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EFT = QFT � CFT

Theory Space of Canonical EFTs
unknown UV completion

Usually trivial fixed point !
(QCD, QED)

(GR)

PGB (pions)

Euler Heisenberg
(I will be concentrating on theories which are 

realized in nature)

To get something interesting we must 
consider non-trivial backgrounds

Standard Model



Non-trivial fixed points 

• Non-Fermi Liquids
• Fermions at Unitarity• Heavy Quark EFT

• NRQCD
• Soft Collinear EFT (SCET)

• Hydrodynamics

• NRGR (Non-Relativistic GR)
• Large Scale Structure (see Senatore)

Non-traditional RG flow: e.g. velocity RG, rapidity RG

NRQCD SCET

Theory of sources (e.g. heavy quarks, or 
eikonal sources, vortices, Black Holes)



Crucial distinction between EFT with/out 
non-trivial backgrounds is that the explicit 
symmetry breaking can lead to hierarchies 

of scales which would otherwise not be 
present. These scales can be explicit (e), 

dynamically generated (dg), or induced by 
the measurement process (m).

HQET: mQ (e),⇤QCD(dg)

NRQCD: mQ (e),mv (dg), mv2 (dg),⇤QCD (dg)

SCET: Q (e), (Q(1� x), pT , Q⌧, Qe) (m),⇤QCD(dg)



These scales can in general introduce two novel 
effects:

• Modal Field Decompositions

• Non-Wilsonian Renormalization group.

Fields are split into modes which have!
differing momentum scalings. The necessary modes are determined 
by matching cut structure of the full theory. This must be done in a 

way which is consistent with gauge invariance and!
care must be taken not to double count.

Large Logs arise as a consequence of ratios which are unrelated to 
invariant masses.



Any well defined EFT must have an action 
in which each term scales homogeneously 

in the relevant expansion parameter in 
order to preserve the systematics

Moreover, it often the case that such actions  
lead to mode factorization, which is crucial 

in the case of QCD for predictive power.



Modes needed to reproduce non-analyticities  
fixedby Landau conditions,or more physically  

Colemen-Norton Theorem

SCET: Effective theory of highly energy particles 
(Bauer,Luke,Fleming, Pirjol,Stewart)

pµn̄ ⇠ (�2, 1,�)

pµn̄ ⇠ (1,�2, 1)
Collinear 
modes

Reproduce NA structure of Jets

(� = pIR

Q )

In addition we have SOFT modes which could 
in principle talk between jets

(pµ/Q ⌧ 1)

 (x) =
P

p

+ e

ip+x�
⇠

p+(x) Remove large momentum from the field 
(reminiscent of EFT of Fermi surface)



n

n̄

n̄

n
⇠̄nW †

nWn̄⇠n̄

Manifest SU(3)n ⌦ SU(3)n̄
Gauge 

Symmetry

Naively modes these mode do not decouple as 
their interactions are LO in power counting

Tµ⌫ = Tn
µ⌫ + T n̄

µ⌫ +O(1/Q)

How do soft modes affect this picture?

L = Ln + Ln̄



Nature of the Soft Mode depends upon the 
choice of observable

SCETI SCETII
pµ ⇠ (�,�,�)pµ ⇠ (�2,�2,�2)

Observable insensitive to 
soft recoil

Observable sensitive to 
soft recoil

Sudakov Form Factor

Transverse Momentum Distributions

Jet Broadening

DIS x->1

Drell-Yan at Threshold

Jet Thrust

How does factorization Persist?



SCETI SCETII

US interactions allowed at 
 level of action

off shell state

Soft interactions only allowed at 
level of operators

S =
P

n

R
d

4
x ⇠̄n(in ·D +D

?
c/

1
n̄·Dc

Dc/
?) n̄/2 ⇠n

US gauge field acts as background field, 
factorization is made manifest by BPS field 

redefinition

Integrating out off shell modes 
generates soft Wilson lines
OSFF = ⇠̄nWnS

†
n�

?
µ Sn̄W

†
n̄⇠n̄

hpn | OSFF | pn̄i = JnJn̄S

S = h0 | S†
nSn̄ | 0i Jn = hpn | ⇠̄nW †

n | 0i

⇠ ! Y ⇠

In both cases factorization is manifest at level 
of the action and symmetry group is SU(3)n ⌦ SU(3)n̄ ⌦ SU(3)S(US)

Wilson lines appear in operators

factorization

Matrix Factorizes to all orders

L = Ln + Ln̄ + LS,US

hpnpn̄ | OnOn̄OS,US | pnpn̄i = hpn | On | pni ⌦ hpn̄ | On̄ | pn̄i ⌦ h0 | OS,US | 0i

Y = Pei
R 1
0 n·A(n�+x)d�



Crucial Distinction Between SCETI and 
SCETII

k+

k�

Q

�Q

�2Q

�2Q �Q Q

n-coll.

n̄-coll.

soft

SCETII involves modes that sit on 
same rapidity hyperbola. This leads to 

the need for a factorization scale, 
which arises in the form of a new set 

of divergences which are not 
regulated by dim. reg.

Manifest itself in the form of 
rapidity divergences which do 

not cancel sector by sector

I =
R dk+

k+Introduce a rapidity scale   
which separates modes

| k+/⌫ |�⌘

d� = S(⌫, µ)Jn(µ, ⌫)Jn̄(µ, ⌫)

Gauge invariant prescription9

⌫



Rapidity Renormalization Group
(Chiu, Jain,Neill,IZR )

⌫ d
d⌫S = �⌫

SS ⌫ d
d⌫ Jn = �⌫

JJn

µ

⌫
⌫f⌫i

µi

µf

V (�f , �i;µi)

V (�f , �i;µf )
U
(µ

f
,µ

i;
� f

)

U
(µ

f
,µ

i;
� i
) final

initial

path 1

path 2

[ d
d log ⌫ ,

d
d log µ ] = 0

where we have used n̄ ·p1 = n ·p2 = Q. We see that the ⌘ (rapidity) divergences vanish, there

is no dependence on the scale ⌫ and the answer is boost [22] invariant.

In addition, note that the soft-bins are all scaleless and vanish. However, this does not

mean that they should be ignored, as explained in appendix (B). Indeed, as emphasized in [5],

these subtractions can play a crucial role in being able to discern IR and UV singularities. In

the case of the ⌘ regulator this scaleless, vanishing, soft-bin contribution has the e↵ect shifting

the rapidity cut-o↵ to its proper place. That is, if we are regulating the a collinear integral

the e↵ect of the soft-bin will (formally) to shift the cut-o↵ to its proper place separating the

collinear from the soft.

4.2 The Rapidity Renormalization Group

An advantage of the regulator we have introduced is that it allows one to write down a

renormalization group equation in a rather straightforward manner. We begin by examining

the Sudakov form factor of the space-like current in terms of the SCETII fields,

Jµ = H(Q2, µ)Jn(M ; µ, ⌫/Q)�?
µ Jn̄(M ; µ, ⌫/Q)S(M ; µ, ⌫/M) (4.14)

The one loop values of matrix elements Jn, Jn̄, S defined in (4.2), are given by (4.11,4.12).

