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conceivable RG flows

Uv UV UV

IR

(a) (b) (c)

but all known examples asymptote a CFT

How do we understand that?
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‘Two approaches

* Local RG: Wess-Zumino consistency conditions

for Weyl anomaly off-criticality

Jack, Osborn 1990 Osborn 1991

e Dispersion relations for (I'...T)
Optical theorem for scattering

amplitudes of background dilaton

Komargodski and Schwimmer 2011
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Goal: study RG flow in a domain around a fixed point

o L = £CFT+Z)\IO[
I

® CFT, not necessarily free
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B -function and
anomalous dimensions
are ‘small’



RG flow € T =T/

Goal: systematically study (T'(z1)...7T(x,)) including contact terms

Ex.:
T(21)T(z,) = B'O1(21)8” Oy (x2) + S(w1 — 72) P

Effective action for the sources of composite operators
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T,uv — W OI(QU) — W etcC ...
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Ward identity for Weyl symmetry: local RG equation

Osborn 1991
A, W =
y_ 0 0 Ao IO a0
/ d%{"(w) 2 St~ o A s |
a 5 5 a 5 —_
Vo) IHIVM)\I oma(z) 5 5142?(37)] ~ Hol)t (5m“(513)} W B

— / d*z Ay (x)

1 1
® 2m°% = 2mP(68 +7) + SR+ d A+ §E?JVMAIV“>\J

 A,(x) = allpossible dim 4 covariant terms
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Redundancies and scheme choices

4 source reparametrization J — f(J) Ex.: m® — m" + f7
Or = Or—ff

4 combine global symmetry A_ — A_ + A Flavor

4 add finite local functional W |J| — W|J| + Fioc|J]
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Redundancies and scheme choices

4 source reparametrization J — f(J) Ex.: m® — m" + f7
Or = Or—ff

4 combine global symmetry A_ — A_ + A Flavor

4 add finite local functional W |J| — W|J| + Fioc|J]

5 5 0 qa_ 0
p— i _ B! — pA ! ¢
As = ol [29 Sghv (x) o O () R O A (x) i 5ma(5’7)] "
5 0 0
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Vo) [Nl - 8 e |~ Dot s
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Consistency conditions

[A0'17A0'2] = 0
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I. On coefhcients in A o

A, = o) {29“”

5
. _—
5 AA
5
®

oma
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0 0

_pi _ pA I a
dgH () b SN () PV 0 A () M dma(x)
B'P# =0
T@)T() = -+ 6 — y) B PAD" I,

similar story
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I1. genuine WZ condition: A / Ao, — Ag, / Ao, =0
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I1. genuine WZ condition: A / Ao, — Agy / Ao, =0

1 _ 2 1 2\ 2. (1
—,__gaA = o (ﬂaW + GvE4 + gﬁcR ) Vo (BdR)

1 1 1
+a(§x‘}V“/\I VAR + 2x] VN VAN R+ x4 GV, X0, 0
1 1 1

+ Xt VN VEX 4+ Oxh i VN VEXTVEXE + 2 e, VX VEX VL A V2 AT
1 1
+Vio (Guwr VN + ZRYIV, M + SV VAN 4 ST VA VATV K )

2
—V320 (UIVZA’ + %Vuv,,,\’ \v. S\ )

3 2
+V 0 (M%ar VFAT) — V2o (ke

| 1 1
+0'(-2-pab7ha'ﬁ’bb -+ m? (—qaR -+ raIVQ)\I -+ —SaIJV#)\IV#/\J) )

1 1
+o (ZnABF;},FBW + €A F VEX VX ) + VHo (narF5, VY AT (2.49)

10 differential constraints involving 25 tensorial coefhicients
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all but a few constraints can be “solved”

non-trivial

*
A = .ARZ + AWQ + AE4 - AFQ T 5WeylFlacal
W W
manifestly consistent trivial

(scheme dep)
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1 1 1 1
—0Ap2 = 0 —babHaHb -+ —ba]JHaHIJ —+ —b[JKLHIJHKL
NG 2 2 1

' = v, VAT — BUAT) |
| > A (DAJ + 6BJR(g)>

1
I = m" — <t"R(g) — A’

b1 =0 (...)+V,uo(...)+Va(...)

absence of derivative terms: consistency is manifest
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1 1 1 1
—0Ap2 = 0 —babHa’Hb -+ —ba]JHaHIJ —+ —b[JKLHIJHKL
NG 2 ) 4

