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Coherent Control

Control of interference of matter waves.
Control knobs are external fields.

1) Controllability:
For a given scenario does a control strategy exist that
will drive the initial state to a specified target.

2) Synthesis:
Constructively finding the control field that

will achieve the goal’ Direct forward design using templates.

o e . STIRAP, Two—photon, ...
3) Optimization: ’ P ’

Finding the optimal control field that
will achieve the goal subject to constraints.

Inversion: Optimal Control Theory (OCT)
Random search, genetic algorithms ...




" Controllability
Weak: P Pk

Can we make any state to state transformation within a closed Hilbert space?

Strong: U
Can we generate any Unitary transformation within a closed Hilbert space?
L
The control Hamiltonian:  H = H, +Eluj(t)Xj
J:

Xj are control operators
llj(t) control fields

Weak Strong L cpntrols L << N
Ho®; = €;P; w “H(H) U N size of Hilbert space
dt
W= ¢ g
Pj —> P U(0)=I - U(T)



ronnie
Highlight

ronnie
Highlight

ronnie
Highlight


Controllability H = H)+) u,(t)X;

Strong

If the commutators of Hy and X, generate
all the operators in Hilbert space
then the system is completely controllable

[Ho, Xi1 5 «oe 5 [[HoXi1,Xu] 5 <o 5 [[[Ho,X;1,X],Xi]

Clark and Tarn, J. Math. phys. 24 2608 (1983)
Ramakrishna and Rabitz, J. Math. phys. 54 1715 (1996)

Any Unitary transformation can be generated.
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Controllability
. H= H() +Ellj(t)Xj
Parking a car:

Generating lateral motion by a series of forward—-backward maneuvers

For the harmonic oscillator: H, = 1/2(P2 . XZ)

Our control part H. = llX(t)X+llp(t)P
If 111(0) is the ground state we can generate any coherent state.
But we cannot generate a cat state!

If we change Ho to a Morse oscillator the same controls are sufficient.

We can generate a cat state!
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Vibrational Cooling pulse |

Optimal control solutions oo
Can these pulses be executed without error? féi oo
£

The Fourier transform: The optimal field €(1)

Wigner time—energy spectrum
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Quantum Computing by an Optimal Control Algorithm for Unitary Transformations

Phys. Rev. Lett. 89, 188301 (2002).




The control problem ¢

State to state control |y;) — |y¥) at time T.
The control Hamiltonian:

H= HO+Z[Uk )+ &k ()] X

uy(t) are control fields. X, are control operators
The unavoidable noise &, () is modelled by Gaussian noise:

(Ek(t)&i(t)) = 2Tk (£) 61 6(t — t').
where [, () depend on the control field [, () = f(ux(t)).

The equation of motion for this noisy system (Gorini-Kossakowski):

H0+Zuk

Zrk [xk, [)“(k,ﬁﬂ .

9. _
8tp_'
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Purity and fidelity
In the absence of noise the system is completely controllable.
Due to the noise the purity

2=Tr {ﬁz}

of an initially pure state p = |y) (y| will decrease.

For a noisy control we define complete controllability when the
purity loss during the target transformation is small, i.e., AY < 1.
This purity loss can be accounted by the average fidelity:

7 = Tr{pr|wr) (wrl},

where Yy is the target final state, and pr is the mixed final state
attained using noisy controls. For high fidelity, i.e., 1 —.% < 1,:

F <

N

2-AP).

If purity loss is large, the state-to-state objective is lost, —,
complete controllability is not true any more.
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Purity loss and uncetianty

For a pure state p = |y) (], the instantaneous rate of purity loss
becomes (Viola): Boxio, Viola and Ortiz,EPL 79 40003 (2007).

. d n
P=-—Tr {8} o=twytw = 4k Z#O k() Ag, ],
7uk

where Ay [y] is the variance of the control operator Xy in the

state Y- >
s, 1= (v |%2w) = (v % w) ]

The variance of a generic state scales as A)“(k [w]~ N? where N is
the size of Hilbert space.