The renormalizaton group follows from the set of equations

d

d ln[µ]
(Jn, S)bare =

d

d ln[⌫]
(Jn, S)bare = 0. (4.15)

Moreover the independence of µ and ⌫ leads to

[
d

d ln[µ]
,

d

d ln[⌫]
] = 0 , (4.16)

which is of course true for any observable not just the Sudakov form factor.

Defining the anomalous dimension under µ and ⌫ variations as (�µ, �⌫) respectively, such

that

�n,S
µ = �Z�1

n,S(
@

@ ln[µ]
+ �

@

@g
)Zn,S , (4.17)

�n,S
⌫ = �Z�1

n,S

@

@ ln ⌫
Zn,S , (4.18)

equation (4.16) imposes the constraint

(
@

@ ln[µ]
+ �

@

@g
)�⌫ =

d

d ln[⌫]
�µ = Z�cusp , (4.19)

which holds for any observable of interest. Z is an integer whose value depends upon whether

we are considering an amplitude or the square of an amplitude. For the Sudakov form factor

Z is either 1 or 2 (see below). The last equality comes from the consistency of µ-anomalous

– 12 –

Allows for systematic 
resummation of rapidity 

logs along with control of 
scale dependence

(Also see earlier work by 
Balitsky)

Phenomenlogical Implications



(Higgs) Transverse Momentum 
Distribution

The hadronic states fix the sum over collinear directions to be along the protons’ initial states,

and we have made use of the color singlet constraint on the hadronic matrix elements. Finally,

we have assumed that the so-called Glauber mode does not contribute to the physical cross

section. Proofs that these modes don’t contribute have been given in the more traditional

approach to factorization [27, 28] but within the EFT, where it is known that Glaubers may

contribute at the level of amplitudes [26, 29], a proof is still lacking.

5.2.3 Factorization

Given the factorized matrix element we now multipole expand it to generate an expression

for the cross-section which scales homogeneously in the power counting parameter

d�

dp2?dy
=

C2
t

8v2S(N2
c � 1)

Z

d4ph
(2⇡)4

(2⇡)�+(p2h � m2
h)�

✓

y � 1

2
ln

p+h
p�h

◆

�(p2? � |~ph?|2)

4(2⇡)8
Z

d4xe�ix·phH(mh)f
µ⌫
? g/P (0, x+, ~x?)f? g/P µ⌫(x

�, 0, ~x?)S(0, 0, ~x?) (5.19)

which is valid at leading order in �. We have defined the functions, with spin averaging

implicit20:

S(0, 0, ~x?) =
1

(2⇡)2(N2
c � 1)

h0|Sac
n (x)Sad

n̄ (x)Sbc
n (0)Sbd

n̄ (0)|0i ,

fµ⌫
? g/P (0, x+, ~x?) =

1

2(2⇡)3
hpn|[BAµ

n?(x+, ~x?)BA⌫
n?(0)]|pni , (5.20)

fµ⌫
? g/P (x�, 0, ~x?) =

1

2(2⇡)3
hpn̄|[BAµ

n̄?(x�, ~x?)BA⌫
n̄?(0)]|pn̄i

We Fourier transform now to express the factorization theorem directly in transverse momen-

tum space:

fµ⌫
? g/P (x+, ~x?) =

Z

dz

4⇡
e

i
2 z(x

+p�n )

Z

d2~p?
(2⇡)2

ei~x?.~p?fµ⌫
? g/P (z, ~p?) (5.21)

fµ⌫
? g/P (z, ~p?) = (n̄ · pn)hpn|[BAµ

n?(0)�(pnz � Pn)�(2)(~p? � ~P?)BA⌫
n?(0)]|pni , (5.22)

S(0, 0, ~p?) =
1

(N2
c � 1)

h0|Sac
n (0)Sad

n̄ (0)�2(p? � P?)Sbc
n (0)Sbd

n̄ (0)|0i , (5.23)

where P is the SCET label-momentum operator. Using the on-shell constraint for the hogs

and the rapidity delta function, we may set p±h = mhe±y, then, in terms of the momentum

space TMDPDF21, we get:

d�

dp2?dy
=

⇡C2
t H(mh)

2v2S2(N2
c � 1)

Z

d2~p1?

Z

d2~p2?

Z

d2~ps?�(p2? � |~p1? + ~p2? + ~ps?|2)

fµ⌫
? g/P

⇣ mhp
S

e�y, ~p1?
⌘

f? g/P µ⌫

⇣ mhp
S

ey, ~p2?
⌘

S(~ps?). (5.24)

20In what follows, we will denote both the function and its Fourier transform by the same symbol.
21TMDPDF with analogous definitions has been discussed intensely in various contents[55–62].
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TMPDF’s match onto PDF at the 
scale pt

f? ⇠ f?(µ = pt, ⌫ = mH) S ⇠ S(µ = pt, ⌫ = pT ) H ⇠ H(µ = mH)

Working in P.T. implies both canonical scale as well as 
rapidity scale dependence

(Chiu,Jain,Neill,IZR)

(Neill, IZR, Vaidya)

0
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pcut
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σ
0
(p

cu
t

T
)
[p
b
]

mH =125GeV
gg → H (8TeV)

R = 0.4

NNLL′

pT
+NNLO

NLL′

pT
+NLO

NLLpT

(Stewart, Tackmann 
Walsh, Zuberi)

Uncertainty due to rapidity scale 



SCET formalism is lacking a treatment of a 
nettlesome mode 

The Glauber mode
pµg ⇠ (�2,�2,�)

n

n̄ Contributes at leading order to action, 
threatens factorization.

•

•
•

•
MM � X��

M

M

��

•
•

•
•

•

•
•

•

•
active-active active-spectator spectator-spectator

10

The initial state of the incoming nucleus is defined as |A; p⟩. The general final hadronic or partonic state is defined
as |X⟩. As a result, the semi-inclusive hadronic tensor may be defined as

Wµν=
∑

X

(2π4)δ4(q+PA−pX)⟨A; p|Jµ(0)|X⟩⟨X |Jν(0)|A; p⟩ = 2Im

[
∫

d4yeiq·y⟨A; p|Jµ(y)Jν(0)|A; p⟩
]

, (32)

where the sum (
∑

X) runs over all possible hadronic states and Jµ is the hadronic electromagnetic current i.e.,
Jµ = Qq ξ̄n̄γµξn, where Qq is the charge of a quark of flavor q in units of the positron charge e. It is understood
that the factors of the electromagnetic coupling constant have already been extracted and included in Eq. (30). The
leptonic tensor will not be discussed further. The focus in the remaining shall lie exclusively on the hadronic tensor.

