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Interacting fermions in 3D

Excitations: quasiparticles

e weakly interacting

e obey Fermi statistics

phase space restrictions U
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Fermi liquid theory  Landau (1956)



Interacting bosons in 3D

e BEC transition at a finite temperature

e Excitations: Bogolubov quasiparticles (bosons!)
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Beliaev (1958)



One-dimensional systems
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regardless the statistics of constituent particles,
excitations are bosons, the waves of density
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Haldane (1980, 1981)



Luttinger liquid: failure of perturbation theory
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Back to fermions: dynamic structure factor

Luttinger model
density waves = exact eigenstates
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Back to fermions: dynamic structure factor

free fermions

S(q,w)
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from now on, ¢ is dimensionless, in units of density p



Back to fermions: dynamic structure factor

interacting fermions, small g

power-law divergence with exponent p, o< g

effective mass

vq W

parametrically weak “leakage”



Back to fermions: dynamic structure factor

interacting fermions, small g

S(q,w)
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Back to fermions: dynamic structure factor

interacting fermions, small g
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Uncertainty in the energy of the Luttinger liquid’s boson
(dephasing rate rather than decay rate)



Failure of perturbation theory
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> The culprit: linear spectrum
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—> finite decay rate

we need at least one more boson



Does nonlinear boson spectrum make sense?

A

v w, = v|q (1 — §q2)

0 q

e v£q° > dw, (nonlinearity must exceed the uncertainty)

e k1 (we wish the spectrum to be almost linear)

= K =g / v < 1 (strong repulsion)

VEK < £g < /€ (€~ 1)



What happens with the “box” at a finite q?
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but
e~ 1—K at £ > VK

i.e., S(q,w) resembles a d—function:

the spectral weight shifts towards w = wy



One-dimensional Wigner crystal
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strong long-range repulsion
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spectrum in the harmonic approximation:

W, = % Z V"(1/p)|1 — cos(ql)]



Anharmonisms: interaction between the bosons

Expansion in displacements u; = x; — [/p
Scattering amplitude:
e cach boson brings a factor (h/w,)Y?|q| oc (h|q|)'/?

e the leading process has fewer h'’s
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Anharmonisms: interaction between the bosons

Expansion in displacements u; = x; — [/p
Scattering amplitude:
e cach boson brings a factor (h/w,)Y?|q| oc (h|q|)'/?

e the leading process has fewer h'’s

Wq
A B2 p? 1/2 ,
g ayididy, = N m ‘qlng QQ‘ ,

q2

generic interaction: A ~ 1

integrable models: A = 0
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Momentum and energy conservation

Q1+ G2 = ¢ + ¢

/
Q1 War T Wqy = wal + wCIé

e {¢1,2} — unique set {q}, ¢}

e if ¢1,q0, q; are positive then g =~ —(3£/2)q1924]

(parametrically small)



Linearized spectrum

E(T/mw)? < q < (T/mé)?

AN

ensures that |p| ~ £¢° < T'/hv

exponentially small
contribution



Linearized spectrum

E(T/w)? < q < (T/hwg)'?

i
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for ”thermal” bosons (¢ ~ T'/hv) nonlinearity is negligible
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Any observable:
p enters as [p||[n,(+1)] T/h?] q
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Linear spectrum vs. linearized spectrum

(6 — function)® = divergent rate

0— function spent on left-movers, left T'/hv behind

in both cases, left- and right- movers are decoupled



Kinetic equation

derive kinetic equation

substitute N, = n, + v/ng(n, + 1) f,
neglect all but linear in f, terms

linearize the spectrum
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Thermalization of co-moving bosons
7o ' =2t N K0 (T /hw)?

t < 19: only states with ¢ > T'/hv are affected
N, oce 1 /1, ~ NK*(T/hv)g*

t > 75: thermal bosons equilibrated among themselves,

but 7" has not yet the equilibrium value
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Summary

e boson spectrum at v K < g < 1 is not linear

@ order of limits matters:

¢ — 0 first, g > 0second = 1/7 =00

(strictly linear boson spectrum)

g — 0 first, £ = 0 second = 1/7x T

(linearized boson spectrum)

e thermalization of co-moving acoustic bosons
is only the fastest equilibration process



