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Hadron Correlators in Lattice QCD
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Computational Challenges in Lattice QCD

Excited state corrections  
to the ground state:

� O(|Z10|2e��E10T )

Addressing excited states requires 
Multi-state fits 
Variational methods 

lowest non-interacting 
1,2,3-particle states

as mπ→physical, excited states become denser

finite volume effects
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Nucleon Electromagnetic Form Factors

 JLab@12GeV : explore form factors at Q2 ≳ 10 GeV2 

• (F1 / F2) scaling at Q2 -> ∞ 

• (GE/GM) dependence up to Q2=18 GeV2  
• u-, d-flavor contributions to form factors 

 Proton radius puzzle: 7σ difference 
• JLab pRAD experiment 
• MUSE@PSI : e± / µ±-scattering off the proton

Research Management Plan March 3, 2014 p. 5

2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

[Research Mgmt. Plan for SBS(JLab Hall A)]
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Nucleon (p-n) Form Factors vs Pheno

Lattice calculations with m!=149 MeV 
[J.Green, SNS, et al 1209.1687; PLB734:290] 
vs phenomenology 
[W.M.Alberico et al, PRC79:065204(2009)]
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Proton Form Factors vs Pheno (conn. only)
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Lattice calculations with m!=149 MeV 
[J.Green, SNS, et al 1209.1687; PLB734:290] 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Dirac Radius vs. mπ  and Proton Size Puzzle

Issues with e-p experiments? 
underestimated combined error 
use Q2 fits up to 1 GeV2

[MuSE white-paper, 1303.2160]

[9] included the Mainz result – the JLab result appeared too late to be included – and adopted a

proton radius value of rp = 0.8775±0.0051 fm. The CODATA analysis concluded that: “Although

the uncertainty of the muonic hydrogen value is significantly smaller than the uncertainties of

these other values, its negative impact on the internal consistency of the theoretically predicted and

experimentally measured frequencies, as well as on the value of the Rydberg constant, was deemed

so severe that the only recourse was to not include it in the final least-squares adjustment on which

the 2010 recommended values are based.” The Particle Data Group recently concluded that: “Until

the di�erence between the ep and µp values is understood, it does not make sense to average all the

values together. For the present, we stick with the less precise (and provisionally suspect) CODATA

20121 value. It is up to workers in this field to solve this puzzle.” Thus, the discrepancy between

muonic and electronic measurements of the proton radius has increased from 5� to 7� in the past

almost 3 years, and the inconsistency of the results is widely recognized. A partial summary of

recent proton radius extractions is shown in Fig. 1.

Year
2000 2005 2010

(fm
)

pr

0.85

0.90

Sick
CODATA 2006
Pohl et al
Bernauer et al
CODATA 2010
Zhan et al
Antognini et al

FIG. 1. A summary of some recent proton charge radius determinations: Sick [2], CODATA 2006 [1], Pohl
et al. [3], Bernauer el al. [6], CODATA 2010 [9], Zhan et al. [7], and Antognini el al. [8].

1 Note that the CODATA 2010 result appeared in 2012.
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Issues with e-p experiments? 
underestimated combined error 
use Q2 fits up to 1 GeV2
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Isovector Magnetic Moment vs. mπ
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Expansion in Boundary Conditions

Results Anomalous isovector magnetic moment

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Iso
ve

ct
or

F
2

Q2 (GeV2)

PRELIMINARY
z-expansion fit

standard method
derivative method

Kelly

13 / 15

Results Isovector Dirac radius

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Iso
ve

ct
or

F
1

Q2 (GeV2)

PRELIMINARY
derivative method

z-expansion fit
standard method

Kelly

12 / 15

[N.Hasan, J.Green, S.Meinel et at (LHPc), Lattice 2016]

Strategy and method Momentum derivatives of nucleon correlation functions

Rome method: (Phys. Lett. B 718, 589 (2012) [arXiv:1208.5914])
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Strangeness in EM form factors

Strange quark contribution to EM: the next after light quarks

             are measured e.g. in e–p elastic scattering asymmetry 
 (SAMPLE, HAPPEX, G0, A4) from 
Gs

E,M

[HAPPEX collab., PRL108:102001(2012)]
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N̄ N

