
Logarithmic scaling and logarithmic 
correlations in critical phenomena

Victor Gurarie  
    

   
          

KITP, December 2014

1



In this talk 2

 RG and logarithmic scaling 

 Examples: 3D random bond Ising model and 2D percolation 

Symplectic fermions, the determinant of a Laplacian and 
conformal field theory with the central charge c=-2 

 Quenched disorder, 2D random walks, percolation and 
conformal field theory with the central charge c=0 
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RG group and logarithmic 
scaling
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The renormalization group matrix 6

T↵� =
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The renormalization group matrix 6

T↵� =
@R↵[K]
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T↵� 6= T�↵

K 0
↵ = R↵[K]

Are we sure that the eigenvalues of T actually exist?
X
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What if they are complex?  Possible, but far too exotic.



The renormalization group matrix 6

T↵� =
@R↵[K]
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T↵� 6= T�↵

K 0
↵ = R↵[K]

Are we sure that the eigenvalues of T actually exist?
X

↵

ei↵T↵� = byiei�

What if the eigenvalues exist but coincide? Possible to bring T to the  
Jordan normal form

u0
1 = �u1

u0
2 = �u2 + µu1

An example of a matrix in a Jordan 
normal form. The grey blocks are 
called the Jordan blocks.

Wikipedia

This is what this talk is about.
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Correlation functions with Jordan forms 7
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How common are logarithmic operators? 8

 Require fine-tuning of the eigenvalues of the RG matrix. 

 So perhaps do not appear except in some special fine-tuned 
models? 

 In fact, that’s not true. Logarithmic operators are ubiquitous 
in certain models, especially in models with disorder. 
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Example: 3D random bond 
Ising model



3D random bond Ising model 10

random and Gaussian �K

P (�K) ⇠ e
� �K2

4�2

Z =

X

�=±1

exp

0

@K
X

hr0r00i

�r0�r00 +

X

hr0r00i

�Kr0r00 �r0�r00

1

A



3D random bond Ising model 10

random and Gaussian �K

P (�K) ⇠ e
� �K2

4�2

Z =

X

�=±1

exp

0

@K
X

hr0r00i

�r0�r00 +

X

hr0r00i

�Kr0r00 �r0�r00

1

A

Need to invoke the famous replica trick

Zn
=

X

�=±1

exp

0

@K
nX

a=1

X

hr0r00i

�a
r0�

a
r00 +

nX

a=1

X

hr0r00i

�Kr0r00 �
a
r0�

a
r00

1

A

and average over disorder

F = �T lim
n!0

hZni � 1

n

so that free energy  
can then be found if 
needed

hZni =
X

�=±1

exp

0

@K
nX

a=1

X

hr0r00i

�a
r0�

a
r00 + �

nX

a,b=1

X

hr0r00i

�a
r0�

a
r00�

b
r0�

b
r00

1

A



3D random bond Ising model 10

random and Gaussian �K

P (�K) ⇠ e
� �K2

4�2

Z =

X

�=±1

exp

0

@K
X

hr0r00i

�r0�r00 +

X

hr0r00i

�Kr0r00 �r0�r00

1

A

In the vicinity of the conventional Ising critical point K = K⇤, � = 0

�t(r
0) =

nX

a=1

�a
r0�

a
r00 this is the conventional thermal 

scaling operator, dimension xt = d� yt = d� 1

⌫

nX

a,b=1

�a
r0�

a
r00�

b
r0�

b
r00

this is the scaling operator which 
is coupled to disorder strength

y� = d� 2xt = d� 2

✓
d� 1

⌫

◆
=

2

⌫

� d

Need to invoke the famous replica trick

Zn
=

X

�=±1

exp

0

@K
nX

a=1

X

hr0r00i

�a
r0�

a
r00 +

nX

a=1

X

hr0r00i

�Kr0r00 �
a
r0�

a
r00

1

A

and average over disorder

F = �T lim
n!0

hZni � 1

n

so that free energy  
can then be found if 
needed

hZni =
X

�=±1

exp

0

@K
nX

a=1

X

hr0r00i

�a
r0�

a
r00 + �

nX

a,b=1

X

hr0r00i

�a
r0�

a
r00�

b
r0�

b
r00

1

A



Harris criterion 11
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Disorder-dominated point is logarithmic 12
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Distinct features of the logarithms in this context 13

