y|r,)||¢(y|r,)) with respect to:

1. Parameters of the encoding model (e.g., p(r,[x), ¢(r,|y)).
2. Parameters of the biologically plausible network.




Three examples:
- multisensory integration

- Z=f(X, y )
- a hard problem

minimize Dy, (p(y|r,)||¢(y|r,)) with respect to:

1. Parameters of the encoding model (e.g., p(r,[x), ¢(r,|y)).
2. Parameters of the biologically plausible network.




Take home message

In some ways this talk is largely technical — I’m going
to tell you how biologically plausible networks could
perform some (relatively) simple computations.

There are no deep insights into how the brain works.
Two things to pay attention to:

1. our methodology,?
2. the problems we don’t solve.



1. multisensory integration

r.,r '
72 petwork 3 /

p(s|ry, ;) o< p(s|r )p(s|r,)

minimize Dy, (p(s|ry, 7,)|q(s]r;))



encoding model: exponential family with linear sufficient statistics

independent Poisson:

p(rls, 8) =11, exp|-gfi(s)]

= ¢(r, g) exp[h(s)ir]

h(s) = log f{(s)
o(r, g)=exp|-3; log ;! + r; bog g - gfi()]

1(s)

explr; log g + r; log f.(s)]



encoding model: exponential family with linear sufficient statistics

p(rls, g) = ¢(r, g) exp[h(s)r]
p(s|r) o< exp[h(s)-r]

the gain parameter doesn’t appear in the posterior!!!!



encoding model: linear PPC

p(r|s, g) = (P(l', g) cxp [h(S)'l‘]
p(s|r) o< exp|h(s) 1]

the gain parameter doesn’t appear in the posterior!!!!
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p(s|ry, ;) o< p(s|r )p(s|r,)

minimize Dy, (p(s|ry, 7,)|q(s]r;))



minimize Dy, (p(s|ry, r,)||q(s|r;))
p(s|ry, 1y) o< p(s|r)p(s|r,)

p(s|r;) < exp ;h(s)°r1:
pGsir) o= explh(s)r,
q(s|r;) o< exp[h(s)-r;]

p(s|ry, 1p) o< p(s|r)p(s|r,) =< exp[h(s)-(r{+r,)]

network: r; = r,+r,
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Ma et al., Nature Neurosci. (2006)



The encoding model matters!

Gaussian encoding model:

these will vary
p(ry]s) < exp[-(f(s)-r)¥263 " ~—" from trial to trial
p(1,]s) o< expl-(f(s)-r,)?/

p(s|ry, ;) o< p(s|r )p(s|r,) o< exp [-(f(s)-arl-brz)z/ 207]
1/6% = 1/0; + 1/0;
a = ¢*/o}
b = 6%/03

network: r; = 1"'@‘2

depend on ¢, and ¢,, which depend,
probabilistically, on r, and r,.



The encoding model matters!

linear PPC encoding:

these will vary
p(ryls) o< @(rifg,}explh(s)ry from trial to trial
p(1,[s) o< @(r,4 g,) exp[h(s)r,]

network: r; =r,+r,



This was a simple example, but it has the main ingredients:

1.The encoding model matters.
2.0nce you specity the encoding model, the network follows.



2. computing functions z=f(x, y)

X,y <

3

p@%m/
q(z|r)

v

r

x’r

D
Yy network Z

minimize Dy, (p(z|r,, r))||¢(z|r,)) with respect to:

1. Parameters of the encoding model.
2. Parameters of the network.

typically, we can’t find the optimal network



Find the optimal network for linear transformations and
Gaussian posterior distributions;

use that network architecture for nonlinear transformation
and non-Gaussian posteriors.



p(r|x) «— g ] .-.'.. ..”... g o el — P (ryb’)
l . v
pxr,) poIr))

p@lr,, 1)) = ldxdy 5(z-(x+y)) p(xIr,) p(yr,)

hard integral!



