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Effective time reversal  
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Paradigmatic example: Spin echo
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LV & S. Lloyd, PRA 58, 2733 (1998).
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      P Q $) . @ . �< . 2 *< < ./ $) . - - # ( #M . -! $ * ./ >

      P � $ * " #10 */ ( #2 #/ ( #/ $ &M # ) & = # , & " *- $. / * &/ #R * � $� �! < % $ %'& $

Magnus series

H 0

S

K T Max eig H 0

          

L. / M # ) = #/ $ + . ) KTc 

N  1 U , * = % # )0 . ) ( # ) $# ) " �           Tc = O(KTc )
m,  m 

V

1. 

Cycle time

; . < ! � . / ( # � * =/
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Keyword: Map time-average into group-theoretical average.

 ���� �� � � � �! ! " � � �#  G = {gj },  j = 0,..., G- 1. G $% &'( ) ' & $ &* '+ $% *  HS  

, - $ $   
   . $ - & / . 0 132 0 ) - & $45 2 + 4( 6 * % & - ,* 4 * + 4 * ' * ) & $ & -( ) 2                                          7

g j

8

g j gk

9 :

g j

:

gk

;

g0

< I S .

 = � � � " � > �� � �# ?@* & Tc =G∆t $ ) A $ ' ' -CB ) Uc(t) 

( ,* 4 Tc 

$ '

           

U c l D 1 E

t

F

s G H

gl I 1
0   ∆t      s                                             

 t =(l-1) ∆t + s      l=1, ...,G  

J ) ' & $ ) & $ ) *( 0 ' 15 % / $ ) B * %( ) &4( 1+ 4( + $B $ &( 4

$ & & / * * ) A( . * $% / %( ) &4( 1 ' 0 K - ) &* 4 , $ 13LU c t M
N

g0 t

O P

t1N

g1 t

O P

t2Q QN

g G R 1 t

O P
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U c t

H c t

S
g 0

S

g1
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U

g2

V P 2

U
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P 1 P 2

W *X 0 * ) % * ( .Y Y + 0 1 ' * '
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Z [

gk

[

gk \ 1

] P 3

µ (gj) =            Matd (
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1 1
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H 0

3

g j

1 5

G

6

I E H 0

          ( �  7 �8 # � 9 �'  � # �/  �  7 � ' � - - :  ,/             = {� 8 �# ,  �# � ' � - - :  (/ ;� (  7 , . .     }.

<
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=?> @BA . � � � $ ! �C �  �- � �   (/ ; 0

     

G-symmetrization  

D G '
E

g j

F GHIJ KL MI M NO P NIJ QJ RL H MI GL N M S G NT SU V VJ I KU

W   : X � / ! � �. �'  () � =- ,Y (- , . @# � &� ' : � (/ ; =, Z, 0 [ ,/ / ( 7 ( . ,  ( �/ [ @

      W : \ �. �'  () �# � &� ' : � (/ ;

5

G H 0

1 05

G H 0

] 0

=?^ @B_ 8 �/ ! �C �  �- � �   (/ ; 0 
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a 0

b
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D G ' d D
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e �- ,# Z 0 f &  G , '  � (# # � $ : ' (g .Cih , ) �# , ; (/ ; ( � , .� , C � - ,Y (- , . g C \' 7 :# [ � � �- - ,h                    . 
    

      W : j# # �# �C - - �  # (*k ,  ( � /
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j
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n
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j
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Refocusing Error suppression
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1. � ���� ���� � � �� � �� �� � !� " �  ��#$ ��� � %   

2. � ���� ���� � � �� � �� � # ! � �� !# !& " �' ( � � !� � ' � %  
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      Tc = 2 ∆t             
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      Tc = 4 ∆t            
         

      

O DP QG ISR Q C I D C TU U VXW C D J C CJ G Y ZG YP QG H C Q [\ E J H ]_^

` D J I ZG YP Q C CDP H Z QG F Q a Q C I D C b       Tc = 2 ∆t             
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6
x7

g0

8 I 9
g1

: ;
x

7

g0

8 I
U c T c

c t d U c t e
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Time-symmetrize  

      

U Z a a�D CDG H Y C Qf E E J H ]F W Z D [ IF J g D V f H\
I Z a aD C DG H b H 0

H 1

G = A

2 = { 0 , 1 }, CD E CD F DG H D I�J F    
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3. ��� �� �� ��� � � � �� � ! � � "# � �� �� $� %& "� �� � %� '  
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z
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I E

.

