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Introduction

During inflation universe was
approximately deSitter space.

The symmetry group of 4-dim.
deSitter space i1s SO(1,4)




Introduction

The question we will ask :

What constraints does this symmetry
Impose on correlation functions of the

guantum perturbations produced
Inflation?




Introduction

The answer :

sometimes the constraints can be
very powerful.

In one case it completely determines
the correlation function.

Fixing the full functional form.

And the normalisation (in terms of the
two-point functions).




Introduction

Motivation:

1) Arguments based on symmetries
robust and model independent.
Particularly important since there
IS no compelling model of inflation.

2) These arguments allow us to deal
with situations where Einstein
gravity IS not a good approximation.




Introduction

*E.g., Inflation could have occurred so
tha.t H ~ Mst

*In that case higher derivative
corrections would have to be
iIncorporated (while loop corrections
would be small since M, < Mp; ).




Introduction

*Gliven our poor understanding of string
theory In time dependent situations we
cannot directly calculate the resulting
guantum perturbations in such a
situation today.

‘However symmetry considerations
should still hold and conclusions
obtained from them should apply here
too.




Introduction

*Surprisingly the symmetry constraints
have not been investigated thoroughly
as yet.

*Maldacena and Piementel (1104.2846)
building on Maldacena’s earlier paper
(astro-ph/0210603) laid down the basic
framework and applied it to the three
point tensor correlator < v Ve Ymn >




Introduction

‘We will extend this to include some
scalar perturbations.

» Specifically we consider the
correlator < ¢¢v;; >

(Some comments on other correlators
will be made at the end)
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Introduction

The symmetries of deSitter space:
ds? = —dt? + e*H(dx?)?

H: Hubble Constant

SO(1,4): 3* =10 generators

Translations: 3 =" — =" + ¢
Rotations: 3 2t Ria
SCa|Iﬂg 1 tﬁt—l-%ln()\),aji%m—i
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Symmetries of deSitter Space

*This leaves 3 more isometries. These
are the special conformal
transformations.

*These will play an especially important
role in our subsequent discussion.




Symmetries of deSitter Space

' ' — byt B () - e,
hj

byt =1,2,3 . parameters
specifying the special conformal
transformations




Symmetries of deSitter Space

*The group SO(1,4) is also the group
of symmetries of a 3 dimensional
Euclidean Conformal Field Theory.

*We will call it the conformal group.




Symmetries of deSitter Space

deSitter space can be thought of as
a hyperboloid embedded In flat 5+1
dimensional Minkowski space

X7+ X354+ X5+ X7 — X5 =R?

"
\.




Symmetries of deSitter Space

Euclidean Anti-deSitter space can also be
thought of as a hyperboloid embedded In
flat 5+1 dimensional Minkowski space

Xi+X5+X5+X;-X5=R°

N




Introduction

Symmetries of Euclidean AntideSitter
4 dim. space are the same as those

of a 3 dim. Euclidean CFT (AdS/CFT
correspondence).

The fact that deSitter space and
EAdS are related by analytic
continuation will help organise our
discussion of the symmetries.




Introduction

During inflation the geometry Is not
exactly deSitter space. Corrections
can be measured in terms of slow roll
parameters:

6 =—25 <1

0=10 <1

And are small.




Introduction

For our symmetry considerations to
apply the scalar sector must also
preserve the full SO(1,4) symmetry to
good approximation.




Introduction

*The measured two point correlation
provides good evidence for
approximate scale invariance(ns ~ 0.96 )

*Requiring a time dependent metric
which is translational and rotationally
Invariant and also approximately scale
iInvariant leads to deSitter space which
has the full conformal group of
symmeitries.




Introduction

dS space:

ds? = —dt* + e*"t(dx")?




Introduction

However a scalar theory which has scale
Invariance need not be Invariant under
the full conformal group.

Example: 5= f {(09)* - [(3:0)))])

*Our considerations will not apply to such
cases. This includes DBI, Ghost Inflation
etc. Some of these are anyways
disfavoured by Planck Data.




Introduction

*Considerations apply to the canonical
model of slow —roll inflation.