 Logarithms appear directly at the critical point 

 No fine tuning is needed to get logarithms, and no fine tuning 
can eliminate them 

 This is a generic feature of problems with quenched disorder 
(to be discussed later) 
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Example: 2D percolation



Percolation as Q-state Potts model 15
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corresponds to 
the Ising model

Q = 2

More generally, known to 
have a second order 
phase transition in 2D for 1  Q  4

Q-state Potts model

Standard map from Q=1 Potts model to percolation
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limit Q ! 1 counts all clusters equally and is 
equivalent to studying percolation

Q ! 0          counts spanning trees and is 
equivalent to computing the 
determinant of the lattice laplacian



Logarithmic observables in percolation 16

R. Vasseur, J. L. Jacobsen, H. Saleur (2012)
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Figure 2. Monte Carlo estimation of the function F (r) defined in eq. (17). Results
are shown for 200× 200 and 300× 300 square lattices, with no significant difference.

cancels out the dominant power law (r−5/2), leaving a pure logarithmic scaling which

should be observable in numerical simulations (see below). The number 2
√
3

π ≃ 1.1026

is a universal constant that can be traced back to (9). Although the combination (17)

may look slightly complicated, it is important to keep in mind that the logarithmic term

we are after resides in the disconnected part P0(r)—a similar observation holds true for

LCFTs with other values of Q, such as Q → 0.
We have checked the validity of (17) by performing extensive Monte Carlo

simulations on square lattices of various sizes ranging from 150×150 to 300×300, with

doubly periodic boundary conditions. We checked that different pseudo-random number

generators—including a Mersenne-Twister algorithm [22]—led to consistent results.

Statistics were obtained on ∼ 103 independent runs of 107 percolation configurations

each. Results are shown in Fig. 2, and are in good agreement with (17). Careful
extrapolations removing successively the first few short-distance points yields a slope

1.15± 0.05 in good agreement with our prediction 2
√
3

π ≃ 1.1026.

Note that although all the calculations of this Letter were made in the bulk, the

derivation in the boundary case presents only minor differences. In this case the scaling

dimension of the energy operator should be replaced by ∆ε = 2, since ε becomes

degenerate with the stress-energy tensor T [23]. Similarly, the 4−leg watermelon
exponent should be changed [24] to ∆ψ̂ = 3g

2 − 2, and the operator ψ̃ab would be

proportional to the well-known logarithmic partner t(z) of the stress-energy tensor

introduced by Gurarie [2] and Gurarie and Ludwig [3, 25] in their work on CFTs with

central charge c = 0. However, it is easy to see that the limit (9) remains unchanged so

we expect (17) to hold true also if the points lie at a boundary. It would be interesting

to check this numerically as well.

Logarithmic observables in percolation 8

proportional to P2(r)

⟨ψ̂ab(σi1 , σi1+1)ψ̂cd(σi2 , σi2+1)⟩ =
2

Q2

(

δacδbd + δadδbc −
1

Q− 2
(δac + δad + δbc + δbd)

+
2

(Q− 1)(Q− 2)

)

× P2(r) . (12)

We infer from (6) that P2(r) ∼ A(Q)r−2∆
ψ̂
(Q). Other correlation functions follow from

the lattice description in the same way. A direct computation shows that ⟨ψ̂ab⟩ = ⟨φa⟩ =
0. This also follows from the representation theory of SQ, which moreover implies

the vanishing of the ‘crossed’ correlation functions: ⟨εψ̂ab⟩ = ⟨εφa⟩ = ⟨ψ̂abφc⟩ = 0.