Disconnected Contractions for Nucleon FF’s

Calculation with  
m!=319 MeV 

(USQCD/JLab lattices)

[J. Green, S. Meinel, et al (LHPc) 
PRD92:031501(2014)]
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Strange Form Factors : PVES vs. Lattice
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Magnetic moment from strange quarks

Data for strange & light quarks: use PQChPT-inspired  
linear extrapolation in (mloop)2 ~ (mlight + mdisconn)
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LFWF+DIS [1412.4871]
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LQCD + exp.FFs [1403.6537]

�QCD [0903.3232]

LHPc (m⇡ = 135MeV )

LHPc (m⇡ = 317MeV )

[J. Green, S. Meinel, et al (LHPc) PRD92:031501(2014)]
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Nucleon Axial Charge and Form Factors

Axial form factor GA(Q2) 
• Interaction with neutrinos: MiniBooNE 

Induced pseudoscalar form factor GP(Q2) 
• Charged pion electroproduction 
• Muon capture (MuCAP): gP ~ GP(Q2  = 0.88 mµ2) 

Strange axial form factor GAs(Q2) : studied at MiniBooNE

�P + q| q̄�µ�5q |P ⇥ = ŪP+q

h
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FIG. 2: Extracted values for gP as a function of the poorly
known molecular transition rate �op [12, 13, 31]. In con-
trast to earlier experiments (OMC [11], RMC [14]), MuCap
is rather insensitive to this parameter.

asymmetry [29, 30], the gP extracted from MuCap would
have increased to 8.34.

Figure 2 illustrates the excellent agreement with the
theoretical prediction, Eq. (2), and highlights MuCap’s
reduced sensitivity to the molecular parameter �op. This
answers the long-standing challenge of an unambiguous
measurement of gP , generated by the mutual inconsis-
tency of earlier experiments (OMC, RMC) and their
strong sensitivity to �op. Corroborating values for gP
are obtained in recent analyses [32, 33] of an earlier 0.3%
measurement of muon capture on 3He [34], with uncer-
tainties limited by theory. MuCap provides the most
precise determination of gP in the theoretically clean µp
atom and verifies a fundamental prediction of low-energy
QCD.
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Figure 1. Axial mass MA extractions. Left panel: from (quasi)elastic neutrino and antineutrino
scattering experiments. The weighted average is MA = 1.026 ± 0.021 GeV. Right panel: from
charged pion electroproduction experiments. The weighted average is MA = 1.069 ± 0.016 GeV.
Note that value for the MAMI experiment contains both the statistical and systematical uncertainty;
for other values the systematical errors were not explicitly given. The labels SP, DR, FPV and
BNR refer to different methods evaluating the corrections beyond the soft pion limit as explained
in the text.
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Figure 2. Experimental data for the normalized axial form factor extracted from pion
electroproduction experiments in the threshold region. Note that all results are shown for the
experiments where various theoretical models were used in the analysis to extract GA. For
orientation, the dashed curve shows a dipole fit with an axial mass MA = 1.1 GeV.

mass were determined from the slopes of the angle-integrated differential electroproduction
cross sections at threshold. The results of various measurements and theoretical approaches
are shown in the right panel of figure 1. We recall that [27, 38] were omitted from the fit
for lack of reasonable compatibility with the other results. In figure 2 we have collected the

[Andreev et al (muCap), PRL110:012504(2012)][V.Bernard et al, JPhysG28:R1-35(2001)]
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—-decay, gA/gV = 1.2723(23) PDG 2015.
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Several mfi < 165 MeV results.
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ETMC: [Alexandrou,Mon,15:15] Nf = 2 twisted mass fermions, Lmfi = 3. Increased
statistics on 1507.04936, 579 configs ◊ 16 measurements, gA = 1.22(3)(2) - systematics
from fitting.
PACS: [Kuramashi,Thu,16:30] Nf = 2 + 1 NP clover, stout smeared links,
mfi = 145 MeV, a = 0.085 fm, 146 configs ◊ 64 measurements, tf ≠ ti =1.3 fm, Lmfi = 6
PNDME: [Gupta,Thu,17:50]

8 / 49

Nf=2 light 
dyn.flavors

mixed  
action

m⇡ < 165 MeV



Nucleon Structure from Lattice QCD Frontiers in Nuclear physics (KITP 2016)