~

Xy

In contrast the purity loss of generalised coherent states
(GCS) scale as Ay [y]~N.
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Bounds on minimum control time

Metric of change

A measure of the change |y;) to |ys)

Using the drift Hamiltonian Hg basis set |n),

the transformation from the initial state

Vi) =Y rin€%n [n)y—=> [Wr) =X, rr ne' |n),

is characterised by the Eculidean norm || Ar||:

1> [|Ar]| > € >0,

where Ar=r¢ —v;, r;=(ri1,ri2,...) and rr = (rr1,r£2,...). The
choice of norm excludes changes to states that can be reached by
free propagation generated by the drift Hamiltonian Hy.
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For estimation of this bound an auxiliary operator A is defined such
that: (i) it commutes with Ho; (ii) its expectation value changes

during the transformation. Since A commutes with Hy the change
of its expectation value during the transformation is due to the
operation of the control fields. We define

A =Y snln)(n

where s, = sign{Ar,}. The change of the expectation value of the
operator A y; — s is given by

(A) —(A) = Ylan|(rin+ra) 2 L7 = o,
n n



we obtain ) A
(A),~(A)z¢
1

which gives the minimal change of the expectation value of the
operator A during the transformation Vi — Yr.

The change of the expectation value of A can be estimated from the
Heisenberg equations:

—lZuk [Xk, }

Let the time of the transformation be 7. Then,

(8,8, [ 08) < [t e,

2| ([%4])

Z/ luk(t)] dt [A,

k



Bounds on minimum control time

where Ay ~ N stands for the eigenvalue of X, maximal by the
absolute value.

Defining the average control amplitude dt, the

inequality:

82 82
T2 Griaam) ™ G

which bounds the time of the transformation for given iy
(Rabitz Calarco).
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Bounds on purity loss

The bounds on purity loss are obtained under assumption that the
purity loss A& during the transformation is small. In this case the
evolving state can be apprOX|mated by

p(t) = p@ + pM = p(O = |y(t)) (w(t)|. Taking the leading
contribution of p( ) mto account, we estimate the lower bound on
the purity loss:

AP > 4TZFk min_{Ag [y(t)]

0<t<T
n %T<v/(t)1[xk,[xk»P(”(t>H\"’(f)>}'

where [, = 7! A/bT [ (t)dt is the average dephasing rate over the
transformation. We further assume that during the transformation
the system follows generic states so that Ag [y(t)] ~ (Ax)* ~ N,
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Using the above inequality,

282 Zk Fk minoStST {A)"(k [l[/(t)]}

AP > —
)RV

To estimate ming<;<T1 {A)“(k [I/I(t)]} we find the lower bound on
the variance of X, in the states |y) =¥, r,e/® |n) such that
|lr—ri|]| < &. The variance Ag, [y] is a function of the amplitudes

r=(ry,r,...) and the phases ¢1,¢,.... The free evolution can
change the phases at no cost in purity. Therefore, the minimal
variance attainable for given amplitudes is sought:

Ag, ()= min. {Axk [w]}

We assume, that A)‘(k (r) is a smooth function of r for

|lr—ri|]| < ||Ar|, i.e., for sufficiently small Ar and |5r| < || Ar|| we
can expand Af(k (ri+6r) ~ Af(k (ri) +VA)A(k (r;)-6r.



(55xk (r)( = ‘Vﬁxk (r) - Or

<||vAg, ()] 151l

The minimum is obtained at ¢;(r), ¢;(r),.... Then
A)A(k (I’) = Af(k [I[/*] and

VAg () = VAg [v]

It should be noted that Ay [y*] depends on r, both through the
amplitudes of y* and through the phases ¢(r), which are also
functions of r. Nonetheless, since ¢;(r) are defined as giving the
minimum of Ay [w], derivatives of Ag, [w*] with respect to ¢/(r)
vanish and ¢;i(r) may be considered as r-independent for the
operator V in the rhs.



