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TrappedTrapped--ion Quantum Controlion Quantum Control
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OutlineOutline
Introduction to the physical system/model

Control of spin-half coupled to SHO
Controllability:

Eigenstate vs. finite (approx.) vs. complete 
controllability
What are possible (feasible) control schemes?

Resonant control
Control via truncation
Optimal control?
Ultrafast / Adiabatic control (if time permits)



Trapped IonsTrapped Ions

Qubits coupled by harmonic oscillators
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Trapped ions (E.g. Cadmium)Trapped ions (E.g. Cadmium)

Comprehensive review: "Quantum dynamics of single trapped 
ions" by D. Leibfried, R. Blatt, C. Monroe, D. Wineland. 

Review of Modern Physics, vol. 75, p. 281 (2003).



Single ion energy levelsSingle ion energy levelsSingle ion energy levelsSingle ion energy levels



Mathematical formulationMathematical formulation
Field-free Hamiltonian:

H0 = (1/2)ω0σz +ωmata

Field:    E(ξ,t) = x E(t)cos(kξ-ωLt); ωL≈ω0

Interaction Hamiltonian:
HI = -μS• E(ξ,t)

= (1/2) μσx E(t)cos(kξ0(a+at)-ωLt)

Lamb-Dicke parameter η= kξ0

Mathematical formulationMathematical formulation



Resonant transitionsResonant transitions
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First blue sideband: ωL=ω0+ωm
|↓,n〉 to |↑,n+1〉

Carrier: ωL=ω0
|↓,n〉 to |↑,n〉

First red sideband: ωL=ω0-ωm
|↓,n〉 to |↑,n-1〉



TrappedTrapped--ion quantum statesion quantum states
Spin ½ system coupled to 
H.O.:
Eigenstates are transitively 
connected by only two 
resonant fields

II.  Truncating transitionsII.  Truncating transitionsTransition couplingsTransition couplings
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LambLamb--DickeDicke limitlimit

Interaction Hamiltonian:
HI = σx Ω(t)cos(η(a+at)-ωLt)

Transition matrix elements:  <A| HI |B>

Lamb-Dicke limit (LDL): (motional cooling)
ξ0 « λ, η « 1, keep terms to ϑ(a+at)

Carrier: 
|↓ n〉 ↔ |↑ n〉 ~ 1

First red sideband:
|↓ n〉 ↔ |↑ n-1〉 ~ √n

HI= Ω(t)[σ++ σ-]                    HI= Ω(t)i[σ+a-σ-a+]

Carrier: 
|↓ n〉 ↔ |↑ n〉 ~ Ln(η2)

First red sideband:
|↓ n〉 ↔ |↑ n-1〉 ~ i L(1)

n(η2)



Stokes
|↑,n〉 ⇒ |↓,n+1〉

Anti-Stokes
|↑,n〉 ⇒ |↓,n-1〉

|↑〉

|↓〉

|↑〉

|↓〉

〈n〉
1+〈n〉

IAS
IS

=

Δxrms = 3 nm
“Lamb-Dicke” regime

Laser-cooling Cd+ to n=0 
(Slide from Chris Monroe)

Thermometry:

L. Deslauriers et al. quant-ph/0404142 
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Raman Cooling
〈n〉 < 0.05

Doppler Cooling
〈n〉 ≈ 6



CiracCirac--ZollerZoller QC schemeQC scheme
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Use motion as a data bus!



Controllability?Controllability?

Harmonic oscillator:Harmonic oscillator:
〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|

Expect: system is uncontrollable

…
〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|

〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|
↓〉|

↑〉|



Challenges in infiniteChallenges in infinite--DD
• How to define controllability?

• Lie algebra might be ∞-dim, but does it 
span the space?  Don’t know.

• Using piecewise-constant controls, global 
controllability cannot be achieved with a 
finite number of operations (Huang, Tarn & Clark, J. 