/d%\/*
¢ = ¢+ ¢

1 2
——[R—S(V6)* ~V(9)

*Action for small perturbations to
leading order:
S5¢ — f d4 g1677G [—%(V§¢)2]




Introduction

*This action only sees the background
through the geometry. The symmetries of
the geometry are therefore symmetries
for the scalar perturbations as well.

(A more precise discussion of gauge
fixing and scalar perturbations will

follow).




Introduction

1
/d%fm G[ §(V¢)2—V(¢)+PR2+FR3

The higher derivative terms involve the
curvature and would be important if
H~ A< Mpy
This could happen for example if
A= Mg < My

Eg If M., ~ I\]/.\ffqit ~ 104 Gew




Introduction

1 Vo) —V(g) + LRy LRy

/d%rm Tong 1t 3 A2 A

Higher derivative terms involving scalars
could have a small effectin determining
the background if the scalar rolled slowly.

6:222 <1




Introduction

Higher derivative terms guadratic in inflaton
would be important for perturbations. These
would respect approximately the conformal
symmetry.




Introduction

In short, our analysis would apply to
models where higher derivatives

become important, as long as the
conformal symmetry group Is
approximately preserved.




Introduction

Summary of assumptions:

1) The conformal group SO(1,4) is an
approximate symmetry during

inflation.
The slow roll parameters are small:
e=12 «1




Introduction

Summary of assumptions:
2) One scalar field

3) Initial state: Bunch Davies vacuum




General Symmetry Considerations

*Symmetry considerations are often
usefully stated in terms of the wave

function.

oIf the state iIs symmetric the wave
function Is Invariant, up to a possible
phase, under the symmetry
transformation.




Symmetry Considerations

In particle physics the wave functionis
not natural. Rather we compute the S-
matrix.

*In cosmology on the other hand,

the wave functionis natural since we are
Interested in expectation values at some
Instance of time.




Symmetry Considerations

*This difference will be important.
E.g., contact terms are important in
these expectation values and
contribute to observational effects as
Importantly as the non-contact terms.

*These terms are not usually
Important for S-matrix elements.




Symmetry Considerations

We will be interested In the wave
function at late times, when the
modes of interest have exited the
horizon and stopped time evolving.

X(T) ——  g[y]

Time t T Early time:
Bunch Davies
vacuum



Symmetry Considerations

For a system which is close to Gaussian we

can expand schematically as follows:

U[x] = exp(—%/d?’xd?’yx(w)x(y) < O(z)0(y) >

+% / d*rd®yd®2x(x)x(y)x(2) < O(x)0()O(2) > +--)

< (0(x)0(y) >, < O(x)0(y)O(=) > for now are just
coefficients which determine the wave
function.




Symmetry Considerations

* Symmetry considerations lead to
conditions on the coefficient
functions.

* We will find that the coefficient
functions under the conformal group
will behave like appropriate
correlators in a Conformal field
theory.




Symmetry Considerations

* This will allow us to recast our study
of symmetries into question of the
constraints imposed in a conformal
field theory on appropriate correlators.

* This Is the central iIdea behind the
analysis.




Symmetry Considerations

For example, suppose the
perturbation X Is a scalar which we

denote here as 0@ .

Under the scaling isometry

t —>t+ +1In()),z" — ””72

50(x.t) = 60/ (2.1) = 06 (%,t + & log(N)




Symmetry Considerations

If 0¢ is time independent
0¢(x) = 0’ (z) = 66(5)

For the wave function to be
nvariant U[56(x)] = P[50(3)]




Symmetry Considerations

*In y[5¢] every additional power of ¢ is
accompanied by O(x) and an integral
over X with measure d*z.

*S0 schematically speaking this
means [d*zé¢(£)O(z) must be invariant.

By a change of variables
[ dPxop(5 = [d®zdp(x)O(Ax)\?




Symmetry Considerations

*Since this Is true for arbitrary ¢
we learn that coefficient functions
must be Invariant under the
transformation ©O(z) = A’O(Ax)

*That is O(x) must behave like an
operator of a CFT with dimension 3
(marginal operator in 3 dim.).