The vanishing of one-point functions and crossed two-point functions is consistent with

fundamental CFT results.

To analyze the Q → 1 limit from a CFT perspective, we studied the correlation

functions of the field ψ̃ab defined in (7). One can repeat the very same steps from the
lattice perspective. It is convenient to write ψ̃ab(ri) ≡ ψ̂ab(σi, σi+1)+

2
Q(Q−1)ε(σi, σi+1) =

ψab(σi, σi+1)− ⟨ψ⟩, where we have introduced

ψab(σi, σi+1) = δσi,aδσi+1,b + δσi,bδσi+1,a −
1

Q− 2
(φa(σi, σi+1) + φb(σi, σi+1)) . (13)

Note that ψab is not a scaling field (since ⟨ψ⟩ = 2
Q2P ̸= ̸= 0), whereas ψ̃ab is. One can

show that the two-point function of ψab reads

⟨ψab(r1)ψcd(r2)⟩ =
4

Q4
(P0(r) + P1(r)) + P2(r)

×
1

Q2

[
8

Q(Q− 2)
+

2

2−Q
(δac + δad + δbc + δbd) + 2(δacδbd + δadδbc)

]

, (14)

whereas that of the corresponding scaling field ψ̃ab is, in the limit Q = 1,

⟨ψ̃ab(r1)ψ̃cd(r2)⟩ = 2 (δac + δad + δbc + δbd + δacδbd + δadδbc)P2(r)

+ 4
[

P0(r) + P1(r)− 2P2(r)− P
2
̸=
]

. (15)

Comparing with (8) we deduce that P2(r) ∼ A(1)r−5/2, as was of course expected

from its relation to the 4-leg operator. Meanwhile, the logarithmic term in (8) can be
identified with

P0(r) + P1(r)− P
2
̸= ∼ A(1)

(

θ +
2
√
3

π
log r

)

r−5/2 , (16)

where we have added a subdominant non-universal (i.e., lattice dependent) term θ.

Finally, the following combination

F (r) ≡
P0(r) + P1(r)− P2

̸=

P2(r)
∼ θ +

2
√
3

π
log r, (17)

P 6=
probability that two 
nearby points belong 
to different clusters
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Symplectic fermions



Determinant of a Laplacian 18

defined via a Grassmann functional integral
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VG, M. Flohr, C. Nayak, 1996



Models related to the determinant of Δ 19

 Any model involving counting of spanning trees, or Q→0 
Potts model 

 In particular, dense polymers (self-avoiding random walks 
passing through every point of a lattice) 

 Abelian sandpile model 
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Relevance to the stat mech models? 22

 Identification of observables related to the operator  

 Meaning of this observable in the Abelian sandpile model? 

Ĩ

V.S. Poghosyan, S. Y. Grigorev, 
V. B. Priezzhev, P. Ruelle, 2010 P. Ruelle, 2013
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CFT at c=0 
and problems involving 
averaging over disorder



SARW: Effective field theory 24
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Average over random potential, to find 
effective field theory with the action
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We would like to study CFTs corresponding to the 
field theories of this type. All have c=0. 

Introduce fermionic fields ψ



“Supersymmetric” critical theories 27

• Supersymmetric effective field theories describe a variety 
of interesting critical behavior in 2 dimensions. Most have 

not been understood.  

• Examples include self-avoiding random walks and 
percolation (mostly understood, although not completely) 
and quantum motion in random potentials under various 
conditions (mostly not understood). 

• Most famous example, the quantum Hall transition, has 
been extensively studied, and yet is not understood. 
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Logarithmic operators love 
indecomposable multiplets

Z. Masarani, D. Serban, 1996
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Stress-energy tensor at c=0: supersymmetry perspective 31

Stress-energy tensor is always a 
part of a reducible but 

indecomposable multiplet

Possible consistent OPE: But these are also possible 
consistent OPE:

Realized in supergroup-based WZW 
models.