I S

-

H E
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a
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i
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i 2 1n 3

x
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x
c , 6

a
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2 = {(0,1), (1,0)}, �� ;�� �� � �� $ ��    

      Tc = 4 ∆t            
         

4. ��� �� �� ��� � � � �� � ! � � " �� < � �� ��= � >& # � � � & � �� $ ?& � $� % & "� �� � %� @ d=2n '  

A B � $� ;� � $� � � >� % & # #� % � � >� $� % & "� �� � %� ' 3n >� 3� � � & � �� �� � � �& � �   

etc.

C %& # #� % � � >� ; � # �� � D E

      

F � # #= �� �� � � % GH� � I� & !� JA

HS

�� $ ?& � HSE
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z
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z
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z
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a
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b
j
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inefficient...
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BB PDD is very simple and attractive in principle,  unfortunately way too idealized...

 ��� ��� �� � �! " ��# � $&% � $&' '( " � �( � �� %( ! � ' � %*) ) )

                  

 +-, .�/ 0 12 1 0 3 2 14 35 6875 9 : 7 .3 7 ;1 < 687 ;14 3= ; 6 , 7> 3 4 1 4 1 ? , 2 1 < , 7 0A@ ;, ; B 1 C 64 > ; , 4 < 14ED D D

F G G HJIK L M N

O OQP R R ST U V W L M

X�Y Z\[ $] � � $ � � �( % % ] $ �� ' � � � ] ( � $ "# �� ] ^ � % � '( " ]`_ ( � ] � � '( � �� ' � $( "% ) ) )X�a Z\b � % $]! # �� � �( �# �c � $ �! ] � %# ] ] ! c '( d� �� " � � � ( e� � �! � � $ c �� ' � ' �� % ) ) )

 P, , 4 1 C C 6= 6 1 7= @ 9 f2 1 4 35 6875 g 1= , ? 1> h 7i 4 3= ; 6= 3 0 . 6 ; B5 4 , . 6 75 5 4 , hi > 6kj 1  G...

F min T

l 1 m O T 2 n

t2 H error

4

X�Y Z\o " % �# " �# "� ( ! % '( " � �( � c! �% � % $ � c � �! " ^( ! "] � ] '( " ��( � % ��� "p � d % � e� " q( � q $ " $ �� rts) ) )

X�a Z\u ( ^! $ �]_ ! c �( �� �# " ' � v �� ]! ' � ] % � "% $ � $ e $ ��# p# $ "% � '( " � �( � $ � c � � q� ' � $( " %*) ) )X�w Z �% � $ �# �� ] '( " ��( � �# �� % �# � ^� v% � � � c �( d $ ^ $ � $ e� � � d $p d q( � ��# � $ % � $&' ( c � " % � % �� �% ) ) ) )

 x P( ( � % c � ' ��# � % � �� ' � $ e $ �� )xo "# c c �( c � $# �� q( � $ " ' �! ] $ "p ] � $ q � ]! � $ "p c! �% � % )                                           

F y W{z |~} �I� I �

G G NI R W{z�

F �T U� L� I NA� L� � I � z I� � I P � P �K R W R



� � �� �� ��� 	 
 
�� 
 
 ��� �� � � � � � � � � � � � � �� � � � �� � � 	�� � �� �� ��� 	 
 
�� 
 
 ��� �� � � � � � � � � � � � � �� � � � �� � � 	�

                                                                                                                � � ��� �� � ��� �
Keyword: Make explicit reference to multipartite structure of the target system.  