I=Xxty

The Gaussian case

p@r,, r,) = ldxdy 5(z-(x+y)) p(x|r,) pOr,)

L LL Np,,0;)
Nptp, o; + Gi) N(p,,03)

X

Easier problem:

1. parameterize the mean and variance in a linear PPC;
2. find a network such that



An (important) aside: representation matters

p(r |x) ~ exp[-(x-a-r )*/2b'r | ~ p(x|r,)

X

p(r,ly) ~ exp[-(y-a'r )*/2br | ~ p(yIr,)

p(r|z) ~ exp[-(z-a-r)*/2b-r | ~ p(z|r)

ux = a.rx
62=br,
ug = ar,
o, =br,
H, = ar;

2— he.
C; brz



An (important) aside: representation matters

p(r |x) ~ exp[-(x-a-r )*/2b'r | ~ p(x|r,)

X

p(r,ly) ~ exp[-(y-a'r )*/2br | ~ p(yIr,)

p(r|z) ~ exp[-(z-a-r)*/2b-r | ~ p(z|r)

ux = a.rx
62=br,
ug = ar,
o, =br,

p,=ar, =ptp,
2= ber. = o2
6;=br,=o;+0,

k goal




An (important) aside: representation matters

p(r |x) ~ exp[-(x-a-r )*/2b'r | ~ p(x|r,)

X

p(r,ly) ~ exp[-(y-a'r )*/2br | ~ p(yIr,)

p(r|z) ~ exp[-(z-a-r)*/2b-r | ~ p(z|r)

ux = a.rx
62=br,

optimal network:
%=wg r,=r.tr,
o, =br,

ug — aorz = u§+ uy p— aorx -+ a.ry
o;=br F6.+d,=br +br,

k goal




If brains had evolved to perform linear transformations
(z=ax+by), and noise was Gaussian, then encoding
probably would have looked like

p(r |x) ~ exp[-(x-a-r )*/2b-r ].
The fact that the encoding model does not look like this is

probably a clue to what the brain has evolved to compute.

So far this is just a clue — we haven’t made sense of it.



An (important) aside: representation matters! Suppose

p(r |x) ~ exp[-(x-a-r )*/2b'r | ~ p(x|r,)

X

p(r,ly) ~ exp[-(y-a'r )*/2br | ~ p(yIr,)

p(r|z) ~ exp[-(z-a-r)*/2b-r | ~ p(z|r)

ux = a.rx
62=br,

optimal network:
%—wg r,=r.tr,
o, =br,

ug — aorz = = u§+ ug — aorx + a.ry
o; = br =oto;=br +br,

k goal




The real thing: a linear PPC

a1 (x - b-rx/a-r:@

P ) ~ exp[-a-r (x - ber /ar )?/2]

p(r,|x)

(r.|z) ~ exp[-a-r (x - ber /a1 )*/2]

this is a linear PPC:

= exp[-a-r x*/2 + br x + (b'r,)*/2ar ]

—
= ¢(r,) expl[(-(x*/2)a + xb) 't ]

~ h(x)



The real thing: a linear PPC
p(rfx) ~ exp[-a-r (x - ber,/a1r)%2] ~ p(x|r,)

X

p(x,1y) ~ expl-ar, (x - ber,/ar, /2] ~ p(yir,)

p(r |z) ~ exp[-a-r (x - ber_/ar)*2] ~ p(z]r,)

n.=br/ar,
cZ=1/ar,



The real thing: a linear PPC

p(rx) ~exp[-a-r (x - ber /a'r )*/2] ~ p(x]r,)

p(r,ly) ~ exp[-a-r (x - ber Jar )2/2] ~ p(y[r,)

y

p(r |z) ~ exp[-a-r (x - ber_/ar)*2] ~ p(z]r,)

n.=br/ar,
cZ=1/ar,

a

i 000000000000000

i
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positive mean,
low variance

negative mean,
high variance



The real thing: a linear PPC
p(rfx) ~ exp[-a-r (x - ber,/a1r)%2] ~ p(x|r,)