Math. Phys., 1983)

|n› → |m› ≠
Σ(finite number)cn|n› → Σ(finite number)dm|m› ≠
Σ(infinite number)cn|n› → Σ(infinite number)dm|m› ≠



Methods from Classical ControlMethods from Classical Control

I. Graphical methods (transfer graphs)
Classical: Turinici & Rabitz, Chem. Phys. 2001
Quantum: Rangan & Bloch, J. Math. Phys. 2005

Eigenstates of the field-free Hamiltonian: nodes
Transition matrix elements of interaction 
Hamiltonian: edges



Methods from Classical ControlMethods from Classical Control

If ιΨ=(H0+Hi)Ψ is controllable, the Lie algebra formed by 

H0 , Hi , and all possible linearly independent 

commutators spans U(N).

This is the Gold Standard for This is the Gold Standard for FiniteFinite

II. Lie algebraic methods
Brockett, IEEE Trans. Auto. Control, 1969
Ramakrishna et al., Phys. Rev. A, 1995

For ∞-D systems, these methods have 
restricted use

--D systemsD systems

.



Ex. Driven Harmonic OscillatorEx. Driven Harmonic Oscillator

# of elements in the control algebra = 4 (does not span 
Hilbert space) 

l0›→ lα› :R.J. Glauber, Phys. Rev. (1963)

lα›→ lβ›

〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|



Schemes to control Schemes to control ∞∞--D systemsD systems

a. Truncate infinite-dimensional space (Rangan,
Monroe, Bucksbaum, Bloch, Phys. Rev. Lett., 2004, 
Yuan & Lloyd, Phys. Rev. A, 2007)

b. Coarse-grained controllability (E. Shapiro, 
Ivanov & Billig, J. Chem. Phys., 2004)

c. Analytic domain controllability (Lan, Tarn, Chi 
& Clark, J. Math. Phys., 2005)

d. Finite controllability (Bloch, Brockett, Rangan, 
2009)



Infinite Lie algebraInfinite Lie algebra

…
〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|

〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|
↓〉|

↑〉|

The alternate application 
of control fields removes 
a chirp instability in 
unitary flows. (Brockett, 
Rangan, & Bloch, CDC 2003)

exp(-iHΔt) 
= exp(-i(Hc+Hr)Δt)
= exp(-iHcΔt) . exp(-iHrΔt)

.exp(-1/2[Hc,Hr](Δt)2)                       

.exp(1/12[Hc,[Hc,Hr]](Δt)3)

.exp(1/12[[Hc,Hr],Hr](Δt)3)…

Lie algebra is ∞-D
(Bloch, Brockett, Rangan, 
quant-ph/0608075)



I. Finite controllabilityI. Finite controllability

Definition 
Given 

-a system, and 
-a nested set of finite dimensional subspaces

it will be said to be finitely controllable if 
- it can be transferred from any point in one of 
the subspaces to any other point in that 
subspace 
- with  a trajectory lying entirely within the 
subspace. 



Finite controllability theoremFinite controllability theorem

Consider a complex Hilbert space Χ together
with a nested  set of  finite-dimensional subsets 

Consider 

where the  Bi are Hermitian control operators.
Assume 

- H1 is an invariant subspace for B1
- the system is unit vector controllable on H1 
using only B1

  Η = {Η1 ⊂ Η2 ⊂ Η3L }

i Ý Ψ = uiBi
i=1

m

∑
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Ψ



Finite controllability theorem (contFinite controllability theorem (cont’’d)d)

If 
- for each              there is a Bα that leaves Hα
invariant, and 
-for any unit vector in Hα the orbit generated 
by            contains a point in one of the lower 
dimensional subspaces Hβ

then any unit vector in any of the Hi can be 
steered to any other unit vector in any other Hj 
using a finite number of piecewise constant 
controls.