    

Sergey N. Syritsyn

Nucleon Axial Form Factor GA(Q2)

�P + q| q̄�µ�5q |P ⇥ = ŪP+q
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• 5% discrepancy between averages of #-scattering and !± production 
[V.Bernard et al, JPhysG28:R1-35(2001)] 

• Reliance on dipole fits leads to underestimated errors  
[B.Bhattacharya, R.Hill, G.Paz, PRD]

• #-scattering off p,n,nuclei 
• !± electroproduction 
• #-scattering off 16O, 12C

GA(Q
2) ' gA

(1 +Q2/M2
A)
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FIG. 28. Extrapolation of the induced pseudoscalar form fac-
tor to the muon capture point Q2 = 0.88m2

µ (vertical line) for
three values of the pion mass (ensembles III, VI and VIII).
The error bands correspond to fits according to Eq. (41).
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FIG. 29. Chiral extrapolation of the induced pseudoscalar
coupling g�P . The error band corresponds to the parametriza-
tion Eq. (42). Symbols are as in Fig. 1.

were obtained for this ratio. Here, we find deviations
from single pole dominance to increase towards low mo-
menta, thereby ruling out that a dominant part of these
violations can be ascribed to lattice spacing e⇥ects.

The induced pseudoscalar coupling for muon cap-
ture g⇥P is defined in Eq. (10). It can be obtained,
extrapolating the induced pseudoscalar form factor
(mµ/mN )g̃P (Q2) to Q2 = 9.82·10�3 GeV2. We employ a
phenomenological parametrization that incorporates the
leading pole:

mµ

mN
g̃P (Q

2) =
c1

m2
� +Q2

+ c2 + c3Q
2 , (41)

where the parameters c1 < 4m2
Ng0A, c2 and c3 are fitted

separately for each ensemble. The terms involving c2 and

c3 turn out to be necessary to approximate corrections to
the pole ansatz, which are regular at positive virtualities.
We display the resulting extrapolations for three pion

masses (ensembles III, VI and VIII) in Fig. 28. We are
not able to reliably determine the above form factor for
Q2 > 1GeV2 which means results cannot be obtained
for the small volume ensembles II, IX and X, where less
than four data points are within this range. We show
the remaining eight results in Fig. 29 as a function of
the squared pion mass. A phenomenological fit of the
m� < 300MeV, Lm� > 3.4 data to the functional form

g⇥P (m
2
�) =

a1
m2

� + a2
, (42)

with parameters a1 and a2, gives g⇥P = 8.40(40) at
the physical point with a �2/NDF = 6.4/4. Since our
nearly physical m� ⌅ 150MeV point dominates the ex-
trapolated value, this is robust against changes of the
parametrization. The number obtained compares well
with the recent experimental determination of the Mu-
Cap Collaboration [91] g⇥P = 8.06(55) and also with the
determinations g⇥P = 8.44(23) [18] or g⇥P = 8.21(9) [16]
from heavy baryon chiral perturbation theory or g⇥P =
8.29+24

�13(52) [92] from covariant baryon chiral perturba-
tion theory. Previously, the RBC and UKQCD col-
laborations [38] obtained g⇥P = 6.6(1.0), extrapolating
Nf = 2 + 1 domain wall fermion results to the physical
point.
The flavour changing coupling constant g�NN between

the nucleon and the charged pion is defined as the residue
of the pole of the induced pseudoscalar form factor at
Q2 = �m2

�:

g�NN ⇥ lim
Q2⇤�m2

�

m2
� +Q2

4mNF�
g̃P (Q

2) . (43)

Implementing the above definition requires an extrapola-
tion of lattice data, which is limited to positive virtuali-
ties. Figure 27 demonstrates that corrections to the pole
dominance model become significant towards small vir-
tualities. Assuming the parametrization Eq. (41), we ob-
tain g�NN = c1/(4mµF�), which then needs to be extrap-
olated to the physical pion mass. However, it is already
obvious from Fig. 28 that a controlled extrapolation of
Q2 � 0.1GeV2 data to negative virtualities is hardly pos-
sible. Indeed, playing around with di⇥erent parametriza-
tions of g̃P (Q2) that assume a pole at Q2 = �m2

