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ThestandardAdS/CFTcorrespondencerelatesN=4SU(N)

super-YMatstrongcouplingtostringtheoryinAdS5×S
5

atweak

coupling.ifwehopetohavesomethingtosayaboutrealphysics,

weneedto

•Breaksupersymmetry.

•Breakconformalinvariance.

•Beabletodescribeasymptoticallyfreetheories.

•Obtainrealisticmattercontent(fundamentalquarks.)
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BranesatSingularities

Wecanconstructinterestinggauge/gravitydualsbymodifyingthe

spacetransversetothebranes.Itisparticularlyinterestingto

considersingularspaces:

•Newmattercontent.

•Inorbifolds,canexplicitlyquantizestringtheory.String

propagationissensibledespitethesingularbackground!

•Breaks(some)supersymmetry.Canchoosethesingularityto

preservesomeSUSYandothersymmetriessothatthephysics

remainstractable.

•Somemetricsareknown.

•Non-trivialtopologyallowsquantized3-formfluxeswhich

breakconformalinvarianceinacontrolledway(andwhichhave

aclearFTinterpretation.)
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GeometryoftheConifold

ConifoldsingularitiesaregenericinCalabi-Yaucompactifications

andhaveseveralusefulproperties:

•CanbewrittenasthelocusofanequationinC
4
:

w
2
1+w

2
2+w

2
3+w

2
4=0

orequivalentlyz1z2−z3z4=0.

•Thescalingisometrywi→λwiimpliesthatthespaceis

conical.

•Thebase,knownasT
1,1

,isanEinsteinmanifoldwitha

known(!)metricandwhichhasasitssymmetrygroup

SU(2)×SU(2)×U(1).
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•ThebaseT
1,1

isaspherebundleofS
2

overS
3

(sometimes

usefultothinkofitasS
2
×S

2
×S

1
.)Wewilldenotethe

correspondingtwo-cycleandthree-cycleasω2andω3.Their

volumesarenormalizedas
∫

S
2

ω2=4π,

∫

S
3

ω3=8π
2

•Can“solve”theconifoldequationintermsofhomogeneous

coordinates:

z1=A1B1,z2=A2B2

z3=A1B2,z4=A2B1.

IntermsoftheA,Bvariablesthereisa“baryonnumber”

symmetryactingasA,B→Ae
iβ

,Be
−iβ

.
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FieldTheoryoftheConifold

NowsupposethatweplaceND3-branesatthetipoftheconifold.

WethenobtainagaugetheorySU(N)×SU(N).Thepositionsof

thebranescontributematterfieldsA1,A2,B1,B2(notthewi)to

thelow-energytheorywhichtransforminthebifundamental

representations(N,N̄)and(N̄,N).ThesupersymmetryisN=1,

consistentwiththeCalabi-Yaucompactification.

Shifman-Vainshteinβ-functions:

∂

∂logΛ

8π
2

g2
YM

=3N−2N(1−2γA,B).

ConformalinvariancerequiresthatA,Bhaveanomalousdimension

γ=−1/4.
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Asdescribedsofar,thetheoryhastoomanymoduli(off-diagonal

componentsofA,B)todescribebranesontheconifold.Toliftthe

unwantedflatdirectionsweaddasuperpotential(exactlymarginal

ifA,Bhavedimension1-1/4=3/4):

W=ε
ij

ε
kl

TrAiBkAjBl.

ThegaugetheorywasconstructedbyKlebanov-Wittenand

Morrison-Plesser,anditsurvivesmanyconsistencychecks.

ThewarpedsupergravitysolutionisAdS5×T
1,1

.TheS
2

andS
3

whichshrinktozerosizeintheabsenceoffluxhavefinitesizedue

tothewarping.

ds
2

=h(r)
−1/2

ηijdx
i
dx

j
+h(r)

1/2
(dr

2
+r

2
dΩ

2
T

1,1),

F5=d
4
x∧dh

−1
+∗(d

4
x∧dh

−1
)

h(r)=1+
L

4

r4,L
4

=
27

4
πgsNα

′2
.
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ComparisonwithZ2Orbifold

Itisinstructivetocomparethistheorywiththetheoryonan

S
5
/Z2orbifold(obtainedfromD3-branestransversetoC

2
/Z2×C.

•S
5
/Z2isalsotopologicallyS

3
×S

2
.

•TheorbifoldcanbewrittenasthelocusofanequationinC
3
:

z1z2−z
2
3=0

orequivalentlyw
2
1+w

2
2+w

2
3=0.Torelatetheorbifoldand

conifold,deformtheorbifoldequationbyz1z2−z
2
3=εz

2
4.