Symmetry Considerations

The wave function can be obtained by
doing a path integral in dS space:

A 400

Time t T

Ulxp) = [*" Dpe'®

Bunch Davies




Symmetry Considerations

*The conformal symmetries are
Isometries and the path integral Is
Invariant under coordinate
transformations.

*Also the Bunch Davies boundary
conditions are conformally invariant.

If X8 = X5 we learn that ¥[xs] = ¥[x]




Symmetry Considerations

Bunch Davies boundary conditions
are conformally invariant because a
massless scalar in flat space In
Poincare invariant vacuum preserves
conformal invariance.

*Alternatively path integral can be

done by taking (conformal time) to
Imaginary values n»—n-i).c>0 gnd
taking field to vanish as 7 — =




Symmetry Considerations

Then since the fields transform
homogeneously under the conformal
transformations we see that the
Bunch Davies boundary conditions
preserve these symmetries.




More on perturbations

Rotational invariance along spatial
directions can be used to
characterise perturbations.

There Is one tensor (spin 2) and one
scalar perturbation (spin 0).




More on Perturbations

Metric iIn ADM-like form:

ds* = —N?dt* + hi;(dz" + N'dt)(da’ + N7 dt)

hij = a*[(1+ 2¢)di; + 7ij]

Choose a gauge where 97 =i =0
Yij Tensor perturbation.




Scalar Perturbation

Inflaton :
Gauge 1.

Gauge 2:

O=¢+0d¢
56 = 0,¢

C:075¢




Scalar Perturbation

To go between the two gauges we do a

time reparametrisation

¢
Lt — &

5p = —2

We will find it convenient to do work In
gauge 2 for calculating the

correlations, then convert to gauge 1
after the end of inflation.




Scalar Perturbation

*Inverting the relation gives

(= —L0¢

*The limit where the slow roll
parameters go to zero can therefore

be sometimes confusing in terms of
the (¢ variable.




Scalar Perturbation

*This Is useful because It allows us to
think about the conformally invariant
limit in a straightforward manner.

*\While also allowing us to follow what
happens after the modes cross the
horizon in a simple way, since ¢

°|S conserved.




Symmetry Considerations

Working in gauge 2 the wave function:

(2 / 0 2dPy56(3)56(§) (0(F)O(7))

2
%
H
/ Sed®yyi; (Z) v (§) (T ()T (7))
i/

zd*yd®266(2)3¢(F)i; (2)(O@DONTY (Z)) +---)].

w[5¢a%j] =

hBIF—L l\:>|r—L




The coefficient functions will
transform correctly under conformal
transformations if 0.7 transform
like a scalar operator of dimension 3
and the stress energy tensor of a
CFT respectively.




The stress tensor of a CFT Is
conserved. This property follows for T;;
from Invariance of ?p under coordinate
transformations

' — 2+ v'(7)

The ward identities due to stress energy
conservation are also therefore met.




General Considerations

One important point is that we will
work in momentum space.

Often calculations in CFT are done In
coordinate space.

Fourier transforming position space
answers Is not straightforward. (This Is
also related to the issue of contact
terms).




General Considerations

For example:

0+ (T3 (Z)O(W1)O(12)) = [0430°(& — y1)[{O(H1)O(42))




The Specific Correlator

Specific Correlator
< 66(k1)d (k2 )iz (ks) >

Related to




The Specific Correlator

1) Using Translational and Rotational
Invariance

—

<O(k1)O(E2)ﬂj(E3)> = |kuikyjf1(k1, ko, k3) + koikaj f1(k2, k1, ks
+(k1iko; + kaik1j) fo(k1, k2, k3)

+0i5 f3(k1, k2, kS)](QW)353(Z ki)




The Specific Correlator

1) Using Translational and Rotational
Invariance

(O(EHO(EQ)CR‘; ks)) [klzkl k1, ke, k3 +k2ik2@k2;k17k3
s V3

kszlj klakQ
40, kl,kg,kg)](Qw )363( Zk




The Specific Correlator

From scale invariance /1, /2, /3
must have dimension 1.




The Specific Correlator

I1) Additional constraints take the form

For the special conformal
transformations these result in 3
coupled second order differential
eguations.