�, values
ranging from g�NN ⇤ 8 up to g�NN ⇤ 14 can easily be
produced from our lattice data.
The Goldberger-Treiman relation g�NN ⌅ mNgA/F�

does not require such an extrapolation, however, it is
subject to O(m2

�) corrections. The relative di⇥erence
between g�NN defined in Eq. (43) and this approximation
is known as the Goldberger-Treiman discrepancy

��N =
1

g�NN

⇥
g�NN �mN

gA
F�

����
m�=135MeV

⇤
. (44)
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menta, thereby ruling out that a dominant part of these
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Q2 > 1GeV2 which means results cannot be obtained
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the physical point with a �2/NDF = 6.4/4. Since our
nearly physical m� ⌅ 150MeV point dominates the ex-
trapolated value, this is robust against changes of the
parametrization. The number obtained compares well
with the recent experimental determination of the Mu-
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tion theory. Previously, the RBC and UKQCD col-
laborations [38] obtained g⇥P = 6.6(1.0), extrapolating
Nf = 2 + 1 domain wall fermion results to the physical
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ties. Figure 27 demonstrates that corrections to the pole
dominance model become significant towards small vir-
tualities. Assuming the parametrization Eq. (41), we ob-
tain g�NN = c1/(4mµF�), which then needs to be extrap-
olated to the physical pion mass. However, it is already
obvious from Fig. 28 that a controlled extrapolation of
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Agrees with MuCap result  [PRL 110:012504] 

g⇤P = 8.06(55)

Nf=2 calculation with Wilson-Clover fermions 
[G.Bali et al (RQCD), PRD91:054501] 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[J. Green et al (LHPc) LATTICE 2016]

Renormalization matrix

In MS at 2 GeV:

*..
,
AR,u�d
µ

AR,u+d
µ
AR,s
µ

+//
-
=
*..
,
Z 3,3
A 0 0
0 Zu+d,u+d

A Zu+d,s
A

0 Zs,u+d
A Zs,s

A

+//
-
*..
,
Au�d
µ

Au+d
µ
As
µ

+//
-

=
*..
,
0.8623(1) (71) 0 0

0 0.8662(26) (45) 0.0067(8) (5)
0 0.0029(10) (5) 0.9126(11) (98)

+//
-
*..
,
Au�d
µ

Au+d
µ
As
µ

+//
-
.

Systematic error estimated from di�erent fits and from di�erent
intermediate la�ice schemes.
To study the disconnected contribution to the light-quark currents, consider
a third partially-quenched light quark, r , with mr = mu = md . Then
Au+d,conn
µ = Au+d�2r

µ , which renormalizes diagonally with Z 3,3
A . Writing

AR,u+d,disc
µ = AR,u+d

µ � AR,u+d,conn
µ , shows that the mixing of connected into

disconnected is controlled by Zu+d,u+d
A � Z 3,3

A = 0.0061(18) (10).

Jeremy Green (Mainz) Light and strange axial form factors La�ice 2016 17 / 25
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AR,s
µ

+//
-
=
*..
,
Z 3,3
A 0 0
0 Zu+d,u+d

A Zu+d,s
A

0 Zs,u+d
A Zs,s

A

+//
-
*..
,
Au�d
µ

Au+d
µ
As
µ

+//
-

=
*..
,
0.8623(1) (71) 0 0

0 0.8662(26) (45) 0.0067(8) (5)
0 0.0029(10) (5) 0.9126(11) (98)

+//
-
*..
,
Au�d
µ

Au+d
µ
As
µ

+//
-
.

Systematic error estimated from di�erent fits and from di�erent
intermediate la�ice schemes.
To study the disconnected contribution to the light-quark currents, consider
a third partially-quenched light quark, r , with mr = mu = md . Then
Au+d,conn
µ = Au+d�2r

µ , which renormalizes diagonally with Z 3,3
A . Writing

AR,u+d,disc
µ = AR,u+d

µ � AR,u+d,conn
µ , shows that the mixing of connected into

disconnected is controlled by Zu+d,u+d
A � Z 3,3

A = 0.0061(18) (10).
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E�ect of mixing: Gs
A

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Q2 (GeV2)

�0.05

�0.04

�0.03

�0.02

�0.01

0.00

G
s A

full renormalization
no mixing

Largest e�ect: mixing of (large) Gu+d
A into (small) Gs

A.
Jeremy Green (Mainz) Light and strange axial form factors La�ice 2016 18 / 25

Effect of mixing on strange GA
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Neutron-Antineutron Oscillations

B=1
B=-1

Motivation for searches : 

Baryon number must be violated for   
baryogenesis (Sakharov's conditions) 

N->Nbar transition : ΔB=2 
Proton decay:  ΔB=1 
Which one (or both?) realized in nature? 