&)
v s (v

VAg (1) = V<1//*
e

Using the explicit form of y* and the fact that V act only on the
state's amplitudes we can show that the Euclidean norm of the rhs
of Eq.(2) is bounded by 3v/2(A)?. Then, Egs. (2) and (2) imply
!5Axk (r)’ < 3v2(A)2|6¢]. It follows that for |w) = ¥, rnei®n |n)
with |[r—ri| <e k1

v )o@

Ag, W] > Ag (1) —3V2(N)’e (3)



From the inequalities we obtain

e (min{Bg () -3v2(A) e}

Yk U maX/{V\/|}

The variance Ay [y] scales as N? in a generic state of the system .
The scaling of A)A(k (r;) is a more subtle question, since it is the
outcome of the minimization with respect to the phases in the

eigenstates basis.
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For an arbitrary state-to-state objective it is sufficient to show that
A)A( (r;) ~ N? for some |y;). Let's consider a generic eigenstate |¢)

of Ho. The variance Ag, [¢] scales as N? for all k. Moreover, the
variance is independent of phases. Therefore, taking |y;) = |¢) we
shall have A)”(k (rj) ~ N2, and, to the leading order in ¢,

min { Ay, (1) = 3V2(A) e }

=cN7t,
maX/{|/\/|}

where the number c is of the order of unity. We conjecture that
approximation (4) holds for a generic state-to-state transformation,
not necessarily from an eigensatate of the Hamiltonian. The reason
is that generically the total uncertainty of a state evolving under the
free evolution will remain ~ N2.



Bounds on purity loss

Yl AP
< .
Zk ue — 2ce2N

This inequality holds for A&, & < 1; the number c is of
the order of unity.

This result, obtained in less general form in M. Khasin and RK,
PRL. 106 123002 (2011), relates the relative noise strength on the
controls with the size of the system for a high-fidelity
transformation.
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The main result can be stated as follows. For systems and controls
defined by the control Hamiltonian and for a generic state-to-state
transformation such that the expectation value of the operator A
changes by €2 < 1, the purity loss associated with the noise on the
controls will be small, A% < 1, only if the noise complies with the
condition. This condition determines the upper bound on the noise
strength. For a generic transformation, where the total uncertainty
of the evolving state ~ N2, the number c is of the order of unity.
For fixed change €2 and purity loss A the upper bound on the
noise strength for a generic transformation will decrease as N=1. For
large N the relative noise must decrease indefinitely with the size of
the system in order to provide high fidelity.



Noise Model

Typical noise includes a static part and a dynamical part:

Ce(t) = T+ creu ()2

The model reflects the following properties of noise:

(i) for weak field, the dephasing rate ', is independent on the
amplitude of field.

(i) for large amplitude of the control field the noise £, (%) in
becomes proportional to the amplitude, &, (1)~ uy(t).

F >2|le |\/ rka

The necessary condition for state to state controllability:

o AP
VIS ey



ronniekosloff
Rectangle

ronniekosloff
Highlight

ronniekosloff
Highlight

ronniekosloff
Highlight

ronniekosloff
Highlight

ronniekosloff
Highlight

ronniekosloff
Rectangle


r C ]
Noise and control

For (approximate) state to state controllability
the purity loss should be managed to a minimum close to zero
for every initial and final state. @; —» (Qk

For a large quantum system there is a class of states for which
the purity loss is unmanageable.
As a result large quantum systems are uncontrollable!

These uncontrollable states are characterized by a purity loss that
scales with the size of the system.

Michael Khasin and Ronnie Kosloff
Noise and controllability: Suppression of controllability in large quantum systems
Phys. Rev. Lett. 106 123002 (2011).
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L
Noise and control H = H, +, (0;(1)+5,(1)X;

Can controllability be maintained

with noise even approximately?

where E represent a delta correlated noise

A Markovian Model
of noise associated <§j(t)§j(t’)>=27] ; ‘llj(t)‘ﬁ(t—t’)

with the control

Then the Master equation becomes:

dp
dt

=i[H,p] + 2, [ (0] [X;,[X;,p]]

The same Master equation is obtained for a system
subject to a continuous measurement of the observables

associated with X;.

Any control field has to involve noise!