M. Stollsteimer & G. Mahler, PRA 64, 052301 (2001); M. Roetteler & P. Wocjan, quant-ph/0409135. 

 

� � ! "$# %&' # ( ) %+*, & #- %, "' # *' . !& # /0 - & 1 #2 # * , "3 - - , 4 50 3 687 e.g., 
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I X Y Z Y Z I X Z Y X I X I Z Y
I X Y Z Z Y X I X I Z Y Y Z I X

E=F GHI JK L HM N HM O PQ M R SK L R P K T T

<> JM P P LU T G JK L H PM N PI V UM T P

JH GQ L P G TI M RQ GXW
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       time-slots     
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J a b
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a
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b
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e K V L T SM R L K R _ P L Rb  M Q M R SHM T S L V G c P TM S P W  9 : ;
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k N Efficient scaling M  vs k 
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���  "! #$% & '( $ & '( )* *,+ -"./ 0 12 354 . 687 9: : 687 9 6<;= . 1?> ; 1 @ . 1 : . 1 3 ; @ 3/ 2 .A 0 .B / .DCE : F 3HG 35I . 2 J ; 1 F> F 3 G . : . 1 K; 1G 9B / . L 7 . K K./ F 34 . 1.B ; 1G 9 6 35I 9 F 3 ; B ; K

H MN NO N+

Khodjasteh & Lidar, PRL 95 (2005).
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P 1 Q O T 2 H error
eff
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��R  "S T ' U5V & W* *,+ X/ J 3 . 4 . .Y 9/ F/ 9B / . 6 6 9 F 3 ; B ; K

H M N N O N F; @ . 2 3 1. @ ; 1 @ . 1Z

��[  ?\ &$ ) #V U^] ( )* *,+ _ 3/ `/ ; B F 1; 6 ; : . 1 9 F 3 ; B 2 9B @ a; 1 : 9 F J 9 F 1 9B @ ; G CE : F 3HG 35I . 6<; B b > F 3HG . : . 1 K; 1G 9B / . L 7 .B K; 1/ 3B b : 1; L 9 L 3 6 3 2 F 3/ / 9B / . 6 6 9 F 3 ; B ; K

H M N NO N Z

F T

c 1 d O T

e

t5 H error

6

f g 0 G L . 1 ; K 1. A 0 3 1. @ : 0 6 2 . 2 b 1;= 2 .Y : ; B .B F 3 9 6 67 = 3 F J/ ; B / 9 F.B 9 F 3 ; B 6 . 4 . 6C C Cf h. 17 2 0/ / . 2 2 K 0 6 3B 2 3B b 6. >A 0 L 3 F @ ./ ; J . 1.B / . 2 . F F 3B b 2C C C

f i 3B . 9 1/ ; G : 6.Y 3 F7kj J ;= . 4 . 1 ; B 67 K; 1 : 0 1. 67 @ . : J 9 2 3B b 3B F. 1 9/ F 3 ; B 2C C C

l

tk

m T sin 2 k n

2 N

o 1 , k m 1,2, p , N

f -; L 0 2 F 9 b 9 3B 2 F G ; @ . 6 0B / . 1 F 9 3B F7 j J ;= . 4 . 1 1. A 0 3 1. 2 F 1 9/ ` 3B b ; K/ ; B F 1; 6 F 1 9 q ./ F; 17C C C

Uhrig, PRL 98 (2007).
 

LV & E. Knill, PRL 94 (2005);
Santos & LV, PRL 97 (2006).

 

Design of high-level DD protocols in the BB limit has explored different venues... 

Zhang et al, PRB 75 (2007); 77 (2008).
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Keyword: Eulerian cycles on Cayley graphs.  

 

 

� ��� ��  G � �  "! !# �$ # � % ! &(' �� �) $ %! )# � Γ= { γλ },  λ =1,..., |Γ  |.  
 *,+ - �# &! ) �! �# %) + � % � � ' %  � .$ / - � / ' ) $ 0  

 G(G, Γ) :

1 243 3 5768 9: ;< = ;> =? ; 9@ A 6 < ?B C ; D ;E ;8 =GF                                                           

1 243 3 5768 9 @ ? D ? < =? ; 9@ A 6 ;8 ;< 9 =? < F                                                            

1 H ? 58 : ;< = ;>  gl-1  

=?  gl  

I"J 98 ; KL6 ; ? M @ ? D ? <  λ 

5 M M

  gl  = γλ gl-1.                                      
G  = N

3 = { P0 , P12 , P23 , P13 , P123,  P132 }
Γ  = { γ1, γ2  } ={ P12 ,  P12 3 }      γ2 γ1 = γ1 γ22

                         L = |G | |Γ |  

. .
. .