Nuclear matter stability 
Decay of nuclei through (nn)-annihilation 

Probing BSM physics : Δ(B–L)=2 
Connections to lepton number violation ΔL=2 ? 
to neutrino mass mechanism? 
unification with Majorana neutrinos ?  
e.g. [R.Mohapatra, R.Marshak (1980)]
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Searches for                   in Nuclein ! n̄

Some nuclear model dependence:  
e.g. ~ 10-15% for 16O  
[E.Friedman, A.Gal (2008)]

Td = R�2nn̄

R ~ 1023 s-1 

Sensitivity is limited by atmospheric neutrinos

Nucleus lifetime: 

Stability of nuclei : 
56Fe [Soudan 2] 

 16O [Super-K] 
   2H  [SNO] Td(

2H) > 0.54 · 1032 yr �⇥ �nn̄ > 1.96 · 108 s

Td(
16O) > 1.77 · 1032 yr �⇥ �nn̄ > 3.3 · 108 s

Td(
56Fe) > 0.72 · 1032 yr �⇥ �nn̄ > 1.4 · 108 s
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Searches for                   : Reactor Neutronsn ! n̄

�nn̄ > 0.86 · 108sec

ILL Grenoble high-flux reactor,1990 [M.Baldo-Ceolin et al, 1994)] 

Quasi-free neutrons (ΔEt <<1) in vacuum: 

Nevents = e⇥ · �n · T ·
✓

1

�nn̄

◆2 ✓L

v

◆2

Pn!n̄(t) ⇡ (�mt)2 = (t/⇥nn̄)
2

B < 10 nT 
L/v ~ 0.1 s 
T ~ 1 year

= 2.7 years
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Searches for                   : Proposed Improvementsn ! n̄

Other proposed experiments: 
✦ stored ultra-cold neutrons (4-5m/s) 
✦ vertical cold neutron beams 

[Phillips et al, arXiv:1410.1100] 
Free-neutron oscillation (similar to ILL):  

                 Maximize oscillation Probability ~ Nn * (tfree)2 

✦ Neutrons from spallation sources: 
e.g. European Spallation source: x12 neutron flux 

✦ Elliptic mirror for slow neutrons (reflect ~70% of v⊥≲40m/s neutrons) 
✦ Better mag.field shielding (B < 1 nT)   longer flight time

Expected to increase sensitivity x102-103 ILL, τn-n ≳109-1010 s
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Neutron ↔ Antineutron Transitions and QCD
Effective ΔB=2 operator: (quark field)6  
From Standard Model extensions: 
       interaction with a massive Majorana lepton,  
       unified theories, etc

BSM scale suppression of  
6-quark Dim-9 operators

[T.K.Kuo, S.T.Love, PRL45:93 (1980)] 
[R.N.Mohapatra, R.E.Marshak, PRL44:1316 (1980)]

nucleon sensitivity to  
BN-violating eff.interactions

Le� =
X

i

⇥
ciO6q

i + h.c.
⇤

What is the scale for  
new physics behind n↔n̅ ?

