
1Transport oeffiientsand nPI methodst measure e�ieny with whih a onserved quan-tity is transported over `long' distanes(long ompared to mirosopi relaxation sales)e�etive kineti theory:small deviations from thermal equilibriumweak oupling
→ using equilibrium FT toolswill show:3PI e�etive theory → same result (σqed)motivation:[1℄ in priniple an use nPI far from equib[2℄ possibility to go beyond leading order (?)



2
nPI methods:motivation:sometimes standard pt is poorly onvergenttry to improve onvergene with non-pert tehniques(ex: gauge theories at high T

→ HTL e�etive theory)far-from-equib dynamis
nPI Γ : self-onsistent in terms of dressed n-pt fns2PI QED:
Z[J, η, η̄, C,B]

=

∫

D[AΨΨ̄]Exp [i(Scl + J1A1 + η̄1Ψ1 + Ψ̄1η1

+
1

2
C12A1A2 + B12Ψ1Ψ̄2)]



3legendre transform
Γ[ψ, ψ̄, A, S,D] = Scl[ψ, ψ̄, A]

+
i

2
Tr LnD−1

12 +
i

2
Tr

[

(D0
12)

−1
(

D21 −D0
21

)]

−iTr LnS−1
12 − iTr

[

(S0
12)

−1(S21 − S0
21)

]

+Φ[S,D]

Scl[ψ, ψ̄, A] is the lassial ation
S0 and D0 are the free propagators
Φ[S,D] is the sum of all 2PI diagrams



4EoM obtained from the stationarity of the ation:
δΓ[ψ, ψ̄, A, S,D]

δA
= 0 ;

δΓ[ψ, ψ̄, A, S,D]

δD
= 0

δΓ[ψ, ψ̄, A, S,D]

δψ
= 0 ;

δΓ[ψ, ψ̄, A, S,D]

δψ̄
= 0

δΓ[ψ, ψ̄, A, S,D]

δS
= 0

systemati non-pert approx by:expand Φ (ex: loop or 1/N expansion)solve EoM w/o further approxonsv laws orresponding to global symmetries arerespeted (at any approx order)



5example:
Γ[ψ, ψ̄, A, S,D] = Scl[ψ, ψ̄, A] + Φ[S,D]

+
i

2
Tr LnD−1

12 +
i

2
Tr

[

(D0
12)

−1
(

D21 −D0
21

)]

−iTr LnS−1
12 − iTr

[

(S0
12)

−1(S21 − S0
21)

]

EoM has form of a dyson equation:
δΓ

δD
= −D−1 + [ (D0)−1 − 2i

δΦ

δD︸ ︷︷ ︸

Π

] = 0

+i / 4Φ(S,D) = i / 2

Π = i + i 



6Problem:trunations ⇒ gauge dependenewi depend on anellations btwn di�erent topologies(vertex orretions and self energy orretions)2PI e�etive theory
→ orreted propagators but not orreted verties
→ expet the ward identities are not satis�ed



7Strategyintrodue a di�erent Γde�ne w.r.t self-onsistent solns of the propagators
δΓ[ψ, ψ̄, A, S,D]

δS
|{S=S̃[ψ,ψ̄,A], D=D̃[ψ,ψ̄,A]} = 0

δΓ[ψ, ψ̄, A, S,D]

δD
|{S=S̃[ψ,ψ̄,A], D=D̃[ψ,ψ̄,A]} = 0

substituting the self onsistent solutions we obtainthe resummed ation:
Γ̃[ψ, ψ̄, A] = Γ[ψ, ψ̄, A, S̃[ψ, ψ̄, A], D̃[ψ, ψ̄, A]]



8motivation for resummed ationfnal derivs of resummed ation Γ̃[ψ, ψ̄, A]
→ n-point funtions for the `external' �eldssatisfy the ward identities[A℄ renormalizable�nite # of loal medium independent ounter-trmsJ. Berges, S. Borsanyi, U. Reinosa, J. Serreau, Annals Phys. 320, 344(2005); U. Reinosa, J. Serreau, JHEP 0607, 028 (2006).[B℄ there are relations between1 - fnal derivs of resummed ation Γ̃[ψ, ψ̄, A]2 - fnal derivs of 2PI e� ation Γ[ψ, ψ̄, A, S,D](hain rule)general idea:integral eqns for the n-point fns of external �eldskernels of integral eqns from fnal derivs of Φ