•Theorbifoldfieldtheorycontainshypermultiplet

bifundamentalsA,BandadjointsΦ,Φ̃(fromtheN=2vector

multiplet.)Thedeformationcorrespondstoaddingtermsin

thesuperpotential.
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InN=1language,thesuperpotentialis

TrΦ(A1B1+A2B2)+TrΦ̃(B1A1+B2A2)

Addingmassestotheadjoints,

m

2
(TrΦ

2
−TrΦ̃

2
)

andintegratingthemout,onefindstheconifoldsuperpotential

g
2

2m
(Tr(A1B1A2B2)−Tr(B1A1B2A2))
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AddingFlavor,aStringPerspective

QCDhasquarks,soitisnaturaltotrytodescribethemthrough

thegauge/gravitycorrespondence.Toastringtheoristthismeans

addingboundariestothestringworldsheet(D-branes):

•MusthavethesameworldvolumedirectionsastheD3-branes,

plussomeextras–naturalcandidatesareD7branes(orD5

branes.)

•TheD7-branesneedtobeembeddedholomorphicallysothat

theycanpreservethesomeoftheKillingspinorsofthe

background(ie,z1−µ
2

=0,etc.)

•The3-7stringscontributethequarkstotheFTanddecouple

fromthe7-7stringsintheusuallimit.

•Gravityside:closedstringsand7-7strings(mesons–in

progresswithT.Levi)
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AddingFlavor,aGaugeTheoryPerspective

Ingaugetheoryyoujustaddtheflavors!Solet’saddsomequark

chiralsuperfieldsqandQandcouplethemtothefieldsinthe

conifoldfieldtheory,forexample:

Wflavors=hqA1Q(????)

Butifthesearetheonlyflavors,wehaveaproblem–agauge

anomaly.Toobtainananomaly-freetheory,addmoreflavors,

chargedinconjugaterepsofthegaugegroup–callthemq̃,Q̃,and

givethemcouplingstoo

Wflavors=hqA1Q+gq̃B1Q̃.

Itisalsostraightforwardtoaddmasses:

Wmasses=µ1qq̃+µ2QQ̃.
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FieldSU(Nc)×SU(Nc)SU(K)×SU(K)

q(N,1)(K,1)

q̃(N̄,1)(1,K)

Q(1,N)(K̄,1)

Q̃(1,N̄)(1,K̄)

Table1:RepresentationstructureoftheaddedN=1flavors.
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TotranslatethesemassestotheD7-braneprobepicture,itis

helpfultorewriteWflavors+Wmassesinthefollowingmatrixform:

Wflavors+Wmasses=
(

q̃Q̃
)





µ1hA1

gB1µ2









q

Q





.

Notethatthelocusofmasslessflavorsispreciselyoftheform

z1−µ
2

=0–comparewithasingleD3-braneprobe.

IfweassumethatthedimensionsdependonK/Nas(K/N)
2

(naturalonthegravityside),thenwecanpredictthedimensionof

theqfields–itis9/8.

Wflavors=hqA1Q+gq̃B1Q̃.
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RGFlow

ItisconvenienttoconsidertheaxionC0anddilatonΦinthe

complexcombinationτ=C0+ie
−Φ

.Giventheembedding

conditionz1=0,anaturalguessforthecombineddilaton-axion

systemisthat

τ∼log(z1).

Withthenormalizationcondition
∫

S
1F

1
=ND7=K,weseethat

τ=
i

gs
+

K

2πi
logz1,

whichgivesthecorrectSL(2,Z)monodromyτ→τ+Kupon

circlingastackofKD7-branes.
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WithB2=0,thegaugecouplingsareequalandrelatedtothe

dilaton:

8π
2

g2
YM

=
π

eΦ,

MakingtheidentificationoftheAdSradiusrasthe

renormalizationscaleΛ,wefindthat

∂

∂logΛ

8π
2

g2
YM

=−
3K

4
.

LetuscomparethisRGequationwiththeShifman-Vainshtein

β-functions:

∂

∂logΛ

8π
2

g2
YM

=3N−2N(1−2γA,B)−K(1−2γq).

AgreesifγA=−1/4,γq=+1/8.
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Afewcomments

•Supersymmetryfortheembeddingz1=µ
2

(andsomebutnot

allotherholomorphicembeddings)hasbeencheckedexplicitly

(seehep-th/0408210,Aréanetal)sostabilityisguaranteed.

•TheholomorphicD7-branesaretopologicallytrivial–

necessaryfortadpolecancellation.Trivialityisobviousby

inspection,astheholomorphicvariablescarryno“baryon

number”charge(Beasley,seehep-th/0207125)

•Inprincipleonecanconsidermoregeneralholomorphic

equations,motivatedbyaddingmoreflavorstothefieldtheory

andgivingthemcouplingsandmasses(forexample,z1z2=µ
2

wasproposedbyKarchandKatz.)
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•Someofthemoregeneralholomorphicequationsaretrivially

relatedtoourz1=µexample–productsofmonomials,SO(4)

transformations(whichamounttoreplacingA1B1by

(A1+λA2)(B1+κB2).

