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Fig. 3. Constraints in the ⌦m–H0 plane. Points show samples
from the Planck-only posterior, coloured by the corresponding
value of the spectral index ns. The contours (68% and 95%)
show the improved constraint from Planck+lensing+WP. The
degeneracy direction is significantly shortened by including WP,
but the well-constrained direction of constant ⌦mh3 (set by the
acoustic scale), is determined almost equally accurately from
Planck alone.

Adding WMAP polarization information shrinks the errors by
only 10%.

The dark matter density is slightly less accurately measured
at around 3%:

⌦ch2 = 0.1196 ± 0.0031 (68%; Planck). (18)

3.4. Optical depth

Small-scale fluctuations in the CMB are damped by Thomson
scattering from free electrons produced at reionization. This
scattering suppresses the amplitude of the acoustic peaks by e�2⌧

on scales that correspond to perturbation modes with wavelength
smaller than the Hubble radius at reionization. Planck measures
the small-scale power spectrum with high precision, and hence
accurately constrains the damped amplitude e�2⌧As. With only
unlensed temperature power spectrum data, there is a large de-
generacy between ⌧ and As, which is weakly broken only by the
power in large-scale modes that were still super-Hubble scale
at reionization. However, lensing depends on the actual ampli-
tude of the matter fluctuations along the line of sight. Planck
accurately measures many acoustic peaks in the lensed tempera-
ture power spectrum, where the amount of lensing smoothing de-
pends on the fluctuation amplitude. Furthermore Planck’s lens-
ing potential reconstruction provides a more direct measurement
of the amplitude, independently of the optical depth. The combi-
nation of the temperature data and Planck’s lensing reconstruc-
tion can therefore determine the optical depth ⌧ relatively well.
The combination gives

⌧ = 0.089 ± 0.032 (68%; Planck+lensing). (19)

As shown in Fig. 4 this provides marginal confirmation (just un-
der 2�) that the total optical depth is significantly higher than
would be obtained from sudden reionization at z ⇠ 6, and is con-
sistent with the WMAP-9 constraint, ⌧ = 0.089 ± 0.014, from

large-scale polarization (Bennett et al. 2012). The large-scale E-
mode polarization measurement is very challenging because it
is a small signal relative to polarized Galactic emission on large
scales, so this Planck polarization-free result is a valuable cross-
check. The posterior for the Planck temperature power spectrum
measurement alone also consistently peaks at ⌧ ⇠ 0.1, where the
constraint on the optical depth is coming from the amplitude of
the lensing smoothing e↵ect and (to a lesser extent) the relative
power between small and large scales.

Since lensing constrains the underlying fluctuation ampli-
tude, the matter density perturbation power is also well deter-
mined:

�8 = 0.823 ± 0.018 (68%; Planck+lensing). (20)

Much of the residual uncertainty is caused by the degeneracy
with the optical depth. Since the small-scale temperature power
spectrum more directly fixes �8e�⌧, this combination is tightly
constrained:

�8e�⌧ = 0.753 ± 0.011 (68%; Planck+lensing). (21)

The estimate of �8 is significantly improved to �8 = 0.829 ±
0.012 by using the WMAP polarization data to constrain the op-
tical depth, and is not strongly degenerate with ⌦m. (We shall
see in Sect. 5.5 that the Planck results are discrepant with re-
cent estimates of combinations of �8 and ⌦m from cosmic shear
measurements and counts of rich clusters of galaxies.)

3.5. Spectral index

The scalar spectral index defined in Eq. (2) is measured by
Planck data alone to 1% accuracy:

ns = 0.9616 ± 0.0094 (68%; Planck). (22)

Since the optical depth ⌧ a↵ects the relative power between large
scales (that are una↵ected by scattering at reionization) and in-
termediate and small scales (that have their power suppressed
by e�2⌧), there is a partial degeneracy with ns. Breaking the de-
generacy between ⌧ and ns using WMAP polarization leads to a
small improvement in the constraint:

ns = 0.9603 ± 0.0073 (68%; Planck+WP). (23)

Comparing Eqs. (22) and (23), it is evident that the Planck tem-
perature spectrum spans a wide enough range of multipoles to
give a highly significant detection of a deviation of the scalar
spectral index from exact scale invariance (at least in the base
⇤CDM cosmology) independent of WMAP polarization infor-
mation.