�m = �⇥n̄|
Z

d4xLe� |n⇤ = �
X

i

ci
M5

X

⇥n̄|O6q
i |n⇤

Current experimental lower bound on τn-n̅  requires MX  ≳ 102 TeV 
baryon asymmetry puts upper bound on τn-n̅  in models with ΔB=2 mechanism  
(assuming SM-only CPv) e.g. [Babu et al, PRD87:115019(2013)]

/B
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Lattice Results & Comparison to Bag Model

Lattice Results, 
In preparation  

Comparison to MIT Bag model results [S.Rao, R.Shrock, PLB116:238 (1982)] 
 n-n̅ oscillation is x(5-10) more sensitive to BSM physics 

and (Hopefully) will motivate new n-n̅ experiments

[10�5 GeV�6] [10�5 GeV�6] [10�5 GeV�6]

OMS(2 GeV) Bag “A” LQCD
Bag “A” Bag “B” LQCD

Bag “B”

[(RRR)3] 0 0 � 0 �
[(RRR)1] 45.4(5.6) 8.190 5.5 6.660 6.8
[R1(LL)0] 44.0(4.1) 7.230 6.1 6.090 7.2
[(RR)1L0] -66.6(7.7) -9.540 7.0 -8.160 8.1
[(RR)2L1](1) -2.12(26) 1.260 -1.7 -0.666 3.2
[(RR)2L1](2) 0.531(64) -0.314 -1.7 0.167 3.2
[(RR)2L1](3) -1.06(13) 0.630 -1.7 -0.330 3.2

EW-singlet 
n-n̅ tree-lev.

n

n
EW non-singlet 

n-n̅ at 1 loop

t

⇤N (+)
" (t2)O6q(0)N (�)

# (�t1)⌅ ⇥ e�Mn(t2+t1)⇤n"|O6q|n"⌅
t1, t2, t1 + t2 ! 1

On a lattice : Calculations with physical chirally symmetric quarks 
[SNS, M.Buchoff, J.Wasem, C.Schroeder (LATTICE 2015)]
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Constraints from Post-Sphaleron Baryogenesis

Baryogenesis below the TEW in quark-lepton unified model  
[K. Babu, et al, PRD87:115019 (2013)]

Assuming SM-only CPv the prediction
�⌫⌫ �dd

�ud

�ud

u

d

d

d

d
u

W�
t

b

FIG. 6: One-loop contribution to the n� n̄ amplitude in the PSB model.

and the operator O2

RLR is given by

O2

RLR = (uT
iRCdjR)(u

T
kLCdlL)(d

T
mRCdnR)�

s
ijklmn, (17)

with �s
ijklmn = ✏mik✏njl+✏nik✏mjl+✏mjk✏nil+✏njk✏mil, where we have used the notation in Ref.

[27]. The matrix element of this operator between the n and n̄ states has been evaluated in

the MIT bag model in Ref. [27], and we take their fit A value:

hn̄|O2

RLR|ni = �0.314⇥ 10�5 GeV6 (18)

to predict the upper bound on ⌧n�n̄ in our model. Note that in the last term of Eq. (16),

the factor (1�m2

t/4m
2

W ) is nearly zero since mt ' 2mW . This factor arises from including

the longitudinal components of W boson in the evaluation of the diagram. Here the approx-

imation M2

�ud,dd
� m2

t ,m
2

W has been made. Also, a Fierz transformation has been made to

obtain the operator in Eq. (17) in the scalar form shown here.

The n�n̄ amplitude in Eq. (15) can be translated into the n�n̄ oscillation time as follows:

⌧�1

n�n̄ ⌘ �m = c
QCD

(µ
�

, 1 GeV)
���A1�loop

n�n̄

��� , (19)

where cQCD is the RG running factor in bringing down the amplitude (15) originally evalu-

ated at the �-scale to the neutron scale [28]:

c
QCD

(µ
�

, 1GeV) =


↵s(µ2

�

)

↵s(m2

t )

�
8/7 

↵s(m2

t )

↵s(m2

b)

�
24/23 

↵s(m2

b)

↵s(m2

c)

�
24/25 

↵s(m2

c)

↵s(1 GeV2)

�
8/9

. (20)

Here we have assumed µ
�

to be the geometric mean of M
�ud

and M
�dd

, and have used

µ
�

⇠ O(TeV) to obtain c
QCD

' 0.18.