Hα ;α ≠ 1

expiBα( )



Finite controllabilityFinite controllability

…

H

Ψi Ψf



Explicit schemeExplicit scheme

…

H

Ψi Ψf



TrappedTrapped--ion quantum statesion quantum states
Spin ½ system coupled to H.O.:

Transitively connected by two 
resonant fields

II.  Truncating transitionsII.  Truncating transitionsExample: trappedExample: trapped--ion ion qubitqubit
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↓〉|

↑〉|



〉2| 〉4| 〉6| 〉8| 〉10|

〉1| 〉3| 〉5| 〉7| 〉9|

Finite Controllability ExampleFinite Controllability Example
Kneer-Law-Eberly scheme, PRA 57, 2096 (1998)

Aim: Start from ground state and create a finite 
superposition of trapped-ion energy eigenstates
Method: reverse engineer



Finite controllability of trappedFinite controllability of trapped--ionion

0    A 0    0    0   …
A 0    0    0    0   …
0    0    0   A’ 0   …
0     0    A’ 0    0  …
0     0    0    0    0   …
…Reachable set includes 

superpositions of finite 
numbers of eigenstates.
(BBR, quant-ph/0608075)

〉2| 〉4| 〉6| 〉8| 〉10|

〉1| 〉3| 〉5| 〉7| 〉9|

0    0    0    0    0   …
0    0    B 0    0   …
0    B 0    0    0   …
0    0    0    0    B’ …
0    0    0    B’ 0   …
…



II. II. EigenstateEigenstate controllabilitycontrollability

A system is eigenstate controllable if the 

population can be coherently transferred 

from any eigenstate to any other 

eigenstate. 



Example: trappedExample: trapped--electronelectron
Trapped-electron quantum states:
Spin-1/2 system coupled to two S.H.O.’s
(Pedersen & Rangan, Quant. Inf. Proc., 2008.)

From Marzoli et al., arXiv:0810.4408



EigenstateEigenstate controllabilitycontrollability

v
〉100| 〉101| 〉102|

〉000| 〉001|

〉110| 〉111| 〉112|

〉010| 〉011|

〉020| 〉021|

〉002|

〉012|



BUT BUT -- No finite controllabilityNo finite controllability

v
〉100| 〉101| 〉102|

〉000| 〉001|

〉110| 〉111| 〉112|

〉010| 〉011|

〉020| 〉021|

〉002|

〉012|



EigenstateEigenstate controllabilitycontrollability

Eigenstate controllability does not imply 

finite controllability in an 

infinite-dimensional system.



Control schemes for spinControl schemes for spin--1/2 HO1/2 HO

μs fields:
• Alternating pulse schemes (Cirac-Zoller)
• Off-resonant schemes (Molmer-Sorensen)
• Spin-dependent forces (Milburn-Schneider-James)
• Bichromatic scheme (Rangan, Monroe, Bloch, 

Bucksbaum)
ns fields:
• Fast pulse scheme (Garcia-Ripoll,Cirac, Zoller)
Adiabatic schemes:



TrappedTrapped--ion quantum statesion quantum states
Spin ½ system coupled to H.O.:
Transitively connected by a 
Bichromatic resonant field

II.  Truncating transitionsII.  Truncating transitionsControl by truncating Hilbert spaceControl by truncating Hilbert space
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Transition matrix elementsTransition matrix elements

Carrier: |↓ n〉 ↔ |↑ n〉 ~ Ln(η2) First red sideband:
|↓ n〉 ↔ |↑ n-1〉 ~ i L(1)

n(η2)



Manipulate coupling transitionsManipulate coupling transitions

Carrier: |↓ n〉 ↔ |↑ n〉 ~ Ln(η2) First red sideband:
|↓ n〉 ↔ |↑ n-1〉 ~ i L(1)

n(η2)
Choose η such that a desired transition is turned off.
E.g., at η ~ 0.53, |↓ 7〉 ↔ |↑ 6〉 coupling is turned off

↓〉|

↑〉|

|5〉 |6〉 |7〉|n=0〉 |1〉 |2〉 |3〉 |4〉

Finite sequentially connected system

Rangan, Monroe, Bucksbaum, Bloch, Phys. Rev. Lett., 2004



Lie algebra spans the spaceLie algebra spans the space
Decompose control Hamiltonian into the roots of the algebra 



Lie algebra spans the spaceLie algebra spans the space



Lie algebra spans the spaceLie algebra spans the space

Rangan & Bloch, J. Math. Phys., 2004

Lie algebra of the spin-1/2 coupled to truncated harmonic 
oscillator controlled by the carrier and red sideband fields 
spans the space.