One might worry that the spectral index parameter is degen-
erate with foreground parameters, since these act to increase
smoothly the amplitudes of the temperature power spectra at
high multipoles. The spectral index is therefore liable to po-
tential systematic errors if the foreground model is poorly con-
strained. Figure 4 shows the marginalized constraints on the
⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix B.
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Questions	


•  Is the Planck-derived Hubble constant now discrepant 
with direct measurements?	


•  Is it consistent with WMAP?	


•  Why is it lower than the WMAP value?	


•  What ‘new physics’ could reconcile Planck and local 
measurements?	




Planck Collaboration: Cosmological parameters

Table 8. Approximate constraints with 68% errors on ⌦m and
H0 (in units of km s�1 Mpc�1) from BAO, with !m and !b fixed
to the best-fit Planck+WP+highL values for the base ⇤CDM
cosmology.

Sample ⌦m H0

6dF . . . . . . . . . . . . . . . . . . . . . . . . . 0.305+0.032
�0.026 68.3+3.2

�3.2
SDSS . . . . . . . . . . . . . . . . . . . . . . . 0.295+0.019

�0.017 69.5+2.2
�2.1

SDSS(R) . . . . . . . . . . . . . . . . . . . . . 0.293+0.015
�0.013 69.6+1.7

�1.5
WiggleZ . . . . . . . . . . . . . . . . . . . . . 0.309+0.041

�0.035 67.8+4.1
�2.8

BOSS . . . . . . . . . . . . . . . . . . . . . . . 0.315+0.015
�0.015 67.2+1.6

�1.5
6dF+SDSS+BOSS+WiggleZ . . . . . . 0.307+0.010

�0.011 68.1+1.1
�1.1

6dF+SDSS(R)+BOSS . . . . . . . . . . . 0.305+0.009
�0.010 68.4+1.0

�1.0
6dF+SDSS(R)+BOSS+WiggleZ . . . . 0.305+0.009

�0.008 68.4+1.0
�1.0

surements constrain parameters in the base ⇤CDM model, we
form �2,

�2
BAO = (x � x

⇤CDM)T C�1
BAO(x � x

⇤CDM), (50)

where x is the data vector, x

⇤CDM denotes the theoretical pre-
diction for the ⇤CDM model and C�1

BAO is the inverse covari-
ance matrix for the data vector x. The data vector is as fol-
lows: DV(0.106) = (457 ± 27) Mpc (6dF); rs/DV(0.20) =
0.1905 ± 0.0061, rs/DV(0.35) = 0.1097 ± 0.0036 (SDSS);
A(0.44) = 0.474 ± 0.034, A(0.60) = 0.442 ± 0.020, A(0.73) =
0.424±0.021 (WiggleZ); DV(0.35)/rs = 8.88±0.17 (SDSS(R));
and DV(0.57)/rs = 13.67±0.22, (BOSS). The o↵-diagonal com-
ponents of C�1

BAO for the SDSS and WiggleZ results are given
in Percival et al. (2010) and Blake et al. (2011). We ignore any
covariances between surveys. Since the SDSS and SDSS(R) re-
sults are based on the same survey, we include either one set of
results or the other in the analysis described below, but not both
together.

The Eisenstein-Hu values of rs for the Planck and WMAP-9
base ⇤CDM parameters di↵er by only 0.9%, significantly
smaller than the errors in the BAO measurements. We can obtain
an approximate idea of the complementary information provided
by BAO measurements by minimizing Eq. (50) with respect to
either ⌦m or H0, fixing !m and !b to the CMB best-fit parame-
ters. (We use the Planck+WP+highL parameters from Table 5.)
The results are listed in Table 819.

As can be seen, the results are very stable from survey to
survey and are in excellent agreement with the base ⇤CDM
parameters listed in Tables 2 and 5. The values of �2

BAO are
also reasonable. For example, for the six data points of the
6dF+SDSS(R)+BOSS+WiggleZ combination, we find �2

BAO =
4.3, evaluated for the Planck+WP+highL best-fit⇤CDM param-
eters.

The high value of ⌦m is consistent with the parameter anal-
ysis described by Blake et al. (2011) and with the “tension” dis-
cussed by Anderson et al. (2013) between BAO distance mea-
surements and direct determinations of H0 (Riess et al. 2011;
Freedman et al. 2012). Furthermore, if the errors on the BAO
measurements are accurate, the constraints on ⌦m and H0 (for
fixed !m and !b) are of comparable accuracy to those from
Planck.

19As an indication of the accuracy of Table 8, the full likelihood
results for the Planck+WP+6dF+SDSS(R)+BOSS BAO data sets give
⌦m = 0.308 ± 0.010 and H0 = 67.8 ± 0.8 km s�1 Mpc�1, for the base
⇤CDM model.