In a full QCD calculation of Eq. (32), one computes the hadronic tensor, order by order, in the strong coupling.
This leads to the introduction of a variety of processes leading to a modification of the structure of the jet. Such
processes include radiative branchings, flavor changes of propagating partons, as well as transverse diffusion of the
partons in the shower which ensues from the quark produced in the hard scattering. In this article, we will focus
solely on the processes which lead to the transverse momentum diffusion or transverse broadening of the produced
hard quark.

In Ref. [30], the leading contributions to transverse broadening without induced radiation, at all orders in coupling,
were identified as those of Fig. 5. These diagrams depict processes where the propagating parton engenders multiple
scattering off the glue field inside the various nucleons through which it propagates. However, scatterings do not
change the small off-shellness of the propagating parton; as a result, large transverse momentum radiations do not
occur. Using simple kinematics, the relation between the momentum components of the glue field ki may be surmised
by insisting that the off-shellness of the i + 1th quark line be of the same order as the ith line,

(p + ki)
2 = p2 + k2

i + 2p+k−
i + 2p−k+

i − 2p⃗⊥ · k⃗i
⊥. (33)

Insisting that (p+ki)2 ∼ p2 ∼ λ2Q2 and given the known scaling of the quark momenta (i.e., p+ ∼ λ2Q, p− ∼ Q, p⃗⊥ ∼
λQ), we obtain that k⃗i

⊥ ∼ λQ, k+
i ∼ λ2Q and k−

i may scale with a range of different choices Q, λQ, λ2Q etc. The first
two cases for the scaling of k− represent gluons which are emanated with large (−)-momentum from a nucleon moving
with large (+)-momentum. The number of such gluons must be vanishingly small. The first non-trivial population of
gluons emanating from a nucleon moving with a large (+)-momentum, are those which scale as k ∼ [λ2, λ2, λ], which
essentially constitute the Glauber sector.

q q

APAP y

p’
0

p
0

1 2 3 y3 2 y1

1q2q3q3q’2q’1q’

y’ y’ y’ y

FIG. 5: An order n diagram which contributes solely to transverse broadening.

Using the Feynman rules derived for Glauber gluons in section 2, the leading component of nth order diagrams such

e� + nucleus� e� + Jet(k⇥) + X

�

�
�

4

If there were no hard interaction then 
Glauber is responsible for forward scattering, 
so Glaubers form a phases in hard collisions

� Propagators
�

dnk�
(2�)n

1
k2
�(q� � k�)2

�
dnk�dn⇥�
(2�)(2n)

1
k2
�(⇥� � k�)2(q� � ⇥�)2

1
q2
�

i⌅̃G = i �s e⇥�E 2�2⇥�(�⇥) µ2⇥|x⇥|2⇥

=
��

m=0

1
(m + 1)!

(i�̃G)m+1 = ei�̃G � 1+ + + . . .

⇤
d2x⇥ eiq�·x�

�
ei�̃G(x�) � 1

⇥

17

• Abelian Eikonal Phase

(Work in progress with I. 
Stewart)

Og = g2

p2
T
(⇠̄nWnT

a n̄/
2W

†
n⇠n)(⇠̄n̄Wn̄T

a n/
2W

†
n̄⇠n̄)

" pg



Note: to make sense of integrals 
in EFT need rapidity regulator

= �i
8⇥�s

q2
�

⇤
�d dk

1

k2
⇤(k⇤ � q⇤)2

�
k+ + p+ � (p⇤+k⇤)2

p� + i0
⇥�
� k� + p⇥� � (p⇥⇤�k⇤)2

p⇥� + i0
⇥

⇤
�d dk

1

k2
⇤(k⇤ � q⇤)2

�
� k+ + p+ � (q⇤+p⇤�k⇤)2

p� + i0
⇥�
� k� + p⇥� � (p⇥⇤�k⇤)2

p⇥� + i0
⇥

�
dk+

2�

1
k+ + A + i0

= ?

14

| k3/⌫ |�⌘

This had to be the case since Glauber shares a 
rapidity hyperbola with collinears, need rapidity 

factorization (non-trivial RRG?)

soft quark
soft gluon

   collinear gluon

Mixing



Mixing induces both RG as well as RRG running

If we write four body operators as 
product of bi-linears (allowing for 

identity operator) then the problem 
is reduced to mixing of bilinear 

and time ordered products

O4 ⌘ OnOn̄OS

On ⌘ On(µ =
p
t, ⌫ =

p
s)

OS ⌘ OS(⌫ =
p
t)

natural 
scales

Let us focus on RRG

To eliminate resum Log(s) let us run 
the collinear sector in nu  from s down 

to t.
(⇠̄⇠, BB) basis

9

V. SOLVING THE RGE (TRANSPOSE TO ABOVE IS CORRECT!)

Let us solve the ⌫ running in the collinear sector which is the simplest way of summing the logs. We may focus on
the basis ~⇠ = (Oq

n̄,Og
n̄), in which case the RG equation looks like

⌫
d

d⌫
⇠i = Aij⇠j (57)

where

A =

 
0 y

0 x

!
(58)

The eigenvectors and eigenvalues are

�1 = 0 ⇢1 = (1, 0)

�2 = x ⇢2 = (y/x, 1). (59)

where y = ±CA↵s(µ)
2⇡ ln µ2

t . The solutions to the RG is

~⇢1(⌫ =
p
t) = ~⇢1(⌫ = !)

~⇢2(⌫ =
p
t) = (

p
t/!)x⇢2(⌫ = !) (60)

Then we have

Oq
n̄(⌫ =

p
t) = Oq

n̄(⌫ = !) ,

Og
n̄(⌫ =

p
t) = ~⇢2(

p
t)� y

x
~⇢1(

p
t) =

✓p
t

!

◆x
~⇢2(!)� y

x
~⇢1(!) ,

=
y

x

h
(
p
t/!)x � 1

i
Oq

n̄(⌫ = !) +

✓p
t

!

◆x
Og

n̄(⌫ = !) . (61)

This gives the correct exponent for any perturbative x. If x = y then from Eq. (59) we see we have a result consistent
with the SUSY assumption.

For the coe�cients the matrix is the other way around. If we write L = ~cT · ~O, then ⌫d/d⌫ci = �AT
ijcj where

�AT =

 
0 0

�y �x

!
(62)

The eigenvectors and eigenvalues of this matrix are

�1 = 0 �1 = (�x/y, 1)

�2 = �x �2 = (0, 1). (63)

where y = ±CA↵s(µ)
2⇡ ln µ2

t . The solutions to the RG is

~�1(⌫ =
p
t) = ~�1(⌫ = !)

~�2(⌫ =
p
t) = (

p
t/!)�x ~�2(⌫ = !) (64)

Then we have

cqn̄(⌫ =
p
t) = �y

x

h
~�1(

p
t)� ~�2(

p
t)
i
= �y

x
~�1(!) +

y

x

✓p
t

!

◆�x

~�2(!)

=
y

x

✓p
t

!