9de�ne `external' propagators:
(Dext

12 )−1 =
δ2

δA2δA1
Γ̃ ; (Sext

12 )−1 =
δ2

δψ2δψ̄1
Γ̃

de�ne verties
Λ0

132 = −
δ(S0

12)
−1

δA3
; Λ132 = −

δS̃−1
12

δA3
; Ω132 = −

1

2

δD̃−1
12

δA3

= − iΛ = −i Λ0 = − iΩ



104-point funtions:
MSS

54;21 = −
δ2Φ[S̃, D̃]

δS̃12δS̃45
; MSD

54;21 = −2
δ2Φ[S̃, D̃]

δD̃12δS̃45

MDS
54;21 = −2

δ2Φ[S̃, D̃]

δS̃12δD̃45
; MDD

54;21 = 4
δ2Φ[S̃, D̃]

δD̃12δD̃45

=−i βα ;
φ α

βδ
Μ δφ

SS =−i β
α

β
M

ν

µ α
SD

µ; ν



11Bethe-Salpeter eqnsBethe-Salpeter type equations for the verties:from fnal derivatives of the dyson equations wrt A
S̃−1 = (S0)−1 + i

δΦ

δS
(S,D)|S̃,D̃

︸ ︷︷ ︸

−Σ

D̃−1 = (D0)−1 − 2i
δΦ

δD
)|S̃,D̃

︸ ︷︷ ︸

Πgraphially:
1
2
_+1

2
_=

= ++

−



12External Propagator:
(Dext

12 )−1 =
δ2

δA2δA1
Γ̃[ψ, ψ̄, A]

using the BS eqn →

(Dext
12 )−1 = (D0

12)
−1 + i(Λ0

314S̃44′Λ4′23′S̃3′3)external propagator satis�es the usual wi:
∂1(D

ext
12 )−1 = 0basi mehanism is simple:dyson equations ontain s-hannel resummationsBS eqns introdue t- and u-hannels

→ rossing symmetry is restoredwe extrat the vertex part of the 2-point funtion:
Πext

12 = −iTr [Λ0
1S̃Λ2S̃]

Π12 = i−
ext



13Condutivity:kubo formula:
σ = −

1

6e2

(
∂

∂q0
2 Im Πiiret(q0, 0)

)

|q0→0

∞ # terms ontribute at the same order(from low frequeny limit in the kubo formula)pairs of ret/adv propagators with same momentaintegrating a term ∫
dp0 G

ret(P )Gadv(P )
→ a divergene alled a `pinh singularity'regulate using resummed propagators(�nite width of thermal exitations)
→ extra fators of the oupling in the denominators
→ in�nite set of graphs whih ontain produts ofpinhing pairs that all need to be resummed



14resummation pinh singularitieswe use:
Π = −iΛ0SΛSthere is an int eqn for Λ that resums pinh termskernel is square of the matrix elements that or-respond to the 2 → 2 sattering and produtionproesses (AMY)show this int eqn produed by the 2PI formalism



15iterate BS eqns:
1
2
_+1

2
_=

= ++

−

= + 1_
2

− + . . .



16alulate M's from derivatives of Φ

+i / 4Φ(S,D) = i / 2

results:
−iM    =SD

−iM    =SS
+ + +

+



17integral eqn for Λ

= + +
a b

+ + +

− −

c d e

f g



18integral eqn:
ReΛ̂i(3, P ) = Re Λ̂i0(3, P ) +

∑

j∈{a,b,c,d,e,f,g}

1

2

∫

dK Re [ M̂ (j)(P,K) ]
ρ(K)

2Im Σ̂(K)
ReΛ̂i(3,K)

Sret(P ) = P/ Gret(P ), Gret(P ) Gadv(P ) = −
ρ(P )

ImΣ̂(P )

Σ̂(K) = Tr(K/ Σret(K))

Λ̂i(3,K) = Tr(K/ Λrar(K)