X

p(x,1y) ~ expl-ar, (x - ber,/ar, /2] ~ p(yir,)

p(r |z) ~ exp[-a-r (x - ber_/ar)*2] ~ p(z]r,)

n.=br/ar,
cZ=1/ar,

p,=brjar,
Gj =1/ar,

i, =b-r/ar,
¢Z=1/ar,



The real thing: a linear PPC
p(rfx) ~ exp[-a-r (x - ber,/a1r)%2] ~ p(x|r,)

X

p(x,1y) ~ expl-ar, (x - ber,/ar, /2] ~ p(yir,)

p(r |z) ~ exp[-a-r (x - ber_/ar)*2] ~ p(z]r,)

n.=br/ar,

cZ=1/ar,
p,=brjar,
o;=1/ar,

p,=br/ar,=pt+p
o;=1/ar, =oitd,

k goal




The real thing: a linear PPC
p(rfx) ~ exp[-a-r (x - ber,/a1r)%2] ~ p(x|r,)

X

p(x,1y) ~ expl-ar, (x - ber,/ar, /2] ~ p(yir,)

p(r |z) ~ exp[-a-r (x - ber_/ar)*2] ~ p(z]r,)

n.=br/ar,

cZ=1/ar,
p,=brjar,
o;=1/ar,

p,=br/ar =pn+p =brs/ar +br/ar,
o;=1/ar, =e¢.+d,=1ar +1/ar,

k goal




2 ar ar, . b ar, br,+ar, br, ref(r,r)
aa  ar, tar, b-b a'r, +ar, vy

ar, ar,
¢ ar.tar,

arr, br,+ar, br,

b°r

¢ ar,tar,
br/ar, b-r /ar, +br/ar,
1/a-r, 1/a-r, + 1ar,

K goal



a'’r_b-ertar ber
==l El o ef(r, 1)

quadratic nonlinearity: >, w;,, r.. 7,



o _.a arear, b ar, br,+ar, br, ref(r.r)
2 aa | ar +ar, b-b ar, +ar, oy

divisive normalization



asx_a.r b ar.br, tar br,

r.= + +cf(r,r)

¢ aa|ar . tar, b-b ar, tar,

quadratic nonlinearity: >, w;,, r.. 7,

divisive normalization

The optimal network has a quadratic
nonlinearity and divisive normalization.
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Deneve et al., Nature Neurosci. (2001)



the new analysis tells us

exactly what the recurrent r, .
connections need to do: ot TLee,

X
they need to produce a hill _ <
of activity whose amplitude
scales as i

| e :
Fxi Ly

2iar,tar,

1l Xl



the new analysis tells us

exactly what the recurrent r, .
connections need to do: ot TLee,

X
they need to produce a hill _ <
of activity whose amplitude
scales as "

or,; + pr, +yr,r,

2iar,tar,

1l Xl







An aside: our network is deterministic,

b ar.br,+ar br,

- o= a ar, ar, +
¢ aa  ar . tar, b-b arT, +ar,

+ef(r,r,)

If neurons are sufficiently uncorrelated, we can replace rates
with spikes, and the information loss will scale as 1/V.

This information loss is negligible compared to the loss
associated with approximate computations.



can handle nonlinear functions (e.g., z=x*+y?)

the hard part is choosing the recurrent
connectivity properly.



P —F E )
l . v
pxr,) poIr))

p@lr,, r,) = ldxdy 8(z- f(x, y)) p(xIr,) pQIr,)

hard integral!



p@lr,, 1)) = ldxdy 8(z- f(x, y)) p(xIr,) pQIr,)

v hard integral!

r,=F(r,r,) < network

|

p@r) =p@E|F(r, r)) =p@Er,, 1)

goal

approach: minimize

Dy (p(alr, r)||pGIr,)

r,=F(r,r,)

\

network



network: r,=F(r,r,; 0)

minimize: DKL(p(zll‘x, l‘y)l |Q(Z|1'z))

with respect to network parameters
and parameters of encoding model



problem #1: there’s a trivial solution,
r.=(r,r,)
solution: demand that
p(z|r)) ~ exp[h(z)r]

pure code!



minimize
Dy (p(zIr,, r,)|[exp[h(z)r,1/Z)

problem #2: what class of networks do we consider?