•Otherpolynomialsarenotsotrivial–forexamplez1+z2=c.

AnembeddinglikethiscanbemotivatedfromtheN=2

orbifold.Coupleflavorstotheadjoints:

TrΦ(A1B1+A2B2)+TrΦ̃(B1A1+B2A2)+qΦq̃

Integratingtheadjointsoutasbefore,oneobtains

W=Trε
ik

εjl(AiBjAkBl)−(qq̃)
2
−2q(A1B1+A2B2)q̃

ThelocusofmasslessflavorsisA1B1+A2B2=z1+z2=0.

•Similarconsiderationsapplytothe“generalizedconifolds.”
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FractionalD3-branes

OnesimplewaytobreakconformalinvarianceistoaddM

fractionalbranes,whichareD5-braneswrappedontheS
2

ofT
1,1

.

FromtheperspectiveoftheCYbackgroundthefractionalbranes

arepinnedtothesingularity.

ThegaugegroupchangestoSU(N+M)×SU(N)–nolonger

conformal.

Onstringside,theD5-branessourcetheRR3-formflux:

F3=
Mα

′

2
ω3,

quantizedaccordingto
1

4π
2
α

′

∫

S
3F3=M.
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TheSUGRAequationsofmotion(d?H3=F5∧F3,etc)also

requireanNS-NSflux:

B2=
3gsMα

′

2
ω2ln(r/r0)

H3=dB2=
3gsMα

′

2r
dr∧ω2,
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LogarithmicWarpinginSUGRA

WithbothF3andH3turnedon,thefive-formhasanontrivial

backreactiondF5=H3∧F3:

F̃5=F5+?F5,F5=27πα
′2

Neff(r)vol(T
1,1

)

Neff(r)=N+
3

2π
gsM

2
ln(r/r0).

Thenumberofunitsof5-formfluxisnowafunctionofr,

suggestingthatthesizeofthegaugegroupischanging!Moreon

thislater...

Thereisalsoalog-varyingwarpfactor:

h(r)=
27π(α

′
)
2
[gsN+

3
2π(gsM)

2
(ln(r/r0)+

1
4)]

4r4
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RGFlow,DualityCascade

SVβ-functions:

d
dlog(Λ/µ)

8π
2

g
2

1

=3(N+M)−2N(1−2γA,B)∼3M,

d
dlog(Λ/µ)

8π
2

g
2

2

=3N−2(N+M)(1−2γA,B)∼−3M,

Thegaugecouplingsflowinoppositedirections,soonegaugegroup

isstronglycoupledwhiletheotherbecomesweaklycoupled.

Sidenote:γ=−1/4above.Neara(quasi)fixedpoint,thisis

correcttoorderM
2
/N

2
,asguaranteedbyasymmetryargument.

WhenM=0,thetheoryisconformal.Thegaugetheoryisalso

invariantunderthechangeM→−M,N→N+M∼Natleading

orderinM/N.Soγ=−1/4+O(M
2
/N

2
).
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SeibergDuality

•Gaugecouplingsflowinoppositedirections,soonegaugegroup

factorbecomesstronglycoupled,butthisisnottheendofthe

story!ThestronglycoupledgaugegroupfactorhasNf=2Nc

andundergoesSeibergduality.

•SU(Nc)withNfflavorsisdualtoSU(Nf−Nc)withNf

flavors(plusmassivematter)

•SU(N+M)with2Nflavors

→SU(2N−(N+M))=SU(N−M)with2Nflavors.

•Theotherfactorisunchanged,sonowyouhavean

SU(N)×SU(N−M)theorywithbifundamentals(giving2N

flavorstoeachgaugegroupfactor.)NowtheRGflowsare

reversedandtheprocessrepeats–“dualitycascade.”
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DeformationandConfinement,Klebanov-Strassler

•Eventuallythecascademustendwhenyouareleftwith

SU(M)×SU(p)withp<M.Ifp=0thennaivelyyouhave

SU(M)SYMattheendofthecascade(thoughsee

hep-th/0405282,Gubseretal.)

•Thesupergravitybackgroundhasanakedsingularity!Thisis

relatedtothepresenceofthree-formfluxthroughtheS
3
.As

theS
3

shrinks,theenergydensityinthefluxdiverges.