◆�x

� 1

�
cgn̄(⌫ = !) + cqn̄(⌫ = !) ,

cgn̄(⌫ =
p
t) =

✓p
t

!

◆�x

cgn̄(⌫ = !) . (65)

9

V. SOLVING THE RGE (TRANSPOSE TO ABOVE IS CORRECT!)

Let us solve the ⌫ running in the collinear sector which is the simplest way of summing the logs. We may focus on
the basis ~⇠ = (Oq

n̄,Og
n̄), in which case the RG equation looks like

⌫
d

d⌫
⇠i = Aij⇠j (57)

where

A =

 
0 y

0 x

!
(58)

The eigenvectors and eigenvalues are

�1 = 0 ⇢1 = (1, 0)

�2 = x ⇢2 = (y/x, 1). (59)

where y = ±CA↵s(µ)
2⇡ ln µ2

t . The solutions to the RG is

~⇢1(⌫ =
p
t) = ~⇢1(⌫ = !)

~⇢2(⌫ =
p
t) = (

p
t/!)x⇢2(⌫ = !) (60)

Then we have

Oq
n̄(⌫ =

p
t) = Oq

n̄(⌫ = !) ,

Og
n̄(⌫ =

p
t) = ~⇢2(

p
t)� y

x
~⇢1(

p
t) =

✓p
t

!

◆x
~⇢2(!)� y

x
~⇢1(!) ,

=
y

x

h
(
p
t/!)x � 1

i
Oq

n̄(⌫ = !) +

✓p
t

!

◆x
Og

n̄(⌫ = !) . (61)

This gives the correct exponent for any perturbative x. If x = y then from Eq. (59) we see we have a result consistent
with the SUSY assumption.

For the coe�cients the matrix is the other way around. If we write L = ~cT · ~O, then ⌫d/d⌫ci = �AT
ijcj where

�AT =

 
0 0

�y �x

!
(62)

The eigenvectors and eigenvalues of this matrix are

�1 = 0 �1 = (�x/y, 1)

�2 = �x �2 = (0, 1). (63)

where y = ±CA↵s(µ)
2⇡ ln µ2

t . The solutions to the RG is

~�1(⌫ =
p
t) = ~�1(⌫ = !)

~�2(⌫ =
p
t) = (

p
t/!)�x ~�2(⌫ = !) (64)

Then we have

cqn̄(⌫ =
p
t) = �y

x

h
~�1(

p
t)� ~�2(

p
t)
i
= �y

x
~�1(!) +

y

x

✓p
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~�2(!)

=
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x
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t
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◆�x

� 1

�
cgn̄(⌫ = !) + cqn̄(⌫ = !) ,

cgn̄(⌫ =
p
t) =

✓p
t

!

◆�x

cgn̄(⌫ = !) . (65)

y = x =

↵(µ)CA

2⇡ log(µ

2
/t)



[�1 = 0, ⇢1 = (1, 0) ; �2 = x, ⇢2 = (1, 1)]Eigensystem
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n

n̄/⇠
n

)(⌫ =
p
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p
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p
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p
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BB
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Gluon Reggeization
• Exponent is IR finite to all orders
• Anomalous dimensions leads to 

universality of Reggeization
• There can be additional Log(s) dependence 

depending upon the choice of PHYSICAL 
observable. e.g. hemisphere masses. (need 
to match onto next theory)
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Regge LimitHard interactions
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to soft recoil
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to soft recoil
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saw saw scales 

(t2, p4)/s

Dont expect Regge theory 
to capture all of Log(s) 

dependence

DIS,DY, Threshold 
production,thrust

pt distributions, Jet 
broadening, Massive 

Sudakov FF
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Diffractive 
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 Interested in calculating gravitational wave 
form with high precision (LIGO)



This is a modal theory which share 
many similarities (when working in PN 

approximation) with NRQCD

• Potential 

• Modes which generate internal 
dynamics of compact bodies.

• Radiation (only IR modes in theory)

pµ = (v/r, 1/r)

pµ = (v/r, v/r)

Two Stage Theory
• Integrate out short distance modes match on to theory 

of point particleS

• Integrate out potential mode leaving an effective theory of multipole 
moment coupling to radiation field



1) treat constituents as point particles

where η is a scale of new physics. In the gravity case η would be Mpl. Now this will match

onto an operator which is higher dimensional in the point theory, but it is not suppressed

by pδ but by p/Mpl. In the case of a black hole δ = M/M2
pl which is

II. NRGR

In our case we apply to the point particle theory, to a theory of potentials (with possible

radiation legs hanging off the ends). Let’s work out the power counting in a theory of

potentials. The relevant scales are

Rpl, r,M,Mpl. (20)

where M is the reduced mass, Rpl is the radius of the object and r is the radius of the orbit.

If we ignore Rpl for the moment. We can form two independet dimensionless parameters,

which we will choose to be

v2 =
M

r

1

M2
pl

, (21)

and

L =
M2

vM2
pl

, (22)

All the potential terms in the action will scale like L.

TABLE I. Scaling relations

M2/M2
pl vL

Mdτ L
v2

hrad/Mpl
v5/2√

L

hpot/Mpl
v2√
L

The full theory Lagrangian is

S =

∫

−2M2
pl

√
gRd4x (23)

Whereas for the matter action

SM = −m

∫

ds (24)
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this physics, one needs to have a method for disentangling from the data the short distance

signatures of black holes from the well-understood long wavelength physics.

Our approach to the problem is Wilsonian in nature. That is, we develop a tower of

effective field theories in such a way that we may cleanly separate out the physics at disparate

scales [1]. The shortest scales in the problem are those which dictate the “internal dynamics

of the body”. In the case of black hole these would be the QNM (we will be referring to

black holes from now on unless otherwise stated). Upon integrating out internal modes,

whose wavelength is of order the Schwarzschild radius, one is left with a theory which we

call the point particle effective theory (PPEFT), described by an action of the form

Seff = −m

∫

dτ + cE

∫

dτEµνE
µν + cB

∫

dτBµνB
µν + · · · (1)

Where Eµν and Bµν denote the decomposition of the Weyl tensor in terms of electric and

magnetic type parity respectively. In addition to the operators, shown here, there are in

general an infinite set of operators with more derivatives acting on the gravitational field.

Operators constructed from the Ricci tensor can be removed by field redefinitions, so the

infinite tower of operators simply involves powers of Eµν and Bµν .

For this theory to have predictive power one must have a small parameter that allows

the truncation of the expansion in Eq. (1). The necessary expansion parameter is given by

rs/R ≪ 1 where rs is the black hole radius and R is a scale that characterizes the gradients

of the gravitational field. In the examples we will be considering R will correspond to either

the compactifaction scale of an internal manifold, or to the orbital radius in a black hole

binary. Note that the coefficients of operators in Seff can be fixed by a matching calculation

of the same sort employed in any effective quantum field theory. One simply adjusts the

coefficients cE,B, · · · in such a way that Eq. (1) reproduces observables in the “full theory”

consisting of an isolated black hole. The operatiors in Seff beyond the usual kinetic term

account for finite size effects. By including all such terms at a given order in rs/R, one can

systematically account for the internal structure of the black hole.

