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but all known  examples asymptote  a CFT

conceivable RG flows

How do we understand that?
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Two approaches 

• Local RG: Wess-Zumino consistency  conditions

   for Weyl anomaly off-criticality

• Dispersion relations for
  Optical theorem for scattering 

  amplitudes of background dilaton

�T . . . T �

Komargodski and Schwimmer 2011

Jack, Osborn 1990        Osborn 1991
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Goal: study RG flow in a domain  around a fixed point

CFT, not necessarily free

L = LCFT +
�

I

λI
OI λ

β-function and 
anomalous  dimensions 

are ‘small’
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RG flow T ≡ Tµ
µ

�T (x1) . . . T (xn)�Goal: systematically study including contact terms

Ex.:

T (x1)T (xn) = βI
OI(x1)β

J
OJ(x2) + δ(x1 − x2)X (x1)?

Effective action for the sources of composite operators
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etc ...

OI ↔ λI(x)

Tµν ↔ gµν(x)

JA
µ ↔ AA

µ (x)

Oa ↔ ma(x)

W ≡ W [gµν ,λ
I , AA

µ ,ma, . . . ]

OI(x) =
1
√
g

δ

δλI(x)
W

⎨
⎧

⎧≡ J

Tµν =
2
√
g

δ

δgµν
W
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Ward identity for Weyl symmetry:  local RG equation
      Osborn 1991

2m̃a = 2mb(δab + γa
b ) +

1

3
ηaR+ daI�λI +

1

2
�aIJ∇µλ

I∇µλJ

+∇µσ(x)

�
θaI∇µλI δ

δma(x)
− SA δ

δAA
µ (x)

�
−�σ(x)ta

δ

δma(x)

�

�
d4x

�
σ(x)

�
2gµν

δ

δgµν(x)
− βI δ

δλI(x)
− ρAI ∇µλ

I δ

δAA
µ (x)

+ m̃a δ

δma(x)

�
+

W =

all possible dim 4 covariant terms

∆σ W ≡

=

�
d4x Aσ(x)

Aσ(x) =
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Redundancies and scheme choices

✦ source reparametrization

✦ combine global symmetry

✦ add finite local functional

J → f(J ) ma → ma + fa
I �λIEx.:

∆σ → ∆σ +∆Flavor

W [J ] → W [J ] + Floc[J ]

OI → OI − fa
I �Oa
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✦ combine global symmetry
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J → f(J ) ma → ma + fa
I �λIEx.:

∆σ → ∆σ +∆Flavor

W [J ] → W [J ] + Floc[J ]

OI → OI − fa
I �Oa

∆σ ≡

+∇µσ(x)

�
θaI∇µλI δ

δma(x)
− SA δ

δAA
µ (x)

�
−�σ(x)ta

δ

δma(x)

σ(x)

�
2gµν

δ

δgµν(x)
−BI δ

δλI(x)
− PA

I ∇µλ
I δ

δAA
µ (x)

+ M̃a δ

δma(x)

�
+
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Consistency conditions

[∆σ1 ,∆σ2 ] = 0
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I. On coefficients in             

 similar story

BIPA
I = 0

T (x)T (y) = · · ·+ δ4(x− y)BIPA
I ∂µJAµ

δ

δAA
µ

δ

δma

∆σ

∆σ = σ(x)

�
2gµν

δ

δgµν(x)
−BI δ

δλI(x)
− PA

I ∇µλ
I δ

δAA
µ (x)

+ M̃a δ

δma(x)

�
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II.  genuine WZ condition:  ∆σ2

�
Aσ1 − ∆σ1

�
Aσ2 = 0
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II.  genuine WZ condition:  

10 differential constraints involving 25 tensorial coefficients

∆σ2

�
Aσ1 − ∆σ1

�
Aσ2 = 0
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 all but a few constraints can be “solved” 

A = AR2 + AW 2 + AE4 + AF 2 + δWeylFlocal

⎨ ⎧⎧manifestly consistent trivial
(scheme dep)
⎨ ⎧⎧

⎨ ⎧⎧non-trivial
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ΛJ ∝
�
�λJ +

1

6
BJR(g)

�ΠIJ = ∇µλ
I∇µλJ −B(IΛJ)

Πa = ma − 1

6
taR(g)− θaIΛ

I

1
√
g
σAR2 = σ

�
1

2
babΠ

aΠb +
1

2
baIJΠ

aΠIJ +
1

4
bIJKLΠ

IJΠKL

�

δσΠ
IJ = σ ( . . . ) +∇µσ ( . . . ) +∇2σ ( . . . )

absence of derivative terms: consistency is  manifest 
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σAR2 = σ
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aΠb +
1

2
baIJΠ

aΠIJ +
1

4
bIJKLΠ

IJΠKL

�

absence of derivative terms: consistency is  manifest 

∆σΠ
IJ = σ

�
2ΠIJ − γI

KΠKJ − γJ
KΠIK + γIJ

KLΠ
KL

�

∆σΠ
a = σ

�
2Πa − γa

bΠ
b + γa

IJΠ
IJ
�
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1
√
g
AE4 = σ aE4 + σ

1

2
χIJGµν∇µλI∇νλJ + ∇µσwIGµν∇νλI + . . .

1
√
g
AF 2 = σ

1

4
κABF

A
µνF

Bµν +σ
1

2
ζAIJF

A
µν∇µλI∇νλJ +∇µσ ηAIF

A
µν∇νλI +

. . .

