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MOTIVATION: OPEN QUANTUM SYSTEMS

 Open quantum systems are ubiquitous: systems interacting with 
environment.  

 Techniques to analyze effective dynamics while available in principle, have 
been challenging to implement in practice. 

 Challenges: constraining influence functionals which need to encode of 
microscopic unitary evolution of system+environment.  

 Identifying fluctuations associated with  the dissipation: non-linear 
fluctuation/dissipation relations.



MOTIVATION: HORIZON DYNAMICS

 Horizons in general relativity behave effectively open: things fall in. 

 Horizons induce thermal behaviour: dissipation well understood, 
fluctuations encoded in Hawking quanta generically suppressed.  

 Scattering Hawking quanta off infalling matter? 

 Implementing Schwinger-Keldysh in gravitational systems? 

Use holographic systems to model and derive the general structure of 
open QFTs & obtain quantitative predictions for strongly coupled 
thermal baths.



II. OPEN QFT PARADIGM

valuable avenue: one can extract dynamical response of strongly correlated thermal plasma

by performing classical calculations in the dual black hole geometry. This approach has paid

rich dividends over the past two decades: ranging from understanding thermalization [1],

linear response and hydrodynamics [2], to real time transport computations [3]. Much of

this success owes to the fact that black holes in asymptotically AdS spacetimes are dual to

thermal quantum field theories.

We wish to argue here that black holes in fact provide a playground for the exploration of

a much richer set of dynamics, viz., that of an open quantum field theory, where the degrees of

freedom of the quantum system are non-trivially entangled with some external environment

or bath degrees of freedom. The set-up we have in mind is the following: consider a quantum

field theory say with one bosonic degrees of freedom  (t,x) which will form our system of

interest. The environment will be modeled by another field theory, now with many degrees

of freedom Xi(t,x). The unitary microscopic theory is of the form:

Ss[ ] + Se[Xi] + Ss-e[ , Xi] (1.1)

Integrating out the environment degrees of freedomXi we end up with a non-unitary evolution

of our system. The basic paradigm for such was described by Feynman and Vernon[]who

noticed that the natural way to describe the system is in terms of a doubled set of degrees

of freedom for the system, together with a non-trivial interaction between them, which they

dubbed influence functionals. Heuristically,
ˆ

[D ]

ˆ
[DXi]e

i(Ss[ ]+Se[Xi]+Ss-e[ ,Xi]) =

ˆ
[D L][D R]e

i(Ss[ R]�Ss[ L]+SIF[ R, L]) (1.2)

where SIF[ R, L] is the aforementioned influence functional, induced onto the system owing

to the coupling with the environment. While simply phrased, the challenge has been in

identifying the constraints on the set of allowed influence functionals. One cannot employ

traditional Wilsonian logic to ascertain the low energy influence functional couplings, for

a naive application of this typically leads to terms that are inconsistent with microscopic

unitarity. One really needs to understand how the environmental e↵ects are imprinted onto

the dynamics of the system.

The set-up we have in mind is semi-holographic. Say we wish to understand the dynamics

of a single bosonic degree of freedom which we continue to call  (x) in d spacetime dimensions.

We imagine coupling this to a strongly coupled thermal bath comprising of some intrinsic

microscopic degrees of freedom. For concreteness, one can imagine the bath to be the thermal

large N , N = 4 Super Yang-Mills (SYM) theory (gauge group SU(N)) in d = 4, or a large c

CFT in d = 2. The coupling of the probe/system degree of freedom  to the thermal bath is

via a local coupling
´
ddx (x)O(x) whereO(x) is a simple operator in the bath theory. In the

aforementioned examples O could be a low lying single trace operator of a conformal primary.

Crucially, the thermal bath environment theory is assumed to be holographic. This will enable

us to model the environment by a dual black hole geometry. The computation of the influence

phases of our system then translates to the computation of real-time correlation functions of
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HOLOGRAPHIC BATHS

 Story for Gaussian environment is well understood and leads in QM to  
effective Langevin dynamics. 

 Fluctuation/dissipation relations follow from common microscopic origin — 
induced by the Gaussian environment. 

 Non-Gaussian baths understood in QM 

 But challenging in QFT…

cf., Chaudhuri, Chakrabarty, Loganayagam

Avinash, Jana, Loganayagam, Rudra

Study open QFTs semi-holographically Faulkner, Polchinkski

Influence functionals for a scalar EFT computed by holographic Schwinger-
Keldysh observables.

S =

ˆ
ddx

✓
L[ ] + L[X] + (x)O(x)

◆
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III. SCHWINGER-KELDYSH OBSERVABLES

ZT [JR,JL] = Tr
⇣
U [JR] ⇢̂T (U [JL])

†
⌘

We will study this problem in general dimensions, constructing first the boundary-bulk propa-

gators on the hSK geometry. This involves only the quadratic part of the action; we essentially

need to invert the kinetic terms on the hSK geometry.