It is well known that calculations in general relativity coupled to point sources exhibit

short distance singularities. In the past this has lead to conceptual stumbling blocks. But in

the PPEFT, these divergence are handled quite naturally. All divergences can be absorbed

into counterterms for the higher dimensional operators. Moreover, these divergences induce

non-trivial renormalization group flows, and all of the standard quantum field theoretic tools

3

SLO
FS =

+CR

Z
d⌧R+ Cv

Z
d⌧vµv⌫R

µ⌫ + . . . .
CR, Cv ⇠ R3

more on 
these later

CE , CB ⇠ R5

Removable by field redefs 
(Birkoffs Thm)

This theory is applicable to either EMRI or PN at this point. 	

One point function is UV log divergent absorbable into CRCv



1) Integrate out short distance potential mode

2) Match onto a theory of long wavelength radiation gravitons 
coupling to multipole moments of system.

in each of these expansion parameters. We will work at leading order in 1/L since quantum

corrections are more then negligible.

In the next step we take the action (1) for i bodies, ignoring finite size effects for the

moment,

S) = −2M2
pl

∫

d4x
√
gR +

∑

i

Mi

∫

dτi (17)

and expand it out so that each term in the action scales homogeneously in L and v. In the

previous chapter we saw that the photon field itself does not scale homogeneously in v since

it has support in both potential and radiation modes (see the discussion in the previous

chapter), and the same reasoning applies here. It should not be surprising that the same

modes will contribute despite the fact that we are now interested in classical sources, since

the classical limit can be reached by ignoring recoil effects.

In analogy to what was done in electrodynamics in the previous chapter, we write

gµν = ηµν +
hµν

Mpl
≡ ηµν +

Hµν

Mpl
+

h̄µν

Mpl
. (18)

At first this decomposition might lead one to think there may be issues of double counting

as well as problems with diffeomorphism invariance. However, this decomposition is indeed

nothing more then a manifestation of the background field method originally developed by

DeWitt [20]. The radiation mode should be thought of as a long wavelength background

field which is frozen on the time scales of the potential modes.

Let us now expand the action in terms of the radiation (h̄µν) and potential (Hµν) modes.

Beginning with the world-line action

SM = −M

∫

dτ, (19)

we expand around Minkowski space and choose to parameterize the worldline by the global

time coordinate

dτ = dt

√

dxµ

dt

dxµ

dt
+

dxµ

dt

dxν

dt

hµν(x(t))

Mpl
. (20)

Then

dτ ≈ dt(1−
1

2
v⃗2 +

1

2

dxµ

dt

dxν

dt

hµν(x(t))

Mpl
), (21)
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Radiation

Potential 

⇠ v5/2

⇠ v2Z[xi, vi] =

Z
(DH)(Dh̄)eiS(x,v,h̄,H)

Every term in S scales homogenously in v

=

Z
(Dh̄)eiSeff (Vi,L,Q,h̄,)

Calculate to some fixed order in PN 

Radiation treated as background field 
maintains diff inv.

Quantum corrections 
suppressed by 1/L



(Foffa and Sturani)potential calculated at

100+Diagrams usual story, however we can use 
modern unitarity +BCFW methods to reduce the 

workload (D. Neill, IZR)

Calculate tree level S-matrix for  scalar-graviton scattering via BCFW 

a kinematic “gauge group”, as pursued in [39] and [40]. This squaring relation was also

exhibited for classical solutions to GR and YM in [41].

Once we have the gravitational on-shell tree level scattering amplitudes we may construct

the potential by sewing together these amplitudes using generalized unitarity [11]. This

determines the GR amplitude for the scalar-scalar scattering. Since we are interested only

in the long-distance classical pieces of the scattering amplitude we need only consider t-

channel cuts as shown in figure (1). Unitarity relates the discontinuity in an amplitude to a

FIG. 1. Reconstructing the full scalar-scalar S-matrix by sewing together the scalar-scalar n point

on shell scattering amplitudes.

product of lower loop amplitudes, with a summation over physical states being exchanged

between the amplitudes. In this way, one can construct an integrand that has the same

analytic and singularity structure as the corresponding sum of feynman diagrams3. For

the determination of the potential, only a restricted set of cuts need to be considered. In

particular only two particle irreducible diagrams can contribute to the classical potential

(see the appendix for a proof of this statement). Furthermore classicality also implies that

we need not consider loops with only massless particles. Thus to fix the Gn
N contribution

to the classical potential, one only needs to consider the contribution from the product of

ss ! (n)g tree amplitudes.

III. DEFINITION OF THE POTENTIAL

The classical potential for extended sources can be extracted by working within the

confines world-line e↵ective theory[6, 12] where the sources are treated classically. In this

3 It is precisely these singular terms that determine the long distance interactions. Thus we can ignore the

e↵ect of possible rational terms missed in the unitarity method.

5

Unitarity Sew together to tree level 
S-matrix elements

(S-channel cuts don’t contribute 
to classical potential)

Match onto a theory of massive scalar 
interacting via a set of potentials

L =
X

i

Z
d3pd3q Vi(q, p) �

†(p+ q/2)�(p� q/2)�†(�p� q/2)�(�p+ q/2)

Eliminates the need to calculate all the 
graviton Feynman diagrams

(Bern, Dixon, Kosower)

Given potentials we can also go to probe limit and extract metric, thus generating classical 
space-time forgoing GR. Only assumption is the existence of a  spin two massless field, the 

rest follows from Lorentz invariance, unitarity and locality.



Radiation Theory
One we have integrated out the potentials we match onto 
another point particle theory, endowed with moments of 

binary.

S = �
Z

Md⌧ � 1

2

Z
dxµ!ab

µ Lab +

Z
d⌧(

1

2
QabE

ab � 4

3
JabBab +

1

3
OabcrcEab + . . . ..)

Power Loss can be calculated via in-out S matrix elements A
h

(k) =
out

h✏(k) | 0 i
in

source moments (worked out to all orders (Ross))

note that higher order effects involving calculation 
within this final theory:  e.g. tail and memory effects

Q M Q Q

``radiative moments``

Tail Effect Memory Effect





QR(!, µ) = (µ/µ0)
(�214/105(Gm!)2)Q(!, µ0)

µ = !By Choosing            we eliminate the logs in the amplitude.

Infinite sum of log enhanced terms
X

n

Cn(Gm!)2nLogn(r!)