M̂(P,K) = Tr(P/ [−iM(P,K)]K/ )

kernel Re [ M̂ (j)(P,K) ] → |ME|2



19
Φ(2 − loop) → the square of the s-hannelomplete to leading log orderG. Aarts and J. Martinez-Reso, JHEP 03, 074 (2005).
Φ(3 − loop) → t- and u-hannelspart of full nlo ontributionMEC and E. Kovalhuk, Phys. Rev. D 76, 045019 (2007).Re M̂ (f) → |mt

e+e−→e+e−
|2

✕

ReM (d) → m
t†
e+e−→e+e−

·ms
e+e−→e+e−

✕



20resum pinhes 9 full leading orderbasi idea:ompare 2 → 2 and 2 → 3

2nd is formally higher orderBUT ollinear singularity → enhanement
∞ series of ollinear singularities must be resummed(LPM e�et)
⇒ need 2 oupled integral equations that resumpinhing and ollinear singularities



21method: 3PI effetive ationmotivation:need 3-loop diagram to get t- and u- hannels in MEheirarhy: (n→ ∞)PI|3−loop = 3PI|3−loopJ. Berges, Phys. Rev. D 70, 105010 (2004).result:3PI Γ → 2 int eqns: pinh and ollinear singularitiesMEC and E. Kovalhuk, Phys. Rev. D 77, 025015 (2008).



223PI Γ:
Γ[ψ, ψ̄, A, S,D, V, U ] = Scl[ψ, ψ̄, A]

+
i

2
Tr LnD−1

12 +
i

2
Tr

[

(D0
12)

−1
(

D21 −D0
21

)]

−iTr LnS−1
12 − iTr

[

(S0
12)

−1(S21 − S0
21)

]

+ Γ0
2[S,D, V, U ] + Γint

2 [S,D, V, U ]

Γ int
2 = +i/4

Γ 0
2 = i

+i/3 −i/24−i/2 +i/12



23resummed ation:7 EoM:funtional derivatives wrt {A,ψ, ψ̄, S,D, V, U}solve last 4 simultaneously for the s solns:
S̃[ψ, ψ̄, A], D̃[ψ, ψ̄, A], Ṽ [ψ, ψ̄, A], Ũ [ψ, ψ̄, A]resummed ation:
Γ̃[ψ, ψ̄, A] =

Γ[ψ, ψ̄, A, S̃[ψ, ψ̄, A], D̃[ψ, ψ̄, A], Ṽ [ψ, ψ̄, A], Ũ [ψ, ψ̄, A]]de�ne external verties same as before
= − iΛ = − i V = − i U = − iΩ



24integral equations:2 EoM from fn derivs of Γ wrt S and D (SD eqns)di�erentiate wrt A
→ BS eqn for Λ and Ω (many anellations)sub Ω eqn into Λ eqn and keep up to 2-loop order:

+−2+=

also: 2 EoM from fn derivs of Γ wrt V and U

=

+= +

−2 +



25
→ substitute again and keep up to 2-loop order:

cb da

+ +

−−+

+

= +Λ

gfe

+= +V

1st is int eqn for Λ ∼ same as from 2PI2nd is s int eqn for Vsame eqns found using kineti theory (AMY)also found using a diagramati approahJ-S Gagnon and S. Jeon, Phys. Rev. D75, 025014 (2007)



26prospetsmethod should be generalizable to:[1℄ other transport oe�ients(shear visosity - other diagrams)[2℄ QCD (more verties)[3℄ nlo (?)key:all leading order terms appearnaturally w/o any power ounting



27problems (?)external n-point funtions satisfy wimay get gauge dependene from s (internal props)what we know:alulate 2PI Γ to L-loop order (g2L−2)
→ gauge dependent terms appear at order g2L

[1℄ from behaviour of Γ under BRS transformationsA. Arrizabalaga, J. Smit, Phys. Rev. D66, 065014 (2002).[2℄ from 2PI Nielsen identitiesexpliit gauge dependene of Γ ompensates gaugedependene of the vevMEC, G. Kunstatter, H. Zaraket, Eur.Phys.J. C42, 253 (2005).



28s propagators are determined numerially from Γ
→ expet also gauge indep up to order of trunationertainly should be okay for thermodynami observ.heked for 2-loop qed pressure from 2PI ΓS. Borsanyi, U. Reinosa - arXiv:0709.2316.
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