Non-trivial anomalies

L[wI ] = −8∂Ia+ χIJB
J

L[ηAI ] = κABP
B
I + ζAIJB

J − χIJ(TAλ)
J

0 = ηAIB
I + wI(TAλ)

I
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Gradient flow equation

ã ≡ a+
1

8
wIB

I

8∂I ã =
�
χIJ + ∂IwJ − ∂JwI + PA

I ηAJ

�
BJ

• non-trivial constraint on perturbative expansion of

• at fixed points            is stationary

• along line of fixed points

BI

ã(λ)

ã = a = const

8µ
dã

dµ
≡ 8BI∂I ã = χIJB

IBJ

Jack,Osborn 2013
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�OI(x)OJ(0)� =
χIJ

x8
+O(∂B,B) by unitarity χIJ > 0

8µ
dã

dµ
= χIJB

IBJ ≥ 0

ã(λ(µ1))− ã(λ(µ2)) =
1

8

� µ2

µ1

χIJB
IBJ d lnµ

since        is finite the only possible asymptotics must satisfy ã BI = 0

CFT, free or interacting, is the only possible asymptotics 
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W → W +
cIJ
2

√
gGµν∇µλ

I∇νλ
J

ã → ã+BIBJcIJ χg
IJ → χg

IJ + L(cIJ)

scheme dependence

It would be desirable to have a statement based on physical quantities
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The other perspective:

the dilaton effective action

W [Ω]
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• dilaton background gµν = Ω2(x)ηµν

Ex.: R(g)2 R(g)φ2

µ
d

dµ
W [Ω] �= 0

• ‘on-shell’ dilaton : R(Ω2ηµν) = 0 �Ω = 0

• extra UV divergences on curved background :

µ
d

dµ
W [Ω]

�����
�Ω=0

= 0 ‘on-shell’ amplitudes
are finite !

∇µλ
I = ma = AA

ν = 0
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forward amplitude

s2

s1ᾱ(s) ≡ 1

π

� π

0
dθ α(seiθ)

finite lim
s→±∞

Imα(s) = 0ᾱ(s)

M(s) =
δ

δΩ(p1)

δ

δΩ(p2)

δ

δΩ(−p1)

δ

δΩ(−p2)
W

���
Ω=1

= −8α(λ(
√
s)) s2

p1 −p1

−p2p2

s
dᾱ

ds
= − 2

π
Imα(s) ≥ 0
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⎨⎧⎧ gµν = Ω2(x)ηµν , λI = λI(µ)

AA
ν = ma = 0

J0(Ω) ≡

λI = λI(Ωµ)gµν = ηµν

AA
µ = 0 ma = ma[Ω]

J1(Ω) ≡ e−∆lnΩJ0(Ω) =
⎨⎧⎧

Leff = λI(Ωµ)OI + ma[Ω]Oa

effectively generated by

⎨ ⎧⎧
W [Ω] = W [J0]−W [J1] + W [J1]

local
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W [Ω]
���
on−shell

= Wloc + Wnon−loc
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=
�
ã(λ(Ωµ)) +O(B2)

�
(∂ lnΩ)4

W [Ω]
���
on−shell

= Wloc + Wnon−loc
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=
�
ã(λ(Ωµ)) +O(B2)

�
(∂ lnΩ)4

W [Ω]
���
on−shell

= Wloc + Wnon−loc

Leff = λI(Ωµ)OI +
1

2
BI(Ωµ)θaI (Ωµ)(� lnΩ)Oa
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 scheme choice θaI = 0

=
�
ã(λ(Ωµ)) +O(B2)

�
(∂ lnΩ)4

W [Ω]
���
on−shell

= Wloc + Wnon−loc

Leff = λI(Ωµ)OI +
1

2
BI(Ωµ)θaI (Ωµ)(� lnΩ)Oa
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 scheme choice θaI = 0

=
�
ã(λ(Ωµ)) +O(B2)

�
(∂ lnΩ)4

W [Ω]
���
on−shell

= Wloc + Wnon−loc

Leff = λI(Ωµ)OI +
1

2
BI(Ωµ)θaI (Ωµ)(� lnΩ)Oa

( Jujitsu )
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ensures a scheme choice exists where 

= BIBJ GIJ

GIJ =
1

s2

�

Ψ

�0|OI + ∂IB
L
OL +BL

OIOL|Ψ��Ψ|OJ + ∂JB
K
OK +BK

OJOK |0� ≥ 0

s
dᾱ(s)

ds
=

2

π
GIJB

IBJ

ᾱ(s) = ã(s) + O(B2)

ᾱ(s) = ã(s)

B, ∂B � 1

strictly   > 0

at

−Imα(s) =
1

s2

�

Ψ

���Ψ|BI(δJI + ∂IB
J)OJ(p1 + p2) +BIBJ

OI(p1)OJ(p2)|0�
��2
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is the 4D analogue of Zamolodchikov metric in 2D

GIJ =
1

p2

�

Ψ

�0|OI(p)|Ψ��Ψ|OJ(p)|0�but 2D case simpler 
(just  2-point funtions)

without dilaton as guideline harder to figure things out in 4D

GIJ
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Summary

Weyl anomaly off-criticality

A = AR2 + AW 2 + AE4 + AF 2 + δWeylFlocal⎨ ⎧⎧manifestly 
consistent

trivial⎨ ⎧⎧

⎨ ⎧⎧non-trivial

4D analogue of Zamolodchikov c-theorem

s
dᾱ(s)

ds
=

2

π
GIJB

IBJ

GIJ =
1

s2

�

Ψ

�0|OI + ∂IB
L
OL +BL

OIOL|Ψ��Ψ|OJ + ∂JB
K
OK +BK

OJOK |0� ≥ 0
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CFTUV

CFTIR

Only option
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• Any lessons hidden in the remaining consistency condition?

• What about the special case of supersymmetry?

• What about flows around CFT that break parity? 

More on the local RG equation:
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