Generalized coherent states (S| (pointer states)

Looking for the states with minimum uncertainty with respect
to the generators of the noise algebra:

2
A () =Z(AX;) =3((X]) ~(X;))
These states will be weakly invariant to the master noise equation

Kxample for pure dephasing %) — —i[H,p] + 1 [H ,[H,p]]

The eigenstates of H are GCS

Any superposition of GCS will collapse to a mixture of GCS

P(0)=[PXY| | => | p()=Zdi|p)(epy]
W) =Xc i)




Generalized coherent states GCS

Collapse of a Cat state due to position or momentum diffusion

—i[H,p] + 1 [X,[X,p]1]+ 1 [P,[P,p]]

Free evolution Noisy Evolution

localization in coherent states
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' Scaling of Optimal control soultions with system size

Example: Tunneling Hamiltonian

H= 0.N.4+wsNo+A(ath+bta)+u(N4N:)

single particle inter—particle
tunneling term interaction




r

Obtaining the many body control Hamiltonian

~ Jx=l(atb+bra)
We define Jy _ 2_11 ( aTb—bTa)
JZ — % ( aw‘a—b*b) What is the # of states?

and the total number of particles is conserved N =Na+Nb

The # of states

2
H= I—J - > ().(t = size of Hilbert space
N dmZoaodd S

Then:

is the effective many body non linear control Hamiltonian

This system is completely controllable




The dynamics:
Competition between localization and dispersion.

Kahsin & Kosloff, PRA 81 043635 (2010).

H=->oOJk+ & Yz

The Heisenberg equation of motion:

X = i[H,X]—nZZ][ 3, [3:X1]

The eigenvalue of the linear part:Y(t) = exp( (- ®w—cy)1)

Therefore when 1) ¢ << () the dynamics of J; is not affected

We have a competition between localization caused by the dzissipator
and dispersion on all states caused by the non linear term J,




What is the # of states?

We define Jy _ _2_11 ( atb—b a)
Jz =%(3Ta—b*b)

and the total number of particles is conserved

Then: 2
H= - JX +g Jz

N =Na+Nb

The # of states

= size of Hilbert space

D=N+1

is the effective many body non linear Hamiltonain



Generalized Coherent states (GCS) for SU2)

Looking for the states with minimum uncertainty with respect

to the operators of the algebra: A [lp] =< Aﬁ() +< AJ@ >+ < AJZZ>

= <~]2X +-]2y +']22> —( <JX§+<JY >2+ <JZ>2)

Generalized purity: P()=( (J X>21p {Jy >21p+ (J z>2w )
Casimir C= J. +J,+J, (C)=j(j+1)

Maximum purity = Minimum uncertainty

All the extreme states are GCS such as:

Ij>z > I_j>z ,Ij>x’ I_j>X,




Experimenting with Optimal control theory

Convergence properties as a function of the Hilbert space size

Employing Krotov’s method.

targets of state to state Control:

1) GCS — GCS  1j), — lj). unrestricted.

2) GCS — GCS 1), —=1j), guided. véf

3) GCS — cat state lj) — (1V2)(j), +1=j ), L{’\Jﬂ
4) cat state =GCS  (1V2)(Ij), +=j ), ) —=1j),

Is there a relation between the optimal field for different j
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—log{1-F})

9 - . .

100
feration

j=320

" Convergence of OCT as a function of system size j
1) GCS — GCS |j>z — |j>x unrestricted.

Expectation of the target F = <P>, P=‘1p(T)><lp(T)‘

200 iterations

0 2 4
Time [a.u.]




Optimal Control Theory
2) GCS — GCS  1j), —=1j), suided. [Pilot field for j=5)

.l
o7 [=180Fi -

/[

Ja—

j=640§

T 05
(1]

| S ] ﬂ
A_

v 05

- = _m = =

0.2

ﬂ_l4‘ 06
Time [a.u]



ronnie
Highlight


r

Local Control Theory

2) GCS — GCS  1j), = lj), guided.

[Pilot field for j=5j

4
Time[a.u]

1 iteration

corected by;

4 6.8
Time[a.u]
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~ 3) GCS — catstate  1j) — (1V2)(j), +1=j ).)