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

The results of this section show that BAO measurements are
an extremely valuable complementary data set to Planck. The
measurements are basically geometrical and free from complex
systematic e↵ects that plague many other types of astrophysical
measurements. The results are consistent from survey to survey
and are of comparable precision to Planck. In addition, BAO
measurements can be used to break parameter degeneracies that
limit analyses based purely on CMB data. For example, from
the excellent agreement with the base ⇤CDM model evident in
Fig. 15, we can infer that the combination of Planck and BAO
measurements will lead to tight constraints favouring ⌦K = 0
(Sect. 6.2) and a dark energy equation-of-state parameter, w =
�1 (Sect. 6.5).

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important

30

UGC, at 50 Mpc: now 
H0=68.9+-7.1  

Uses three 1st-rung 
calibrators: 71.3 – 75.7 



LCDM parameters à H0 

For flat universe:	

peak positions  ~ Ωmh3	


2nd peak height ~ Ωbh2	


1st and 3rd/2nd peak height ~ Ωmh2	

	


Measures matter-radiation equality	

But also: more matter density à more damping.  Also more lensing.	
 From Wayne Hu	
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Fig. 10. Planck TT power spectrum. The points in the upper panel show the maximum-likelihood estimates of the primary CMB
spectrum computed as described in the text for the best-fit foreground and nuisance parameters of the Planck+WP+highL fit listed
in Table 5. The red line shows the best-fit base ⇤CDM spectrum. The lower panel shows the residuals with respect to the theoretical
model. The error bars are computed from the full covariance matrix, appropriately weighted across each band (see Eqs. 36a and
36b), and include beam uncertainties and uncertainties in the foreground model parameters.

Fig. 11. Planck T E (left) and EE spectra (right) computed as described in the text. The red lines show the polarization spectra from
the base ⇤CDM Planck+WP+highL model, which is fitted to the TT data only.
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Planck: higher och2 à lower H0	

Also has lower ns, lower obh2	

	

[NB: if we had used mnu=0.06 for WMAP, H0 would be 69.7±2.2]	


H0 = 70.2 ± 2.2 
	
(WMAP9)	


	


H0 = 67.3 ± 1.2 ���
	
(Planck+WP)	
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Fig. 2. Comparison of the base ⇤CDM model parameters for Planck+lensing only (colour-coded samples), and the 68% and 95%
constraint contours adding WMAP low-` polarization (WP; red contours), compared to WMAP-9 (Bennett et al. 2012; grey con-
tours).

matter density parameters, and DA depends on the late-time evo-
lution and geometry. Parameter combinations that fit the Planck
data must be constrained to be close to a surface of constant ✓⇤.
This surface depends on the model that is assumed. For the base
⇤CDM model, the main parameter dependence is approximately
described by a 0.3% constraint in the three-dimensional ⌦m–h–
⌦bh2 subspace:

⌦mh3.2(⌦bh2)�0.54 = 0.695 ± 0.002 (68%; Planck). (11)

Reducing further to a two-dimensional subspace gives a 0.6%
constraint on the combination

⌦mh3 = 0.0959 ± 0.0006 (68%; Planck). (12)

The principle component analysis direction is actually ⌦mh2.93

but this is conveniently close to ⌦mh3 and gives a similar con-
straint. The simple form is a coincidence of the ⇤CDM cos-
mology, error model, and particular parameter values of the

model (Percival et al. 2002; Howlett et al. 2012). The degener-
acy between H0 and ⌦m is illustrated in Fig. 3: parameters are
constrained to lie in a narrow strip where ⌦mh3 is nearly con-
stant, but the orthogonal direction is much more poorly con-
strained. The degeneracy direction involves consistent changes
in the H0,⌦m, and⌦bh2 parameters, so that the ratio of the sound
horizon and angular diameter distance remains nearly constant.
Changes in the density parameters, however, also have other
e↵ects on the power spectrum and the spectral index ns also
changes to compensate. The degeneracy is not exact; its extent
is much more sensitive to other details of the power spectrum
shape. Additional data can help further to restrict the degeneracy.
Figure 3 shows that adding WMAP polarization has almost no ef-
fect on the⌦mh3 measurement, but shrinks the orthogonal direc-
tion slightly from ⌦mh�3 = 1.03 ± 0.13 to ⌦mh�3 = 1.04 ± 0.11.
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Where is difference?	