Lie algebra of multiple Lie algebra of multiple TIQCTIQC’’ss
If an n-qubit system has a symmetric 

distribution of field-free eigenenergies, the 
system can be controlled by only 2n(2n+1) 
elements of the sp(2n) algebra.

(Cabrera, Rangan, Baylis, Phys. Rev. A, 2007)



Manipulate coupling transitionsManipulate coupling transitions

Carrier: |↓ n〉 ↔ |↑ n〉 ~ Ln(η2) First red sideband:
|↓ n〉 ↔ |↑ n-1〉 ~ i L(1)

n(η2)
Choose η such that a desired transition is turned off.
E.g., at η ~ 0.53, |↓ 7〉 ↔ |↑ 6〉 coupling is turned off

↓〉|

↑〉|

|5〉 |6〉 |7〉|n=0〉 |1〉 |2〉 |3〉 |4〉

Finite sequentially connected system

Rangan, Monroe, Bucksbaum, Bloch, Phys. Rev. Lett., 2004



Numerical exampleNumerical example

v

↓〉|

↑〉|
|5〉 |6〉|n=0〉 |1〉 |2〉 |3〉 |4〉

|5〉 |6〉|n=0〉 |1〉 |2〉 |3〉 |4〉

|Ψ(t=0)〉 = |↓0 〉

|Ψ(t=0)〉 = (|↓4 〉 +|↑3 〉)/√2

3μs pulse produces 30% transfer

10μs pulse produces 99.4% transfer

Good candidate for optimal control problem



Optimal Control TheoryOptimal Control Theory

| Ψ(t

Shi & Rabitz (1988, 1990), Kosloff et al (1989), …

Find the control field E(t), 0 ≤ t ≤ T

Initial state: 

Target functional:

Cost functional:

Constraint: Schrödinger’s 
equation

Introduce Lagrange multiplier: |λ(t)〉 Maximize unconstrained functional

= 0)〉

dt|)t(E|)t(
T

0

2∫ l

.c.c0)t(|))t(E,t(H)t(| +=〉Ψ+〉Ψ
•

 ι

maximize

minimize
penalty 

parameter

T

  
J = T − l (t) | E(t) |2

0

T

∫ dt − 2Re dt
0

T

∫ (〈λ(t) | Ψ
•

(t)〉 + ι H(t,E(t)) | Ψ(t)〉)

= 〈Ψ(T) | Pk 〉〈Pk | Ψ(T)〉

OCT of Quantum Search Algorithm in Rydberg atoms: 
Rangan & Bucksbaum, Phys. Rev. A, 64, 33417 (2001)



Using shorter pulses?Using shorter pulses?

Faster pulses → larger bandwidth, many colors

v

↓〉|

↑〉|
|5〉

|5〉

|6〉

|6〉

|7〉

|7〉

|n=0〉

|n=0〉

|1〉

|1〉

|2〉

|2〉

|3〉

|3〉

|4〉

|4〉

Uncontrollable!



Need faster pulses (ns)

The fast pulse control 

scheme (Garcia-Ripoll et 

al, 2003) shows that it is 

possible to access a finite 

set of states (2⊗2) by 

leaving the state space 

into the HO states 

(coherent states).