wrr.+>.wr.+). w. r.
po= Z,Wy”x, zjwuryj Z/kwtjerj yk

a +wp.a.r..+a.r..
U; T Wiy ;T ™ ; Ty,



minimize
Dy (p(zIr,, r,)|[exp[h(z)r,1/Z)
with respect to h(z) and the parameters of the network,

[ ] o0 (] (] '}{ [ ] [ ] o0 [ ]
’ ]”l]rx] ]”l]ryj Jk”l]erj vk

& t+w.a.r..t+a.r..
ot W2, 8Ty + ;T




intuition

I‘x .0.
... ¢ o0y f)
- : > W o ¥
X ik "Vijk " xj " yk
R R

=

- quadratic nonlinearity produces a hill of activity
- divisive normalization corrects for it
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intuition
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2-joint arm

[, sin(0,) + 1, sin(6,+ 0,)

[, cos(0,) + 1, cos(0,+ 0,)

p(r|0) ~ exp| 2; cos(0-9,) ;|



minimize
Dy, (p(O)r,, 1,)||exp[h(0)r]/Z)
with respect to the parameters of the network

1 2
2 Wij Iy 25 Wi 1oy F 2 Wi Ty P

ri = o.+w).a.r,;+ar,
i i~j “j "1 J 2

Dy, (p(OIr, ry)||p(OIr))
IO;r, 1,

=< 0.05 (5% information loss)



3: a hard problem (simplified olfaction)
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s: (O=absent
1=present

c: concentration



0; = Zj W..s.c;

y-JjJ

p(n; o) ~ exp[h(o;)n;]

goal: compute p(s; n,, n,, n, ...)



find a network

out

n;

=F(n;, ny, ...)
such that

P(Si|n(i)ut ) =p(s;ny, 0y, ...)



Intractible:

p(s;n;, n,, ...) {= é}f dc p(Sys €15 Sps Cps ooe[Nyy Ny, o.2)
SisJ

|

k odors: 2%1 terms k-dimensional
in the sum integral



minimize
Dy, (p(s/n,, n,, ...)||exp[h(s)n"t]/Z)

with respect to the parameters of the network

k _|_ km
out _ 2t Wi Mg + 2 Wik’ iy M
i _ k

DKL(p(SilnD n,, nj, n4)| IP(Si|n(;ut))

= 0.02 (2% information loss)
I(Si; Ny, Ny, Ny, Il4)



4 odors:

DKL(p(Silnv n,, nj, n4)| II’(Si|n(;ut))

I(Si; Ny, Ny, Ny, n4)

=< 0.02 (2% information loss)



100s of odors:

work in progress



Summary

Our approach: minimize

Dy, (p(&ri)||exp[h(E)-ro]/Z)

p<‘:j,=f(x, Vs Zy e

(X, ¥, 2, ...)

with respect to the parameters of the network

in in _in
z:.w.. in 2:. w.. 1
ij lJrJ ij qk”, F

A+ wy.a, "
0; + w2, a;r;

out

r, =




Summary

Our approach: minimize

Dy (p(&ir™)] |‘H£[h(@'rou'y)
L—’q(ﬁlx, P % +e)

(X, ¥, 2, ...)

with respect to the parameters of the network

in in _in
z:.w.. in 2:. w.. 1
ij lJrJ ij qk”, F

A+ wy.a, "
0; + w2, a;r;

out

r, =




Summary

Our approach: minimize

Dy (p(&ir™)] |‘H£[h(@'rou'y)
L—’q(ﬁlx, P % +e)

(X, ¥, 2, ...)

Just finding p(&r") is a hard inference problem,

p(4riny =ldx dy dz ... 3(E£(x, y, 2, ...)) p(X, Y, 2, -.. |17

implementing it in a network is even harder.



p(&riny =ldx dy dz ... 5E-H(x, y, 2, ...)) P, 5 2, ... [17)
We have to do approximate inference.
- parameterized probability distributions.

- approximate networks, chosen by minimizing a cost
function.

I talked about one parameterization and one class of
networks. The big open questions:

what is the appropriate parameterization for the brain?
what is the appropriate class of networks?
how is all this learned?
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