= V A VEN — BUAT |
| > A (DAJ + 6BJR(g)>

1
Ha — ma’ — EtaR(g) — H?AI

|
q

AO-HIJ QHIJ o ,VKHKJ o /YKHIK 4+ ,y HKL}
A = o [2I1* — A1 + A7, 1]

absence of derivative terms: consistency is manifest

Friday, January 31, 2014 13



Non-trivial anomalies

1
VY

1 1 1
—=Ap = 0 kA F PP 40 S Cars Fi, VN VYN 4+ Vo na F, VI +

NG 4

—89ra + x17B’

5
S
=
||

£[77A1] — %ABPIB +CAIJBJ _XIJ(TA)‘)J

0 = narB' +wr(TaN)!
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Gradient flow equation

. 1
a

3

a —+ —w[BI

0ra = (XIJ + Jrwy — dywr + P[AUAJ) B’

Jack,Osborn 2013

* non-trivial constraint on perturbative expansion of B g

e at fixed points a(\) is stationary

* along line of fixed points a = a
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o

1

const

xrsB' B’
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(O1(z)0;(0)) = - - O(0B, B) by unitarity  x;; > 0
e
Su— = x1sB'B’ >0
ap
- - I e I J
a(\(u)) ~ 3\(u2)) = 5 [ i B'BY dlnp
M1

~

since @ is finite the only possible asymptotics must satisfy B! = ()

CFT, free or interacting, is the only possible asymptotics
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scheme dependence

W — W - C;‘]\@GWVM)JV,,)\J

ad— a+ B'Blc;y X717 = X7;+ L(cry)

It would be desirable to have a statement based on physical quantities
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The other perspective:

the dilaton effective action

WS
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e dilaton background g, = Q*(x)1n,, VA =m® = A} =0

d

* extra UV divergences on curved background : po WiQ] # 0
Ex: R(g)" R(g)¢" 8
* ‘on-shell’ dilaton : R(anﬂy) =0 > 0 =0

‘on-shell’ amplitudes

are finite !
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forward amplitude

lim

S—>

— OO

Ima(s) = 0
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effectively generated by
Log = N (Qu)Or + m°[Q)O,
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W[Q] — Wloc = Wnon—loc

on—shell
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WO

on—shell

Friday, January 31, 2014

= [a(A\(©Qu) + 0(B%)] (9’

Wloc + Wnon—loc
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= [a(\(Qp) + O(B)] (9 Q)*

W[Q] — WIOC = Wnon—loc

on—shell

1
Legs = M(OQu)Or + SBH Q)i ()0l 0) O,
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WO

on—shell

Leff =
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»

a(\(Qu) + O(B2)] (91nQ)’

— Wloc + Wnon—loc

1

AN (Qu)Or + 5B (Qu)0(@)(0n Q) O,

2

scheme choice 07 = 0
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WO

on—shell

Leff =

Friday, January 31, 2014

»

a(\(Qu) + O(B2)] (91nQ)’

— Wloc + Wnon—loc

1

AN (Qu)Or + 5B (Qu)0(@)(0n Q) O,

2

scheme choice 07 = 0

22



/\ a(s) = a(s) + O(B?)

ensures a scheme choice exists where a(s) = a(s)

2

A —Ima(s) = - Z [(¥|B* (67 + 0rB”)O(p1 + p2) + B' B?O1(p1)0.1(p2)|0)]

S2
\
— B'B' Gy,

1
GIJ:S_2

Z<O|O[ -+ @[BLOL + BLO]OL|\I/><\IJ|OJ -+ &]BKOK + BKOJOK|O> >0
v

strictly > 0

at

B, 0B <« 1
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(Gry is the 4D analogue of Zamolodchikov metric in 2D

but 2 case Sump ler Gry = ig > (0|01 (p)[ W) (¥]|O(p)|0)
(just 2-point funtions) 2l

without dilaton as guideline harder to figure things out in 4D
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Summary

A\ Weyl anomaly off-criticality

non-trivial

“
A = ARQ + AW2 =+ AE4 + AFQ + 5W6ylFl()cal
—— — “
manifestly trivial

consistent

A\ 4D analogue of Zamolodchikov c-theorem

doa 2
S OK(S) _ = G[JBIBJ
ds T

1
Grj = 8—22«)’0[‘|‘8[BLOL‘|‘BLOIOL|\P><\IJ|OJ‘|‘(9JBKOK‘|‘BKOJOK‘O> >0
)\
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Only option

Friday, January 31, 2014

CFTir

CFTuv
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More on the local RG equation:

* Any lessons hidden in the remaining consistency condition?
* What about the special case of supersymmetry?

® What about flows around CFT that break parity?
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