15

⌧n�n̄ . 5 · 1010 s

n �! n̄

relying on the Bag model n-n̅ calculation for m.e.
hn̄|O2

RLR|ni
���
bag

= (�0.34 . . .+ 0.17) · 10�5 GeV�6

hn̄|O2
RLR|ni

���
LQCD

⇡ 0.78(9) · 10�5 GeV�6

Lattice QCD calculation yields

and improves the upper bound for osc.time
⌧n�n̄ . 2 · 1010 s
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Summary

Calculations near the physical point produce encouraging results 
Vector form factors, radii, magnetic moment 

Lattice QCD gives access to quantities hard for experiments 
E.g. strangeness contributions to the nucleon form factors 

Coupling of nucleons to BSM effective operators 
neutron-antineutron transition, proton decay, tensor charge... 
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Proton Spin Puzzle

EMC experiment (1989): 
polarized Deep-Inelastic  
µ-p Scattering :

19. Structure functions 27
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0.02
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0.08

-0.02
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x 
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COMPASS
CLAS
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10 -4 10 -3 10 -2 10 -1 1

Figure 19.14: The spin-dependent structure function xg1(x) of the proton, deuteron, and neutron (from
3He target) measured in deep inelastic scattering of polarized electrons/positrons: E142 (Q2 ∼ 0.3−10 GeV2),
E143 (Q2 ∼ 0.3 − 10 GeV2), E154 (Q2 ∼ 1 − 17 GeV2), E155 (Q2 ∼ 1 − 40 GeV2), JLab E99-117
(Q2 ∼ 2.71 − 4.83 GeV2), HERMES (Q2 ∼ 0.18 − 20 GeV2), CLAS (Q2 ∼ 1 − 5 GeV2) and muons: EMC
(Q2 ∼ 1.5 − 100 GeV2), SMC (Q2 ∼ 0.01 − 100 GeV2), COMPASS (Q2 ∼ 0.001 − 100 GeV2), shown at the
measured Q2 (except for EMC data given at Q2 = 10.7 GeV2 and E155 data given at Q2 = 5 GeV2). Note
that gn

1 (x) may also be extracted by taking the difference between gd
1(x) and gp

1
(x), but these values have

been omitted in the bottom plot for clarity. Statistical and systematic errors added in quadrature are shown.
References: EMC—J. Ashman et al., Nucl. Phys. B328, 1 (1989); E142—P.L. Anthony et al., Phys. Rev.
D54, 6620 (1996); E143—K. Abe et al., Phys. Rev. D58, 112003 (1998); SMC—B. Adeva et al., Phys. Rev.
D58, 112001 (1998), B. Adeva et al., Phys. Rev. D60, 072004 (1999) and Erratum-Phys. Rev. D62, 079902
(2000); HERMES—A. Airapetian et al., Phys. Rev. D75, 012007 (2007) and K. Ackerstaff et al., Phys. Lett.
B404, 383 (1997); E154—K. Abe et al., Phys. Rev. Lett. 79, 26 (1997); E155—P.L. Anthony et al., Phys.
Lett. B463, 339 (1999) and P.L. Anthony et al., Phys. Lett. B493, 19 (2000); Jlab-E99-117—X. Zheng
et al., Phys. Rev. C70, 065207 (2004); COMPASS—V.Yu. Alexakhin et al., Phys. Lett. B647, 8 (2007),
E.S. Ageev et al., Phys. Lett. B647, 330 (2007), and M.G. Alekseev et al., Phys. Lett. B690, 466 (2010);
CLAS—K.V. Dharmawardane et al., Phys. Lett. B641, 11 (2006) (which also includes resonance region data
not shown on this plot).

Spin of Quarks

Quark spin = 33 % of the Proton Spin  
 
Where is the rest ? 

Quark Orbital Motion? 
Gluon Angular Momentum ?

[PDG 2014]

structure functions from polarized beam & target
g1(x) =

1

2

X

q

e

2
q

⇥
�q(x) +�q̄(x)

⇤

Sq =
1

2

X

q

�
�q +�q̄

�
� 1

2
· 0.3



Nucleon Structure from Lattice QCD Frontiers in Nuclear physics (KITP 2016)

    

Sergey N. Syritsyn

Proton Spin Decomposition and Sum Rule

Deeply-Virtual Compton  
Scattering(DVCS)

log(Q2)-corrections, 
J/ψ-production 

at Electron-Ion Collider

polarized parton    
distributions 
from DIS (EMC exp)

�q(x)
Wigner-like parton  

distributions (GTMDs)? 
Twist-3 corrections to DVCS?