�39201376

3472875
(Gm!)6Log3(!r) ⇠ v

18 checked in test mass limit (Fujita)

Mass Renormalization (Goldberger, Ross, IZR)

M Q Q

+...
µ

d

dµ
m̄ = �2G2hQ(3)

ij Q(3)
ij i

m̄(µ)

m̄(µ0)
= exp

"
hQ(2)

ij Q

(2)
ij iµ0 � hQ(2)

ij Q

(2)
ij iµ

�Qm̄
2
0

#
�Q = �214/105

5

conserved energy is commonly expressed as a function of
the orbital frequency Ω. Logarithms in E(Ω) arise first at
fourth post-Newtonian order [11]. There is a direct con-
tributions from the energy we computed here as well as an
indirect contribution due to the the use of the equations
of motion in deriving the relation between orbital radius
and frequency. The equations of motion may be inferred
from energy conservation, by essentially reversing the ar-
guments in [11]. We find the leading contribution linear
in logarithms to be

E(Ω) = −
µ

2

448

15
νx5 lnx+ . . . , (28)

where µ is the reduced mass, ν = µ/M̄0 and x =
(GM̄0Ω)2/3. This is in agreement with the 4PN loga-
rithm computed in [11]. We may also use our result for
the running mass in Eq. (23) or (25) to extract higher
powers of the leading logarithms in E(Ω) by resumming
the leading logarithms to all orders [12], which includes
the lnn x terms at (4+3n) post-Newtonian order includ-
ing their numerical coefficient.

CONCLUSIONS

In this paper, we have set up a formalism for determin-
ing the real-time evolution of the dynamical moments
that describe a system of gravitationally bound black
holes. In order to account for the dissipation of energy
due to radiation in a way that respects causality, the in-in
formulation of quantum field theory must be employed.
We find that the time evolution of the ℓ = 0 mass mode is
inextricably linked to the renormalization of the effective
theory. At second order in the gravitational coupling G
one finds logarithmic ultraviolet divergences even in the
classical theory, which induce non-trivial RG flows. The
RG equation for the mass mode, together with previously
obtained results for the running of the ℓ = 2 moment, re-
sums the leading logarithms in the conservative energy
of the form v4(rsω)2n lnn v.
The results of this paper can be extended in several

of directions. It is clear that the methods introduced
here can also be used to set up evolutions equations for
the higher moments (the center of mass momentum and
angular momentum as well as higher moments) that take

into account radiative losses. To do so would require
computing the similar diagrams to those in Fig. 1, but
with non-zero spatial momentum.
Another direction of research would be to consider the

evolution of quantum black holes within this formalism,
and the consequences of the RG flows for (e.g. Hawking)
radiative processes. In that case, we expect that at lead-
ing order in the multipole expansion, the corresponding
evolution equation for the mass operator will take the
form of a relation between its expectation value and cer-
tain two-point correlators of the quadrupole moments,
some of which have already been obtained in [2] in the
low-frequency limit.
This work is supported by DOE grant DE-FG-02-

92ER40704 (WG) and by NASA grant 22645.1.1110173
(AR, IZR).
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EFT methods have been used be to reach state of the art calculations. Some of 
these results  have  yet to be calculated using traditional methods: e.g. 3PN 

multipole moment for spinning holes (Porto,Ross,IZR).



Finite Size Effects

this physics, one needs to have a method for disentangling from the data the short distance

signatures of black holes from the well-understood long wavelength physics.

Our approach to the problem is Wilsonian in nature. That is, we develop a tower of

effective field theories in such a way that we may cleanly separate out the physics at disparate

scales [1]. The shortest scales in the problem are those which dictate the “internal dynamics

of the body”. In the case of black hole these would be the QNM (we will be referring to

black holes from now on unless otherwise stated). Upon integrating out internal modes,

whose wavelength is of order the Schwarzschild radius, one is left with a theory which we

call the point particle effective theory (PPEFT), described by an action of the form

Seff = −m

∫

dτ + cE

∫

dτEµνE
µν + cB

∫

dτBµνB
µν + · · · (1)

Where Eµν and Bµν denote the decomposition of the Weyl tensor in terms of electric and

magnetic type parity respectively. In addition to the operators, shown here, there are in

general an infinite set of operators with more derivatives acting on the gravitational field.

Operators constructed from the Ricci tensor can be removed by field redefinitions, so the

infinite tower of operators simply involves powers of Eµν and Bµν .

For this theory to have predictive power one must have a small parameter that allows

the truncation of the expansion in Eq. (1). The necessary expansion parameter is given by

rs/R ≪ 1 where rs is the black hole radius and R is a scale that characterizes the gradients

of the gravitational field. In the examples we will be considering R will correspond to either

the compactifaction scale of an internal manifold, or to the orbital radius in a black hole

binary. Note that the coefficients of operators in Seff can be fixed by a matching calculation

of the same sort employed in any effective quantum field theory. One simply adjusts the

coefficients cE,B, · · · in such a way that Eq. (1) reproduces observables in the “full theory”

consisting of an isolated black hole. The operatiors in Seff beyond the usual kinetic term

account for finite size effects. By including all such terms at a given order in rs/R, one can

systematically account for the internal structure of the black hole.

It is well known that calculations in general relativity coupled to point sources exhibit

short distance singularities. In the past this has lead to conceptual stumbling blocks. But in

the PPEFT, these divergence are handled quite naturally. All divergences can be absorbed

into counterterms for the higher dimensional operators. Moreover, these divergences induce

non-trivial renormalization group flows, and all of the standard quantum field theoretic tools

3

SLO
FS = ⇠ v10

However, in addition there are dissipative effects which can not be accounted 
for by local operators, we add degrees of freedom to world line.

that arise from dissipative effects. Given that we’re allowing our compact objects to deform,

it is necessary to account for the fact that there is work done in this process. Some amount of

energy will be absorbed by the compact object, i.e. it will heat up thus increasing its mass.

How do we account for this effect? Since we are working in the point particle approximation

we have already integrated out all of the degrees of freedom which would account for this

heating process. Thus we will need to add back in some degrees of freedom that live on the

world-line if we are to have any hope of accounting for this dissipation.

Let us introduce a field φ(τ) that lives on the world-line. It forms some representation

of the (local) Lorentz group which we will fix in a moment. We want to couple this degree

of freedom to the metric in a diffeomorphism invariant fashion. Moreover, these internal

degrees of freedom should only be excited when they are placed in a background which has

some tidal pull. There are no geometric invariants with only one derivative, so the field

must couple to a two derivative object, i.e. the curvature. This tells us that the field φ

must in fact be, at least, a two indexed tensor, which we will call Qµν(τ). The object has

an obvious physical interpretation as a dynamical quadrapole moment, in its rest frame. As

before, to minimize redundancies we will couple Qµν(τ) to the electric and magnetic pieces

of the Weyl tensor. Then given the fact that E and B are of opposite parity we will define

two distinct quadrapole degrees of freedom (Q,M) such that the action is given by

Sdis =

∫

dτ(QabE
ab +MabB

ab). (62)

Here we have written the expression in terms of small ROman letters to denote local orthog-

onal coordinates, as opposed to the global coordinates denoted by greek letters. Working

in the local frame will allow us to simplify the correlators of the Q′s. The two coordinate

systems are related by the vierbein which satisfies

eµae
ν
bη

ab = gµν eaµe
b
νg

µν = ηab. (63)

The Q′s are symmetric and traceless. At lowest order the distinction between global and

local frames is irrelevant.

