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The challenge (as we see it)

To develop a predictive continuum theory of deforming glasses, with a

focus on nonlinear transient phenomena such as necking instabilities,

shear-banding instabilities and fracture

N. Bailey et al. PRB 69, 144205 (2004)

Simulation of Cu-Mg Metallic Glass



Weak coupling between these two subsystems, Timescales 

separation, Quasi-ergodicity due to external driving forces

EB & JS Langer, Physical Review E 80, 031131 (2009)

EB & JS Langer, Physical Review E 80, 031132 (2009)

Basic idea 1: Separable Configurational + Kinetic/Vibrational Subsystems

Focus on two configurationsSlow, Non-Equilibrated,

Configurational rearrangements

Fast, Equilibrated,

Vibrational motionMechanically stable

configurations

Total internal energy:

KCtotal UUU 

Total entropy:

KCtotal SSS 

Theoretical approach: Nonequilibrium thermodynamics
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Basic idea 2: The degrees of freedom relevant to irreversible deformation  

can be described by non-equilibrium coarse-grained internal variables

Define two different temperatures:

Ordinary, equilibrium temperature“Effective” temperature, non-equilibrium

degrees of freedom

EB & JS Langer, Physical Review E 80, 031131 (2009)

EB & JS Langer, Physical Review E 80, 031132 (2009)

),(),,,( ijKKijijCCtotal ESUmESUU 

 is a thermodynamic temperature, e.g. it appears in equations of state,

it controls the probability of configurational fluctuations etc. 

Early ideas in the glass/granular materials community:

Edwards, Cugliandolo, Kurchan, Coniglio, Barrat, Berthier and more



Potential Energy Landscape

Shear-Transformation-

Zones (STZ)

Theoretical approach: Constitutive law

ML Falk & JS Langer, Physical Review E 57, 7192 (1998)

EB, JS Langer & I Procaccia, Physical Review E 75, 036107 (2007)

EB & JS Langer, Physical Review E 80, 031133 (2009)

ML Falk & JS Langer, Annu. Rev. Condens. Matter Phys. 2, 353 (2011)

K Kamrin & EB, J. Mech. Phys. Solids , In press (2014)

Probability to observe an STZ

(average normalized density)

Normalized orientational bias of STZ 



 The Equations (dimensionless, simple shear, low T)

STZ densityStress-biased thermal activation

● can change for very large s

STZ flips dynamics

Generalized Boltzmann

factor controls STZ density
Orientational order dynamics

Configurational heat equationElasto-plastic rates decomposition



Application I: Variable-amplitude oscillatory shear

Quite a few recent experiments and simulations:

A binary colloidal glass

Hima Nagamanasa et al., Physical Review E (2014)

A binary LJ glass

Fiocco et al., Physical Review E (2013)



Variable-amplitude oscillatory shear: Results

N. Perchikov & EB, Physical Review E 89, 062307 (2014)



Application II: Ductile-to-brittle transition

A single glass under annealing
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CH Rycroft & EB, Phys. Rev. Lett. 109, 194301 (2012)



 Notch Fracture Toughness

K-fields of Linear Elastic Fracture Mechanics

( Universal r-1/2 stress singularity)

Serious computational challenges were involved,

especially in achieving realistic loading rates  

An Eulerian projection method for quasi-static elastoplasticity

CH Rycroft, Y. Sui & EB, arxiv 1409.2173 (2014) 



 Results



 Results (cont’d)
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A ductile-to-brittle “crossover”A competition of timescales



 Initiation criterion: A cavitation instability

Jiang et al., Philosophical Magazine 2008, 88 407

M. L. Falk, PRB 60, 7062 (1999)

Huang et al., JMPS 39, 223 (1991)

MD simulation
Experiment



 Results (cont’d)
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Cavitation threshold



Does local cavitation lead to global failure?



F
ra

ct
u

re
 e

n
er

g
y

 [
K

J
/m

2
]

Poisson’s ratio

Final comment



Summary

We discussed two recent applications of the theory:  

● The theory predicts salient features of the variable-amplitude  

oscillatory shear response of amorphous materials, as observed  

in recent experiments and computer simulations.  

The macroscopic theory of glassy deformation based on Shear-

Transformation-Zones (STZ) has been discussed.

● The theory offers an explanation for an observed annealing-

induced ductile-to-brittle transition and may open the way for

a better understanding of the toughness of metallic glasses.

The theory incorporates coarse-grained internal state variables

and characterizes the structural state of the deforming glass

by a temperature that may differ from the bath temperature.