Is ell<1000 data consistent?���
Varying Planck ell range	
Planck collaboration: CMB power spectra & likelihood
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Lower ell range moves back similar to WMAP ones	
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Figure D.10. Cosmological parameters derived from the 70 GHz maps (solid black) are compared to CamSpec results (red dashed).
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Figure D.10. Cosmological parameters derived from the 70 GHz maps (solid black) are compared to CamSpec results (red dashed).
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LFI parameters – from 70 GHz -  move back similar to WMAP ones 
(slightly higher H0 and lower och2)	


Is ell<1000 data consistent?���
Using just LFI data	




What if difference is real? 	


Not	  mnu:	  an*-‐correlates	  with	  H0	  
If	  error	  is	  ~halved	  and	  mean	  doesn’t	  change,	  would	  need	  to	  go	  
beyond	  LCDM	  



What does lensing tell us?	


Not much yet for LCDM (H0 = 67.9 ± 1.0) with lensing), but beautifully breaks geometric 
degeneracy (H0=64.6 ± 3.3 in curved universe)	




Questions	

•  Is the Planck-derived Hubble constant now discrepant 
with direct measurements?	

 	
Different at 2.5 sigma from HST measurements.	


	
Consistent with new water maser measurement	


•  Is it consistent with WMAP?	

Best-fit differs by ~1-sigma, but using same ell range see consistent 
parameters (not driven by amplitude diff)	


•  Why is it lower than the WMAP value?	

4th-6th peaks are lower than WMAP best-fit model. Need ns<1 and more 
damping  more och2 and less obh2  lower H0.	


•  What ‘new physics’ could reconcile Planck and local 
measurements?	


3<Neff<3.5 or -1.3<w<-1.1 could fit	
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Figure 11. Planck power spectra and data selection. The coloured tick marks indicate the `-range of the four cross-spectra included
in CamSpec (and computed with the same mask, see Table 4). Although not used, the 70 GHz and 143 x 353 GHz spectra demonstrate
the consistency of the data. The dashed line indicates the best-fit Planck spectrum.

Table 4. Overview of of cross-spectra, multipole ranges and
masks used in the Planck high-` likelihood. Reduced �2s with
respect to the best-fit minimal ⇤CDM model are given in the
fourth column, and the corresponding probability-to-exceed in
the fifth column.

Spectrum Multipole range Mask �2
⇤CDM/⌫dof PTE

100 ⇥ 100 . . . . . . 50 – 1200 CL49 1.01 0.40
143 ⇥ 143 . . . . . . 50 – 2000 CL31 0.96 0.84
143 ⇥ 217 . . . . . . 500 – 2500 CL31 1.04 0.10
217 ⇥ 217 . . . . . . 500 – 2500 CL31 0.96 0.90
Combined . . . . . . 50 – 2500 CL31/49 1.04 0.08

quency combination are shown in Fig. 11, and compared to spec-
tra derived from the 70 GHz and 353 GHz Planck maps.

We use the likelihood to estimate six ⇤CDM cosmolo-
gical parameters, together with a set of 14 nuisance paramet-
ers (11 foreground parameters, two relative calibration para-

meters, and one beam error parameter7, described in Sect. 3.
Tables 5 and 6 summarize these parameters and the associated
priors8. Apart from the beam eigenmode amplitude and calibra-
tion factors, we adopt uniform priors. To map out the corres-
ponding posterior distributions we use the methods described
in Planck Collaboration XVI (2013), and the resulting marginal
distributions are shown in Fig. 12. Note that on the parameters
AtSZ, AkSZ and ACIB

143 we are using larger prior ranges as compared
to Planck Collaboration XVI (2013).

Figure 12 shows the strong constraining power of the Planck
data, but also highlights some of the deficiencies of a ‘Planck
-alone’ analysis. The thermal SZ amplitude provides a good ex-
ample; the distribution is broad, and the ‘best fit’ value is ex-

7 The calibration parameters c100 and c217 are relative to the 143 ⇥
143 GHzcross-spectrum, whose calibration is held fixed. Only the first
beam error eigenmode of the 100⇥100 GHz cross-spectrum is explored,
all other eigenmodes being internally marginalised over

8 We use the approximation ✓MC to the acoustic scale ✓? (the ra-
tio of the comoving size of the horizon at the time of recombination,
rS , to the angular diameter distance at which we observe the fluctu-
ations, DA) which was introduced by Hu & Sugiyama (1996). ✓MC is
commonly used, e.g., in CosmoMC, to speed up calculations; see also
Kosowsky et al. (2002) for further details.
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