4) cat state =GCS  (1V2)(1j), t—j ). ) = 1j),

Cat State to Ground State

[:Pilot field for j=1(i]

Extreme sensativity to increasingj
10.7 Each optimal field is completely different
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Mores oscillator

H=H, +f(t)X
3) CS — cat state la) — (1V2)(la) ™ I-ar))

4) cat state =CS (1/2)(la) " I—ar)) — lov)

Fitness as a function of h Plank's constant

1 T T T P ] T T
" ‘N
& !. L
~ |

0.9 /-“
0.8} \
C
| cstocCs
® 06
-L;f 05}
0.4}
cattoCs : .
0.3+ :
0.2} :'
0 | | DI.T nl.a n::-lg

1.3

Shimson Kallush, and Ronnie Kosloff,
Scaling the robustness of the solutions for quantum

controllable problems,
Phys. Rev. A 83 063412 (2011).

Shimshon Kallush and Ronnie Kosloff
Mutual influence of locality and chaotic dynamics
on quantum controllability

Phys. Rev. A 85, 013420 (2012).
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Henon Heils H=Ho+{(t)OQ H=z(p; +p5+2* +y*) +xPy = 35°

3) GCS — cat state lory — (IV2)(lo)) ™ 1—a0))

4) cat state =GCS (1V2)(lo)) " I—a)) — lan)

{A} = {P., Py, X, Y} controlalgebr:

L0
— Harmonic
e
0.5 s ] — A = 2
I .
15fF .
Y 0 | ([ -
| _.-__..-—h-'—-"___"-"“—u--”ﬂ--.n--_-.. S
; | III Jf_),-" |
_ﬂ.& ‘é_:’/_/;_’_’_,f/‘—_'_/_h |
-.-l-ﬂ o 'llli‘ln. [u.:.‘] 100
-1.0 -0.5 0 0.5 1.0 : .
4 X Thenonlinearity thatgenerates

classicakchaosalsogeneratesontro

)
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L
Discussion Conclusion H=H, +Euj(t)Xj
J=1

1) Control Hamiltonian assumes a fixed number of controls L
and an increasing size of Hilbert space N.

2) This is different than the quantum computing model where
the number of controls increases logarithmicly with the size of
Hilbert space L. «log N.

3) Some Markovian noise on the controls is unavoidable.

4) State to state control is lost due to loss of purity ° — tI‘{ pz} .

as a result a pure state cannot be transformed to a pure state.

S) The purity loss is proportional to the uncertainty with respect

to the control operators X.




Discussion Conclusion p — _i[H,p]_ni[ Ji, [Ji,P]]
i=1

6) Generalized coherent states GCS have minimum uncertainty
eventually only they will survive.

7) Superpositions of GCS are sensative to noise:
cat states are hard to maintain.

8) Using optimal control theory (without noise) state to state
GCS to GCS are scalable to large size.

9) The control fields that produce cat states are not scalable.
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Generalized Coherent states (GCS)

A GCS is transformed to another GCS
by a global time dependent unitary operator

U(t)=exp(-i (a)Jx +p0)Jy +y(0)J2))

The purity is invariant to a unitary transformation U (rotation)
generated by the group U= exp(—i (aJx +pJ y +vJ. ))

P(yp) = F(Uy)
The uncertainty A [LP] of a GCS scales linearly with ]
The uncertainty A [qj] of a cat state scales as j2

The global stable solution of the

Stochastic Schrodinger equation is a GCS
Khasin &Kosloff, JPA 41 (2008) 365203

= i0[J . X]=y 20 Ji, [Ji,X1]




M. Khasin' and R. Kosloff PRL 106, 123002 (2011)

Time scale of Control
L
H = H() +.21uj(t)Xj HOCPj = Ej(P;
=

state to state transformation

Wi=drie V@ => W= drfe g

We consider changes Ar such that 1 >> lIArll=z¢>0.

where ||Arll is the Eucledian norm between the vectors I'; and I';

free propagation does not change this norm .
propag 5 Timescale of control

We get: £'=<2 ZTu_kIAk‘ T > 2¢°
2ukl Ayl

Tl_lk is the action of control k

|Ak‘ is the maximum eigenvalue of X.
We now estimate the purity loss at the same time scale.
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