.  γ2

 γ2

 γ2

 γ1

P0 P123

P132

P12
P23

P13

G (

N

3, Γ)
.

PE (G (
N

3 , Γ))  = ( γ2, γ2 , γ2, γ1,  γ2, γ1, γ1, γ2 , γ1, γ1, γ2, γ1 )   
                

 

O ; MP 28 QB D ;< 5 98 @ J @ D ; ?8  G 5 3 9 @ J @ D ; = A 9 =

B 3 ; 3 ; 9 @ A ; KL6 ; ;> 9@ = DJ ?8 @ ; F R QB D ;<TS UV W WX Y

 

2 Z 9J D ; J 6 < 9 C A 3B C C ? < = 3 QB D ;< 5 98 @ J @ D ; 3 ? M D ;8 6 = A



��� ��� � �	� 
 � � � � � � 
��� ��� � �	� 
 � � � � � � 


                                                                                                                 � ��� �� � � �

 

Keyword: Design continuous Uc (t) according to Eulerian cycle. 

U c tl � 1

�

s � ul s U c tl � 1
0   ∆ t                                        Tc  
�����

l

���

l

U c t �

u1 s t � s
u2 s

�	��

1
t �  

t

!

s

u3 s

�� �

2

���

1
t � 2  

t

!

s

" "

uL s

�� �

L # 1 t � L $ 1  
t

!
s

tl-1  =  (l-1)∆t            l=1,...,L  

s   

LV & E. Knill, PRL 90, 037901 (2003).
 

 %'&( )* & + *, -&. */ , -0 1 - -. 2, 3 4 5 + 5 )6 )& 5 27 +, 2, ( )8 * &. 7 8 , ( , * 3 )& * -:9       

;	<>= ? Texp @ i

A

0

B

t
ds h= s C u= D

t ,

E ? 1, F , G .

 H. +, * 5 3( 7 * & )& / & +0 % I & & -, H. +, * 5 3( / 6 / +,  PE  = ( JLK

1, 

JLK

2, ..., 

JLK

L) & (  G (G, M).     N, )

Tc = L 

O

t  3( P 3 - - 58 (  Uc (t) 

&Q , *  Tc 

3 -          

RTS U VLWX Y Z\[  l ] Y Z VLW Y[ U^ _ `ba S c[

_ c _d eW Y U e `f _g V ` Y eW V _W

Y Z [ eW [ Y Z _ Y V g h `[ g [ W Y c Y Z [

X [ W [ U _ Y e U a i V Y Z

d e ` eS U VW X Y Z [  l- Y Z [ jX [ VW  PE.
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 ���� ��  "! �# $ �# %'& ( �# )+*, � - - �.  )0/ � 1 *2 ) (  � , ) *,3

H 0

4 Q G H 0
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G F 6 H 0 , F 6 X 4 17
8

9;: 1

6 1<
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=

0

>

t
ds u9

?

s X u9 s .

@  ) ( ( G ! ), / *# ) *,  BA C&  * / �# *D � ) � � / �# C �  E  E �D # � & FD �, �# *  �# � *, $  E � . � ,  # � ( ),  �# / * (HG

 

 I# � / ) $ � $  E *   E � �# # �# � D �, �# *  � $ $ &# ), D �* . E ),  �# / * ( *# � . �# # � .  * C ( � CKJ  E � L LD # � & F A% L L * . E ) �/ ��  E � � *2 � G-� J2 2 �  # )0M *  ) � , � -  E � N N ( )2 )  � )  E - ), )  � . � ,  # � ( �  # �, D  E �3
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O 1
G
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g j
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H 0
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g j
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