Makes t logarithmic. Realized in c=0 minimal model.

T (z)t(0) =
b

z4
+

2t(0) + T (0)
z2

+ . . .
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Logarithmic t: supersymmetry emerges 32

These follow from the assumption of logarithmic t by 
conformal invariance only

Yet they automatically form the 
indecomposable representation 

shown on the left

VG, A. Ludwig, 2002
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FIG. 1: Some of the first few operators of the Kač table at c = 0

B. Logarithmic partner t(z) of the stress tensor T (z)

A special set of primary operators, the so-called Kač-degenerate operators, have conformal weights which lie on a
two-dimensional grid, usually referred to as the Kač table. It is well known that in conventional CFTs chiral (=holo-
morphic) correlation functions involving at least one such ‘Kač-degenerate’ operator satisfy [57] certain differential
equations [1]. Solving such differential equations for the (chiral) four-point functions (conformal blocks), provides a
way to find the OPEs of primary operators. For further reference we provide in Fig. 1 a list of the first few operators
of the Kač table at c = 0.

Moreover, it is well known[1] that, due to global conformal invariance, the (chiral) four-point function of a primary
operator [58] can be expressed in terms of a single function F (x),

⟨A(z1)A(z2)A(z3)A(z4) ⟩ =
1

(z1 − z2)2h(z3 − z4)2h
F (x) , (26)

where x denotes a cross-ratio

x =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
. (27)

Consider the ordinary differential equation for the function F (x), associated with an operator A belonging to the
Kač table.

In conventional CFTs (which have c ̸= 0), there is one solution of that equation which is of the form

F (x) = 1 + α0 x2 + ... , (28)

(with some constant α0) corresponding to the OPE (17). The function F (x) with this expansion is usually referred
to as the identity conformal block of the chiral four-point function given in (26).

The situation at c = 0 is far more complex, however. By investigating the corresponding differential equation, it
can be directly verified that for all the operators from the first two rows or from the first column of the Kač table
in Fig. 1 (except for those with vanishing conformal weight, discussed separately below), the small-x behavior of the
identity conformal block is

F (x) = 1 + α x2 log(x) + ... (29)

in contrast to (28). It turns out that the other operators of the Kač table, which lie deeper in its interior (i.e. beyond
the first two rows or the first column), have even more complicated identity conformal blocks [31]. We will not consider
them in this paper, however.

The appearance of logarithms in a correlation function at a critical point, as on the right-hand side of (29), is
characteristic of theories with so-called logarithmic operators [32]. In this particular case, the relevant logarithmic
operator has conformal weight two, the same weight as that of the stress tensor T (z). Based on these considerations

Differential equations give
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B. Logarithmic partner t(z) of the stress tensor T (z)

A special set of primary operators, the so-called Kač-degenerate operators, have conformal weights which lie on a
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equations [1]. Solving such differential equations for the (chiral) four-point functions (conformal blocks), provides a
way to find the OPEs of primary operators. For further reference we provide in Fig. 1 a list of the first few operators
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5Institut Henri Poincaré, 11 rue Pierre et Marie Curie, 75231 Paris Cedex 05, France
(Received 12 October 2011; published 20 April 2012)

Nontrivial critical models in 2D with a central charge c ¼ 0 are described by logarithmic conformal

field theories (LCFTs), and exhibit, in particular, mixing of the stress-energy tensor with a ‘‘logarithmic’’

partner under a conformal transformation. This mixing is quantified by a parameter (usually denoted b),
introduced in Gurarie [Nucl. Phys. B546, 765 (1999)]. The value of b has been determined over the last

few years for the boundary versions of these models: bperco ¼ " 5
8 for percolation and bpoly ¼ 5

6 for dilute

polymers. Meanwhile, the existence and value of b for the bulk theory has remained an open problem.