Specific Correlator

For special conformal transformations

50(k)
0T;; (k)
7!

D

—DO(k)

2M]Ty; + QMJZ-Tiz — DTy,
b Oy — b' Oy,

b- kOyiOpi — 2k;0%, (b~ O).




Specific Correlator

For special conformal transformations

§O(k) = —DO(k),
Ty (k) = 2MTyy + 2M;Tu — DTy,
M! = ta,, — b'ay.
D = (b- k)3ydp — 2k, (b - 8;).



The Specific Correlator

1) Finally we also impose the ward
identities due to stress energy
conservation.

— — —

(O(k1)O(k2) Ty (k3)) = M;j(k1, ko, EB)(QW)B(S(Z ki)

Mgkl = —k3k] — kK]




The specific correlator

The general solution can be expressed In
terms of 4 functions.

< O(kl)O(kg)Tw(kg) > es’ij = —2(271')3053(2 Ei)es’ijkukng

1 transverse traceless wrt k3
C : constant fixed by normalisation
of <OO> two point function

€




Specific Correlator

General Solution

koksky
S = nin ( — 3
E Mnqing ni1n2 (nakr + naks + k3)? +n1k1 + noks + K

T ,TL2=:|:1

~ mingkika + noksky + n1k1ff3)
niki + noko + k3 .

E 3
mnlan2n1 T 17

ni,n2

E 3 __
mn17n2n2 i ]..

ni,n2




Specific Correlator

One now needs to consider special limits.

1) ks < kq, ko
2) k1 < ko, ks

These can be thought of using the operator
product expansion in CFT or, alternatively,
purely in bulk terms (Maldacena
consistency conditions).




Specific Correlator

For example the first limit
corresponds to calculating the two
point scalar perturbation In the
presence of an essentially constant

metric ViJ

These two limits allow only one term
In S leading to a unique answer.




Specific Correlator

Final answer:

< GG 3 (ks) >= (2m)*8(3 ) s PoPrehaska;

Zi>j kik; k1koks
S = (ki +ka+ks)— iyt kot k)~ (or ot Foa & B )2

< (k1) (ko) >= (2@353(2(1%’1 + Ez)Psk—l%

63,3’

< (k1) yw (ko) >= (2m)°0(k1 + k2) Pr—
1




Specific Correlator

1) Functional Form completely fixed
by symmetries.

2) Normalisation fixed in terms of the
two point functions of the scalar
and tensor perturbations.




Specific Correlator

« Agrees with the canonical slow roll
model (Maldacena).

 Resultis small. Roughly like

having fyz~¢ (butwith a
tensor mode!)




Specific Correlator: Comments

g _ B Zi>j kikj B k1koks
(kl + ko + kg) (kl + ko + k3)2

Analytic in some momenta.

In position space would
correspond to a contact term which
contains a delta function in some
coordinates.




Specific Correlator

The correlator has been calculated In
position space for a general 3 dim. CFT
In 1994 by Osborne and Petkou for
non-coincident points.

However result does not have a well
defined fourier transform. Regularising
the Integral Is tied to also the issue of
contact terms.




Other Correlators

» Other correlators: ongoing study.

« Especially < ¢¢¢ >

Small fnr ~ Ofe)
( In approximately conformal invariant
case).

Tied to the fact thatin a CFT
<O0O0> for an exactly
marginal operator vanishes




Other Correlators

 4-point correlator < CCCC >

Non vanishing in exactly conformally
Invariant limit.

‘Butsmall 7nr,9nNL ~ €

*Not unique (two cross ratios)




Summary

« Conformal Invariance can be a
powerful constraint.

*The correlator discussed here can
serve as a good model independent
probe for approximate conformal
iInvariance during inflation.




Summary

*The smallness of the non-gaussianity
when conformal invariance Is a good
approximate symmetry Is a damper.
But it Is consistent with Planck.

*Perhaps future observations, on
large scale structure etc can
measure such a small non
gaussianity.




Summary

Perhaps future observations will
discover a larger non gaussianity.
This would teach us that conformal
Invariance was not a good symmetry
of the Inflationary universe.