Now we would like to calculate how these couplings affect the potential in the PN ex-

pansion. To do so we need to power count the operators in (62), and thus we need to
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a b

FIG. 7. Diagram (a) shows a possible leading order contribution due to the dynamical quadrapole

moment which vanishes for spherically symmetric bodies. Diagram (b) shows the first non-vanishing
contribution. The heavy dot denotes an insertions of the quadrapole operator while the other vertex
is the lowest order mass insertion. Not shown are the symmetric diagrams which interchange (1)

and (2).

understand how the Q’s scale. We will return to this issue once we understand how to make

sense of them. We will take the Q and M to be operators in a Hilbert space though we

know in the end that this is a classical problem and they really represent the (quasi)normal

mode spectrum of the black holes. But as we have learned sometimes the quantum frame-

work organizes our calculation in a clearer fashion 11. Moreover, it is possible to think of

the underlying degrees of freedom that cause dissipation as being dual to some quantum

mechanical theory.

How can these terms effect the potentials? At lowest order we would start by considering

one insertion of a quadrapole interaction with a leading order mass insertion as shown on

the left-hand side of figure (69). For the moment let us concentrate on the electric piece of

the interaction, in which case we have

−iV T = −i
M2

2Mpl

∫

dτ1⟨0 | Qab
1 (τ1) | 0⟩⟨Eab(x1)h00(x2)⟩. (64)

(65)

Assuming that the hole has no permanent quadruple moment, and that the black hole is not

in an excited state, then the matrix element vanishes12 and we need to go to higher order

to get a non-zero contribution to the potential. At next order in the interaction we have

11 This is analogous to the intuition that we can gain about quantum field theory from string theory. Indeed

it is possible that there is a duality such that the horizon physics can be described by a quantum theory.
12 It is important to remember that, despite the appearance of the Feynman diagram, we are not calculating

a scattering amplitude but a vacuum to vacuum persistence amplitude as emphasized in the last section.
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−iV T = −
M2

2

8M2
pl

∫

dτ1dτ
′
1dτ2dτ

′
2⟨0 | T (Qab

1 (τ1)Q
cd
1 (τ ′1)) | 0⟩⟨Eab(τ1, x1)h00(τ2, x2)⟩

× ⟨Ecd(τ
′
1, x1)h00(τ

′
2, x2)⟩+ (1 ↔ 2). (66)

where we have assumed the low energy degrees of freedom that live on the black hole world

line are in their vacuum state |0⟩. At lowest order there is no distinction between the local

and global coordinate, and thus all contractions can be performed using a flat space metric.

Expanding the definition of the Electric Weyl tensor to linear order and keeping only the

leading order piece in the PN expansion we find13

Eij =
1

2Mpl
∂i∂jh00 (67)

in which case we have

⟨Eij(τ1, x1)h00(τ2, x2)⟩ =
i

16πMpl
δ(τ2 − τ1)∂i∂j

1

| x⃗1 − x⃗2 |
, (68)

and

−iV T =
M2

2

1024π2M4
pl

∫

dτdτ ′⟨0 | T (Qij
1 (τ)Q

kl
1 (τ

′)) | 0⟩qijqkl + (1 ↔ 2), (69)

where qij(t) = ∂i∂j
1

|x⃗1−x⃗2| . The correlator of the quadrapole operator encodes all of the

physics of the underlying degrees of freedom on the world-line. We can determine this

correlator via a matching procedure. However, note this is a very unusual matching in

that we are matching for an infra-red quantity, whereas normally in an EFT we match to

fix parameters arising from ultra-violet physics. So it is perhaps better to use the term

”extracting” in stead of matching. This is process would be analagous to extracting the

parton distribution function from lattice calculation for use in deep inelastic scattering.

Before doing the extraction, let us utilize the rotational covariance and time translation

invariance to decompose the correlator. Given that the Qij ’s are symmetric and traceless

⟨0 | T (Qij
1 (τ)Q

kl
1 (τ

′)) | 0⟩ = A(τ − τ ′)(
2

3
δijδkl − δikδjl − δilδjk). (70)

13 Here the small Roman letters represent Euclidean 3-space.
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The imaginary part of the correlator can be 
matched via the optical theorem

RHS of this equation to the time ordered product by considering the tensor

Iijkl(ω) ≡
∫

dte−iωt | ⟨0 | T (Qij(t)Qkl(0))) | 0⟩ ≡ Ã(ω)(
2

3
δijδkl − δikδjl − δilδjk)

=
∑

P

1

2πi

∫

dτ

τ − iϵ
dt | ⟨0 | Qij(0) | P ⟩ |2

[

eit(τ+ω−EP+E0) + eit(−τ+ω+EP−E0)
]

=
∑

P

1

i
| ⟨0 | Qij(0) | P ⟩ |2

[

1

(EP − ω − E0 − iϵ)
+

1

(ω + EP − E0 − iϵ)

]

(79)

where E0 is the ground state energy and use has been made of the integral representation

of the step function. Then we note that

Im(iIijkl(ω)) = π
∑

P

| ⟨0 | Qij(0) | P ⟩ |2 [δ(ω − EP + E0) + δ(ω − EP + E0)] . (80)

The second term corresponds to spontaneous emission (Hawking radiation), which is negli-

gible for macroscopic black holes. We can then write (working in the rest frame of the black

hole where E has only spatial indices)

∫

e−iωt⟨0 | Qij(t)Qkl(0) | 0⟩ = θ(ω)
1

π
Im(iIijkl(ω)). (81)

σabs =
ω3

8M2
pl

∑

λ

θ(ω)Im(
i

π
Ã(ω))(

2

3
δijδkl − δilδjk − δikδjl)ϵijϵ

⋆
kl (82)

Summing over polarization and performing the requisite contraction gives

σabs =
ω3

2M2
pl

Im(iÃ(ω)) (83)

At leading order in the derivative expansion the absorptive cross section for a graviton

scattering on a black hole is given by [18]

σabs =
4πr6sω

4

45
, (84)

where rs = 2GNM is the Schwarzchild radius. Now recall that this is the total cross

section so to match we must include both the magnetic and electric parts of the world line
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interactions. The magnetic part of the calculation follows in the same way as the electric

and is left as an exercise for the reader. We also use the fact that the magnetic analog of

Ã(ω) is equal to Ã(ω) which can be seen by studying the full theory scattering (Teukolsky)

equation [19]. Using this result we find

Im(iÃ(ω)) =
16

45
m6G5

N |ω | . (85)

Plugging this result in (73) we get

P = −
1

T

M2
2M

6
1

516π2M4
pl

∫ ∞

−∞
[dω]ω216

45
G5

N |qij(ω) |2 +(1 ↔ 2), (86)

(87)

the ω integral had been extended to −∞ using the fact that integrand is even.