•ExpecttheS
3

tobeblownuptofinitesize,whichcanbe

accomplishedbydeformationoftheconifold:

w
2
1+w

2
2+w

2
3+w

2
4=ε

2

•Infieldtheory,developanAffleck-Dine-Seibergtype

superpotentialintheIRwhichchangesthemodulispaceofa

probeD3-branetothedeformedconifold!
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•Dimensionaltransmutationimplementedbythedeformation

parameterε∼m
3/2

.

•Thewarpeddeformedconifoldmetricmaybewritteninthe

form

ds
2
10=h

−1/2
(τ)m

2
dxndxn+h

1/2
(τ)ds

2
6(1)

whereτisaradialparameter.h(τ→0)→const,andthe

transversepartofthemetricisindependentofthemassscale.

•Toseeconfinement,consideraprobeF-string(fluxtube.)The

4-dmetricismultipliedbyafinitewarpfactoratτ=0sothe

stringhasafinitetension,givinganarealaw(Ts∼
m

2

gsM.)

ContrastN=4,wherethewarpfactorvanishes(r
2
/L

2
.)
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FlavorandtheCascade

WewouldliketostudyD7-branesonthedeformedconifold

(SQCD)soasafirststepweconsidertheUVlimit.WithK

D7-branes,thenumberofeffectiveflavorscoupledtoeachgauge

groupincreasesbyK.Ifwestartwithagaugegroup

SU(N+M)×SU(N),thefirstgaugegrouphas2N+Keffective

flavors,soitisSeiberg-dualintheinfrared(Nc→Nf−Nc)toan

SU(2N+K−(N+M))=SU(N−M+K)gaugetheory.The

secondgaugegroupfactorremainsSU(N),soweseethatin

additiontoadecreaseoftheoverallnumberofcolors,thedifference

inthesizeofthegaugegroupshasdecreasedfromMtoM−K.

Ateachstepofthedualitycascade,thestrengthofthecascade,M,

decreasesbyK.
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Supergravity

D7-branesaretrickybecauseoftheircouplingtothedilaton

e
−Φ

∼logr.Atshortdistances,thedilatonappearstobecome

negative(adisaster)whileatlargedistancesthebackreactionis

large.TheseproblemscanbeovercomebyF-theory,butfor

simplicitywewillignorethemandworkatintermediaterwhere

thelogisvalid.

TofindtheSUGRAsolution,adrasticsimplificationoccursdueto

SUSY–oneconsistentsetofconditionsfor4superchargesisthat

thedilaton-axionisholomorphic,thecomplex-threeformis(2,1)

andprimitive,andthefive-formandwarpfactorarerelatedas

usual.TheBianchiidentitiesimplytheSUGRAfieldequations.

(Grana&Polchinski)
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Forexample,theRR3-formfluxis

F̃3=
Mα

′

2

[

(

1+
3gsK

2π
logr

)

ζ∧ω2

+
3gsK

8π

(

dr

r
∧ζ+

1

2
(Ω11+Ω22)

)

∧

(

(1+cosθ1)dφ1−(1+cosθ2)dφ2

)

]

Integratingthisfluxoverthetopologicallynontrivial3-cycleof

T
1,1

,ω3=ζ∧ω2,wefindthatthenumberofunitsoffluxvaries

logarithmicallyasafunctionoftheradiusr:

Meff(r)=M(1+
3gsK

2π
logr).
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Thewarpfactorhwhichsatisfiestheequationsofmotionis(inthe

standardnear-horizonlimit,andatlinearorderingsK)

h(r,θ1,θ2)=
L

4

r4

(

1+
3gsM

2

2πN
logr(1+

3gsK

2π
(logr+

1

2
)+

gsK

4π
log(sin

θ1

2
sin

θ2

2
))

)

.

Tostudythecascadeatleadingorder,wemaydiscardtheangular

terms.Thenwefindthattheeffectivenumberofunitsoffive-form

fluxis

Neff(r)=N+
3gsM

2

2π
(logr+

3gsK

2π
log

2
r).

Undertheradialrescalingr→e
−

2π
3gsMeffr,Neffdecreasesby

Meff−Kunits,inagreementwiththeargumentfromSeiberg

duality(keepinginmindthatweareonlyworkingtolinearorder

ingsK.)
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StatusofFlavor

Interestingresultshavebeenobtainedisseveralsystems(byno

meansanexhaustivelist!!)

•MesonspectracomputedinAdS5×S
5

(Karch-Katz,

Kruczenskietal)

•Severalattemptsatstudyingconfiningbackgrounds

(Babingtonetal,SakaiandSonnenschein)

•Someresultsonbackreaction(Aharonyetal,Grana-Polchinski,

PO,Burringtonetal)

•SomeexplicitlysupersymmetricN=1dualsareknownand

exhibitnontrivialphenomena!

Moretobedone...
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