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Outline

• Condensed matter physics with degenerate atomic gases

• Imbalanced pairing -> FFLO superconductor (Sheehy, LR 2006)

• Fluctuations and stability of FFLO

• Topological defects

• Phase transitions

• Fermions

see:   L.R., Phys. Rev. A 84, 023611 (2011)
L.R., Vishwanath, PRL 2009 

also see: Agterberg, Tsunetsugu, Nature (2008)
Berg, Fradkin, Kivelson, Nature (2009)



• degenerate Bose and Fermi atomic gases
Revolution in AMO physics

September 1995 in 23Na

June 1995 in 87RbHadzibabic, et al. Steinhauer et al., PRL 88, 2002



• highly coherent
• nonequilbrium
• tunable/designable
• weakly/strongly interacting 
quantum many-body systems

Holy Grail for 30 years, spin-polarized hydrogen (Dan Klepner)

now:

• degenerate gases in most AMO labs, in most alkali’s
• exploring thermodynamics, excitations,…
• quantum dynamics and interactions
• huge number of probes

New playground for condensed matter physics



Condensed matter with cold atomic gases?

need strong interactions



(song by Jonathan Mann, 2009)

“Quantum decoupling transition in a one-dimensional Feshbach-resonant superfluid”
Sheehy and Radzihovsky, PRL (2005)

Feshbach resonances on youtube



Strong correlations via Feshbach resonance
• tunability (strength and sign) of interactions (sudden and adiabatic) 

Regal, et al.

closed channel

open channel r

U

• s-wave BCS-BEC superfluidity
• p-wave superfluidity 
• polarized superfluidity

…quite well understood:
- quantitatively for narrow (G/eF <<1) resonance
- qualitatively for broad (G/eF >>1) resonance

-> mft, 1/N, e-expansions            universality

(see e.g., Gurarie and LR, AOP 2007)

(see e.g., Sheehy and LR, AOP 2007)

(Veillette, Sheehy, LR ʻ07; Nikolic, Sachdev ʻ07; Nishida, Son ʻ06)



• molecular BEC (Regal, Jin ʻ03)

• BCS superfluid (Regal, Jin 04
Zwierlein, Ketterle ʼ04)

• BCS-BEC crossover:

T/TF=0.19, normal T/TF=0.1    superfluid

BEC+BCSBEC BCS

K2 , Li2

Paired fermionic superfluids via FBR

T/TF=0.2 T/TF=0.1 T/TF=0.05

6Li



g >> 1, kFa ®¥ Universality at unitary point
fk= -1/(a-1 + i k) ® i/k, --> d =1/kF  is the only scale  

check in N®¥ (BCS) limit:

1/N theory

Exp with !"K

Veillette, Sheehy, LR
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Imbalanced (“magnetized”) BEC-BCS
• motivation: superconductivity in B field, quarks-gluon plasma,…
• natural realization in cold atoms: Hh = H - h(N - N¯)

DN = N - N¯

?

BEC+BCSBEC BCS



• MIT experiments (vortices, phase separation)

• Rice experiments (phase separation, surface tension)

Science (2006)

Imbalanced BEC-BCS experiments

Science (2006)



• 1st order transitions and phase separation

Sheehy, L.R. ʻ05

BECEGS(B) EGS(D) BCS

h =µ - µ¯

Normal
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hc2
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FFLO

hm

(N fixed)

Phase separated

Imbalanced BEC-BCS

T=0



Fulde-Ferrell-Larkin-Ovchinnikov states

• Fermi surface mismatch: kF1 > kF2 -> pair at Q = kF1 - kF2

• Pair-density wave: 

fragile in d > 1generic in d = 1 (bosonization)

kF1-kF2 Q
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• 1st order transitions and phase separation

Sheehy, L.R. ʻ05

BECEGS(B) EGS(D) BCS

Imbalanced BEC-BCS
T=0

Burkhardt, Rainer ʻ94
Machida, Nakanishi ’84
Kun Yang ‘01



• pair “density” wave:
• motivation:

- stabilized in lower dimensions
- negative surface tension for ± D domain wall

SF® LO:  C-I transition of domain-wall proliferation 

- excess fermions sit on domain walls (cf. polyacetylene of Schrieffer, Su, Heeger)

- microphase separation (cf. Hc1 transition to vortex state in type II scʼs)

FFLO state

hc1

ndw

h

SF LO

Burkhardt, Rainer ʻ94
Machida, Nakanishi ʻ84

+     +     +     +   - - - -



Microscopics to Ginzburg-Landau 
near hc2

with D = Vác¯cñ
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• Fulde-Ferrell:

- broken: time reversal, orientational, off-diagonal
“vector” superfluid

• Larkin-Ovchinnikov:

- broken: orientational, translational, off-diagonal
“smectic” superfluid

Broken symmetries in LO/FF states

Q

- Q
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LR, Vishwanath PRL,’09
H. Shimahara, J.Phys ‘98 



• order parameter:

• superfluid phase and phonon:

• coupled incommensurate smectics u+, u- :

• superfluid stiffness anisotropy:

Low-energy excitations in LO/FF states

u+
u-
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smectic elasticity superfluid stiffness
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cf: SF with SOI 



• fluctuations at T=0: 

Ø áq2ñ, áu2ñ ~ finite for d > 1 Þ LO stable to quantum fluctuations

Fluctuations and stability of LO/FF states

• fluctuations at T≠0: 

Ø áq2ñ ~ finite for d > 2 Þ SF order stable to kBT fluctuations
Ø áu2ñ ~ diverges for d ≤ 3 Þ positional order unstable

LO = superfluid smectic (SFsm) with:
Ø quasi-Bragg peaks (3d), Lorentzian (2d)
Ø anomalous elasticity (Grinstein and Pelcovits)

Ø transitions to superfluid nematic (SFN)

S(q)

q
4Q 6Q0 2Q

T*0 Tc

SF smectic

critical phase

Cv � T 2 + cT 3



Topological defects

- + - + - + - + - + - +

a

(nv,nb) = (0,1)

(nv,nb) = (1,0)

• integer dislocations in u:

Ø destroy LO order (“charge”-2 SF and full smectic periodicity)
Ø retain “charge” ≥ 4 homogeneous SF (D2 )

• integer vortices in q:

Ø destroy LO order (full SF and Q smectic periodicity)
Ø retain wavevector ≥ 2Q smectic periodicity (|D|2 )



• p-vortex — a/2 dislocation pairs:

Ø destroy LO order
Ø restore full translational invariance and atom “conservation”

Fractional topological defects

(nv,nb) = (1/2,1/2)

a

- + - + - + - + - +

(nv,nb) = (1/2,-1/2)

Fukuda, et al., PRB 45 ʼ92
(Smalyukh)

dispiration
in SmCA



• integer a-dislocation in u (composite): E(0, a)≈ K L

• integer 2π-vortex in q (composite): E(2π, 0)≈ ρs L log L

• π-vortex – a/2-dislocation (elementary): E(±π, a)≈ ¼ ρs L log L + ¼ K L

Topological defects energetics

Composite defects (a-dislocation) unbind 1st ->“fractionalized” phases 



Phase transitions

TIN
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Proliferation of novel states
various patterns of defects unbinding:

SFSm 

FLSm
2q SFN

4 

FLN
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** FLN+

** 

FLN 

(0, a) (2!, 0) 

(0, a) (2!, 0) 

(!, a/2) (!, -a/2) 

(!, -a/2) (!, a/2) 
(!, ±a/2) 

(!, ±a/2) (!, ±a/2) 



(p, ±a/2)
FLN

(p, a/2)

FL**
N

Phase transitions
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Structure function and time of flight

kz2q0 3q0
0 q0

nk ⇥
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|kz � q0|2��

quasi-long-range order in 3d for T > 0

qz4q0 6q0
0 2q0
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Fermionic sector of LO state

(gapped and gapless kʼs)
• excitation spectrum:

• gapless fermionic excitations band of Andreev states: superfluid with a Fermi surface

• ground state:

hc1
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Fermion-Goldstone modes coupling in LO state

• supercurrent-current:

• supercurrent-density:

• affects on Goldstone modes and fermions?
• (weak) Landau damping, finite corrections to q0, ρs, K, B,…
• fermions retain their anisotropic pocket Fermi surface 

• atom-phonon: Ha�p �
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Experiments

• trap suppression of fluctuations:

�LO � R��(T ) � N� 1
5 �(T ) � ��(T )

tr ⇥ 0

• momentum distribution (time of flight):

kz2q0 3q00 q0
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• structure function:
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�
novel vortex 
phases?

• anisotropic, π-vortices:

v =
�
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x�s

y
(�y, x)

�s
yx2 + �s

xy2

• heat capacity:

Cv � aT + bT 2



• Larkin-Ovchinnikov state Û superfluid smectic
• critical phase at finite T with universal properties

• half-integer vortex and dislocation defects
• transitions to N-Sm2Q and SF4-Nm (“charge”-4 SF nematic) phases

• rich variety of descendent states and transitions 

…many remaining questions:

Summary and directions

• effects of Fermi pockets - Goldstone modes interactions?
• better microscopic support for the energetics?
• connection to experimental knobs: detuning and imbalance?
• explore further experimental consequences, detection signals?
• charge-4e SC? …  

a

- + - + - + - + - +