If we wish to consider other compact objects, such as neutron stars, we need only use

the appropriate absorptive cross section in (83). Thus for a general compact object we may

write the absorptive power loss as

dP

dω
= −

1

T

GN

64π2

∑

a̸=b

σ(b)
abs

ω2
M2

(a) | q
(a)
ij (ω) |2 . (88)

Now we go back to coordinate space using the relation

qij(t) =
δij

r3(t)
−

3xixj

r5
, (89)

and after integrating by parts we find the power loss for a black hole

P =
32

5
G7(M6

1M
2
2 +M6

2M
2
1 )

(

2
ṙ2

r8
+

˙⃗x2

r8

)

. (90)

Now let us return to the question of the v scaling of the wordline line terms (103). We

would like to determine the scaling of the absorptive potential (86) in both L and v. As

previsouly emphasized we can read off the scaling by studying the scalings of the operators

which make up the Feynman diagram (69b). The scaling of Q can be read off by looking at
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This is a remarkable power law fine-tuning as 
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operator

In the world line e↵ective theory [1] the finite size e↵ects are captured by higher di-
mensional operators which sit on the world line. The leading order operator[? ] is given
by

S = CE

Z
d⌧EabE

ab(x(⌧)) (1)

where x(⌧) parameterizes the world line. CE repents the static susceptibility of the compact
object. This description of the finite size e↵ects will obviously not capture absorptive e↵ects
as this operator reproduces the static response. To be more precise the worldine approxima-
tion assumes that we are probing the system at distance large compared to the radius (in
the objects rest frame). Furthermore, we typically also assume that we make the long time
expansion as well, as typically we probe the systems with on-shell, radiation where ! ⇠ k

when expanding around flat space.
However, this approach can not capture dissipative e↵ects which are due to the internal

dynamics. Such dynamics implies that the world line description 1, must be augmented to
include a new set of degrees of freedom [3]. Thus we postulate the existence of a Hilbert
space which can represent the state of these internal degrees of freedom. We then couple
the graviton to these degrees of freedom via the lowest order (in derivatives) coupling

S

Z
d⌧Qab(⌧)E

ab
. (2)

A general observable will depend upon the correlation function of the Q

0
s

Gabcd(!) =

Z
dte

�i!th⌦ | T (Qab(t)Qcd(0)) | ⌦i. (3)

If we are interested in measuring real time responses, then instead of the time ordered
correlator we would be interested in the retarded correlator, though along the positive real
axis there is no distinction. In the low frequency limit we may expand this correlator such
that

Gabcd(!) = (�2

3
�ab�cd + �ac�bd + �ad�bc)(aR + iaI + !(bR + ibI) + !

2(cR + icI) + . . . ) (4)

The static response is nothing but CE, i.e. ar = CE. Note that the absorptive term
aI necessarily vanishes aI = 0. Furthermore operators with one time derivative are total
derivatives and thus bR = 0. For the imaginary part there does not seem to be any local
operator that is not a total time derivative, which may contribute since its not unitary which
may account for non-vanishing surface terms.

It has recently been shown by several groups that the coe�cient aR is zero for black
holes. In [4] this coe�cient was calculated by solving the Regge Wheeler equation in the
full theory and comparing it to the solution in the e↵ective theory where there is a delta
function source whose strength is fixed by the mass and the quadrapole moment generated
by an imposed background field EBG such that

Q

ab(!) = �1

2
E

ab
BG(!)F (!) (5)

where (up to a constant)

F (!) = (aR + iaI + !(ibI) + !

2(cR + icI) + . . . ) (6)
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2

Note that the vanishing of aR does not imply that the black hole does not have a DC
susceptibility since there is still a non-zero response due to the long distance non-linearities.
Also note that aR is gauge invariant despite the necessary choice of frames in doing the
matching.

The vanishing of aR is on the fact of it quite remarkable for reasons which will now be
explained. If we consider the spectral decomposition of the retarded correlator we find that

ReF (!) = P

X

m

| h⌦ | Qab | mi |2

E⌦ � Em � !

(7)

ImF (!) = ⇡

X

m

�(E⌦ � Em � !) | h⌦ | Qab | mi |2 (8)

If we look at the DC response we are left with the rather remarkable result

X

m

| h⌦ | Qab | mi |2

E⌦ � Em
= 0. (9)

which seems to imply that the state ⌦ can not be pure.
Suppose that the state the state | ⌦i is thermal then we find

X

m,n

e

��(En) hn | Qab | mihm | Qab | ni
En � Em

= 0 (10)

If we take the temperature to scale as 1/rs and the quasi normal mode spacing as 1/rs there
needs to be a very delicate cancellation. Note that we are taking the states to be stationary.
Their widths will be related to the overlap matrix elements and are on the order of 1/rs, so
this is probably not a good approximation. However, if we allow for finite widths, its does
not change the conclusion that the state must still be mixed.
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by an imposed background field EBG such that

Q

ab(!) = �1

2
E

ab
BG(!)F (!) (5)

where (up to a constant)

F (!) = (aR + iaI + !(ibI) + !

2(cR + icI) + . . . ) (6)
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Note that the vanishing of aR does not imply that the black hole does not have a DC
susceptibility since there is still a non-zero response due to the long distance non-linearities.
Also note that aR is gauge invariant despite the necessary choice of frames in doing the
matching.

The vanishing of aR is on the fact of it quite remarkable for reasons which will now be
explained. If we consider the spectral decomposition of the retarded correlator we find that

ReF (!) = P

X

m

| h⌦ | Qab | mi |2

E⌦ � Em � !

(7)

ImF (!) = ⇡

X

m

�(E⌦ � Em � !) | h⌦ | Qab | mi |2 (8)

If we look at the DC response we are left with the rather remarkable result

X

m

| h⌦ | Qab | mi |2

E⌦ � Em
= 0. (9)

which seems to imply that the state ⌦ can not be pure.
Suppose that the state the state | ⌦i is thermal then we find

X

m,n

e

��(En) hn | Qab | mihm | Qab | ni
En � Em

= 0 (10)

If we take the temperature to scale as 1/rs and the quasi normal mode spacing as 1/rs there
needs to be a very delicate cancellation. Note that we are taking the states to be stationary.
Their widths will be related to the overlap matrix elements and are on the order of 1/rs, so
this is probably not a good approximation. However, if we allow for finite widths, its does
not change the conclusion that the state must still be mixed.
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Suppose it is thermal

(In progress with W. 
Goldberger)Gabcd(!) =

Z
d⌧ei!⌧✓(⌧)h⌦ | [Qab(⌧), Qcd(0)] | !i



Other applications of world line EFT

• Caged Black Holes	


• EMRI	


• Fluctuation Forces on membranes (Deserno, IZR, Yolcu)	


• Casimir Cogs (Vaidya)

(Chu,Golberger, IZR), (Kol, Smolkin), (Gilmore, Smolkin, Ross)

(Galley, Galley and Porto)