No local QFT definitions for SG, LG, LqG; 
interpretation depends on experiment

(Sq + Lq) (SG + LG + LqG-int)

1

2
= Jquarks + JGlue

�Lq = �r ⇥ �p

 Review of recent theory developments :  
[K.F.Liu and C.Lorce, contribution to EPJA  
“3D Structure of the Nucleon”, 1508.00911]

1

2
q̄�0iq

polarized p-p collisions at RHIC  
scaling violations in g1
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Proton Spin Decomposition and Sum Rules

J i =
1

2
�ijk

Z
d3x

⇥
xj T 0k � xk T 0j

⇤

Belinfante–Rosenfeld energy-momentum tensor in QCD:
T q
µ⇥ = q̄ �{µ

�
D⇥} q

T glue
µ⇥ = Ga

µ�G
a
⇥� � 1

4
⇥µ⇥(Gµ⇥)

2

⇥N(p+ q)|T q,glue
µ� |N(p)⇤ �

n

A20, B20, C20

o

(Q2)

�N(p)|q̄�µ�5q|N(p)⇥ = (�⇥q)
⇥
ūp�

µ�5up

⇤Quark spin

Gluons

Quarks

Angular momentum

Jq,glue =
1

2

h
Aq,glue

20 (0) +Bq,glue
20 (0)

i

Nucleon form factors of the EM tensor                       

Quark & Gluon Angular Momentum

[X.Ji, PRL 78:610 (1997)]

= Mellin Moments of GPDs

A20(Q
2) =

Z
dx xH(x, 0, Q2)

B20(Q
2) =

Z
dx xE(x, 0, Q2)
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Light Quark Angular Momenta in the Proton

�0.4 �0.2 0.0 0.2 0.4
J = L + S from (d + d̄)

�0.4

�0.2

0.0

0.2

0.4

J
=

L
+

S
fr

om
(u

+
ū
)

J quark
+

J glue
=

1
2

(exp) n-DVCS [JLab Hall A, PRL99:242501(07)]
(exp) p-DVCS [HERMES, JHEP06:066(’08)]
(pheno) FF+PDF+DVCS [P.Kroll, 1410.4450]
(lat) m⇡ � 350 MeV, Nf = 2 + 1 [LHP, 0705.4295]
(lat) m⇡ � 350 MeV, Nf = 2 [QCDSF, 0710.1534]
(lat) m⇡ � 300 MeV, Nf = 2 + 1 [LHP, 1001.3620]
(lat) m⇡ � 260 Nf = 2 [ETMC, 1104.1600]
(lat) FULL Jq,g quenched QCD [�QCD, 1312.4816]
(lat) Phys. m⇡ PRELIM. [LHP & RBC, on-going]

Challenges for Lattice QCD: 
"disconnected" quarks 
gluon angular momentum 
renormalization & mixing

glu
e  

AM
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Light Quark Spin
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ETMC ’13 (Twisted Mass Nf = 2(+1 + 1)

QCDSF ’12 (Wilson-clover Nf = 2)
LHPC ’10 (DWF Nf = 2 + 1)
PRELIM Nf = 2 + 1 DWF (LHP&RBC)

(*) not including disconnected diagrams!

physical 
point

HERMES 2007
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Quark Orbital Angular Momentum Lq = Jq - Sq
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Quark OAM vs Quark Anomalous Magnetization

Light Cone Wave functions: Quark OAM is required  
for non-zero anomalous magnetization from quarks

�0.1 0.0 0.1 0.2 0.3 0.4 0.5
Q2 [GeV2]

�1

0

1
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4
exp p + n

exp p � n

F u
2 + F d

2

F u
2 � F d

2

an
om

al
ou

s 
qu

ar
k 

m
ag

ne
tiz

at
io

n

(u + d)

(u � d)

|Lu + Ld| � |Lu|, |Ld| =⇥ |�u + �d| � |�u|, |�d|

[S.J.Brodsky and S.D.Drell (1980);  
M.Burkardt and G.Schnell (2006);  
X.-D.Ji, J.-P.Ma, and F.Yuan (2003)]

(same prediction for certain TMD PDFs)

�B

�B

Lattice data near the physical point (mπ =149 MeV):  
[J.R.Green, SNS, et al (LHPc) PRD90:074507 (2014)]

F2(Q2) (Pauli)  
form factor