Using lattice regularization techniques we provide here an ‘‘experimental study’’ of this question. We

show that, while the chiral stress tensor has indeed a single logarithmic partner in the chiral sector of the

theory, the value of b is not the expected one; instead, b ¼ "5 for both theories. We suggest a theoretical

explanation of this result using operator product expansions and Coulomb gas arguments, and discuss the

physical consequences on correlation functions. Our results imply that the relation between bulk LCFTs

of physical interest and their boundary counterparts is considerably more involved than in the non-

logarithmic case.
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Introduction.—Two-dimensional (2D) logarithmic con-
formal field theories (LCFTs) with a central charge c ¼ 0
describe the scaling limit of geometrical problems such as
polymers (self-avoiding walks) or percolation (see, e.g.,
[1]). They also play a fundamental role in the study of
phase transitions in systems with quenched disorder [2–4]:
for instance, the long sought-after conformal field theory
describing the plateaux transition in the integer quantum
Hall effect should be of this type. Other physical applica-
tions range from nonequilibrium systems [5] to aspects of
the AdS/CFT correspondence (see, e.g., [6]) and descrip-
tion of supersymmetric sigma models beyond the topologi-
cal sector [7].

Progress in this field since the pioneering papers [8,9]
has been difficult. Chiral (i.e., boundary) LCFTs are slowly
getting under control thanks to recent progress on the
abstract study of non-semi-simple modules of the
Virasoro algebra—the so-called staggered modules [10].
Consistent results have also been obtained from lattice
approaches [11,12]. It is now well accepted that chiral
LCFTs are characterized by a complicated structure of
such staggered modules, and an infinity of numbers called
indecomposability parameters, or logarithmic couplings.
One of these numbers, called b [4,13], is of particular
interest as it encodes the structure of the module of the
stress-energy tensor in c ¼ 0 theories. Numerical [14,15]
and theoretical [16] arguments lead to the values bperco ¼
" 5

8 for percolation [Q ! 1 state Potts model] and bpoly ¼ 5
6

for dilute polymers [n ! 0 dilute OðnÞ model].

While chiral LCFTs are thus fairly well understood,
much remains to be done to understand the structure of
bulk theories. Attempts to construct nonchiral theories at
c ¼ 0 (see, e.g., [17,18]) often exhibit unwanted features
such as degenerate or non-SLð2;CÞ invariant ground states
which should not occur in, for instance, percolation.
Part of the progress in the chiral case originates from

considering lattice models with open boundary conditions,
and observing that the indecomposable features of the
chiral (Virasoro) algebra appearing in the scaling limit
are similar (for more accurate, mathematical statements,
see [19]) to those occurring, in finite size, on the lattice.
This suggests that eventually, LCFTs may be solved
by a careful exercise in the representation theory of the
(associative) algebras satisfied by the local energy
terms (such as the Temperley-Lieb algebra [20]). The non-
chiral or bulk case corresponds, on the lattice, to periodic
boundary conditions, which is rather difficult mathemati-
cally [21]. One can, nevertheless, use lattice algebraic
techniques to investigate aspects of the simplest
modules under the full left and right Virasoro algebras
present in this case. The full results will be discussed
elsewhere [22], but, as a first step, we present in this
Letter the results of the corresponding numerical measure
of the parameters b for both percolation and polymers with
periodic boundary conditions (PBC). The outcome is quite
unexpected: both theories turn out to have the same b,
which, moreover, differs from that of the open (chiral)
case.
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Extensive work by H. Saleur and N. Read elucidating the 
structure of percolation, Q→1 limit of Potts model, as a 

logarithmic CFT.



36

Conclusions and outlook



c=0 theories: modern developments 37

 Logarithmic scaling at certain fixed points of 
renormalization group is unavoidable 

 In some examples it affects certain correlation functions 
and is relatively easy to study 

 In other examples, it affect the whole structure of the 
theory and makes it very difficult to understand it. 

 Problems with disorder generally have logarithmic 
correlators. Exact solutions to the critical points in 2D 
involving disorder are supposed to involve logarithmic 
structure and are very hard to study. 

 
 