TwoTwo--ion entangled statesion entangled states

v

|5〉 |6〉 |7〉|n=0〉 |1〉 |2〉 |3〉 |4〉

v
|5〉 |6〉 |7〉|n=0〉 |1〉 |2〉 |3〉 |4〉

|↑↑〉

|↑↓〉
|↓↑〉

|↓↓〉

A bichromatic field can be used to produce entangled 
states of two ions. (Rangan, Monroe, Bucksbaum, Bloch, 
Phys. Rev. Lett., 2004)



Recap: Coherent Recap: Coherent control via STIRAPcontrol via STIRAP

|1〉 |3〉

|2〉

P S

Aim: adiabatically transfer populatio
from |1〉 to |3〉

From: Bergmann et al., 
Rev. Mod. Phys., 1998

Also look at David 
Tannor’s book



Adiabatic Hamiltonian for trapped ionAdiabatic Hamiltonian for trapped ion

RWA Hamiltonian in the interaction picture, 
fields on resonance

Dipole matrix elements zij are complex

Only two colors Ec and Er

UNPUBLISHED



TwoTwo--color Ncolor N--level STIRAPlevel STIRAP
Truncated trapped-ion system:
Adiabatically transfer population from |Ð, n=0〉 to |Ð, n=6〉

↓〉|

↑〉|

|5〉 |6〉|n=0〉 |1〉 |2〉 |3〉 |4〉

Similar to multilevel STIRAP in magnetic sublevel 
quantum states: Shore, Bergmann et al., Phys. Rev. A, 
1995.  See also, theory by Vitanov, Phys. Rev. A.

UNPUBLISHED



STIRAP with >1 ions?STIRAP with >1 ions?

v

|5〉|n=0〉 |1〉 |2〉 |3〉 |4〉

v
|5〉|n=0〉 |1〉 |2〉 |3〉 |4〉

|↑↑〉

|↑↓〉
|↓↑〉

|↓↓〉

Adiabatic Hamiltonian couples only         with          ☺|↓↓〉 |↑↑〉

But equations are inconsistent / - WIP

UNPUBLISHED



Transfer graphs and ControlTransfer graphs and Control

• How well do transfer graphs represent 
quantum control processes?

• Classical transfer graphs: Turinici & Rabitz, 
Chem. Phys. 2001
Eigenstates: nodes, transition couplings: edges
Example:

〉n| 〉+ 1n| 〉+ 2n| 〉+ 3n| 〉+ 4n|



The transition couplings can be complex.

In LDL,

Carrier: Δ=0
HI= Ω(t)[σ++ σ-]

First red sideband: Δ=-ωm
HI= Ω(t)i[σ+a-σ-at]

First blue sideband: Δ=ωm
HI= Ω(t)i[σ+at-σ-a]

|↓〉

|↑〉

...
3
2
1
0

...
3
2
1
0

TrappedTrapped--ion transitionsion transitions



In QTGs, eigenstates represented by a doublet of 

nodes. (Rangan & Bloch, J. Math. Phys., 2005)

Real control 
matrix

Imaginary 
control matrix Drift matrix

General 
complex  
control matrix

Quantum Transfer GraphQuantum Transfer Graph



The role of the drift 

Hamiltonian (field-free 

evolution) is crucial for 

controllability of the finite (and 

∞) system.  This feature is 

elucidated by the quantum 

transfer graph. (Rangan & 

Bloch, J. Math. Phys., 2005)

…
|↑,n=0〉

|↑,n=1〉

|↓,n=0〉

|↓,n=1〉

v

Quantum Transfer GraphQuantum Transfer Graph



SummarySummary
Spin-half particle coupled to a quantum harmonic 
oscillator – model of a trapped-ion

Example of infinite-D control:
-Eigenstate controllability ≠
finite controllability ≠ global controllability

Bichromatic control in the truncated system
-Lie algebra, entanglement, optimal control, 
STIRAP

Classical transfer graphs have limitations in 
describing quantum control processes.

http://www.uwindsor.ca/rangan                                  rangan@uwindsor.ca

SummarySummary



SummarySummary

http://www.uwindsor.ca/rangan rangan@uwindsor.ca
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