The boundary to bulk propagators will be specified by suitable boundary conditions

around the horizon-cap in the geometry (2.4) and non-normalizable boundary conditions

characterizing sources on the AdS boundary. We will find that there are two types of propa-

gators: retarded (ingoing) and advanced (outgoing). They will be related in a simple manner

by the time-reversal involution identified at the end of §2. For general d we will not be able

to solve for the propagator explicitly in closed analytic form and will resort to a gradient

expansion working in momentum space. For a general field f on the hSK geometry we adopt

the following notational contrivance for Fourier transforms:

f(v, ⇣,x) =

ˆ
d!

2⇡

dd�1
k

(2⇡)d�1
f(!, ⇣,k) e�i! v+ik·x

⌘

ˆ
k

fk e
i k x (3.5)

Once we have obtained the boundary to bulk propagators we can compute higher point

functions using standard Witten diagram technology in the hSK geometry. Consider the com-

putation of the 4-point function of the operator O in the boundary theory on the Schwinger-

Keldysh contour. Of the 4! Wightman functions for various time-orderings, 8 are computed

by the Schwinger-Keldysh time-ordering. This is clear from the generating functional (2.7);

on the Schwinger-Keldysh contour operators can be inserted either in the forward (R) or

backward (L) segments, e↵ectively doubling the number of correlators. These correlation

functions are simply related via the Keldysh rules to sequences of nested commutators and

anti-commutators of the operator O with suitable time-ordering step-functions. Furthermore,

the thermal KMS relations group the correlation functions into orbits of 4 elements (coming

from cyclic symmetry of the thermal trace).

It is convenient to introduce a couple of di↵erent basis of operators and sources which are

convenient in the Schwinger-Keldysh formalism for various computations. First, we introduce

the average-di↵erence or Keldysh basis

operators : Oa =
1

2
(OR +OL) , Od = OR �OL

sources : Ja =
1

2
(JR + JL) , Jd = JR � JL

(3.6)

Another useful basis which manifests the KMS relations is the retarded-advanced (RA) basis

check this. also necessary here?

J̄F (!,k) ⌘ �

✓
(1 + n!) JR(!,k)� n! JL(!,k)

◆
,

J̄P (!,k) ⌘ �n!

✓
JR(!,k)� JL(!,k)

◆
.

(3.7)

where n! is the Bose-Einstein statistical factor:

n! ⌘
1

e�! � 1
(3.8)
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h{A,B}i = coth

✓
�!A
2

◆
h[A,B]i
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Fluctuation/
dissipation

SIF [Ja, Jd] = 0 (Ja)
k + Iaa···d (Ja)

k�1 Jd + · · ·+ Id···d (Jd)
k
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IV. INTERLUDE: TFD VS SK HOLOGRAMS

TFD construction from 
the Euclidean QG path 

integral

Holographic SK geometry: 
to be obtained by filling in 
the boundary SK contour



IV. SCHWINGER-KELDYSH HOLOGRAMS

Son, Starinets

Skenderis, van Rees

Herzog, Son

Glorioso, Crossley, Liu

de Boer, Heller, Pinzani-Fokeeva

Two sheeted complex geometry  
glued across future horizon



IV. SCHWINGER-KELDYSH HOLOGRAMS

motivated above, the system degree of freedom  gets imprinted upon by the characteristics

of the environment. Since our thermal environment is provided by a black hole, we would

e↵ectively be encoding not only the dissipative behaviour of the horizon, which we know

to be characterized linearly by quasinormal modes, but also the fluctuations of the horizon.

The latter are nothing but the Hawking radiation. Since the quasinormal modes refer to the

physical response of infalling matter we would e↵ectively be capturing in the non-Gaussian

influence functionals the interaction between ingoing matter and the Hawking radiation.

The coupling of AdS black holes to external systems has recently been of active interest

in the context of the black hole information paradox. In these examples the external system

is treated as a passive reservoir wherein one captures the Hawking radiation. Our discussion

applies in this context as well; the external system’s observables will faithfully be able to

diagnose the interaction of Hawking radiation with infalling matter. The structure we get to

probe however is only the leading semiclassical pieces of the interaction. We are considering

a single gravitational saddle point configuration, and not including contributions from non-

trivial replica saddles which have been important in understanding the purification of the

Hawking radiation and the reproduction of the Page curve for AdS black holes.

In this paper, we will be considering the coupling of our system to a scalar operator in

the holographic thermal system. Most of the technical computations we report will involve

computing Schwinger-Keldysh correlation functions of a scalar field in an asymptotically AdS

black hole background using the holographic Schwinger-Keldysh geometry of [16]. This work

had already considered the computation of the two point function in a low-energy gradient

expansion, i.e., perturbatively at low frequencies and momenta. We will extend this to higher

point functions, but also show how to get results outside the gradient expansion in two

dimensional CFTs. wrap up with outline and results

2 The gravitational saddle

The boundary Schwinger-Keldysh contour which is a complex time path running from t = 0

to t = T and thence to t = 0 � i� as depicted in Fig. ref. Thus we have a contour in a

complex time plane for the temporal part of the action. The proposal of [16] is to extend this

contour to a codimension-1 hypersurface in the complexified bulk spacetime in gravity. To

be specific, let us first introduce this geometry for stationary configurations with a timelike

Killing field, such as the planar Schwarzschild-AdSd+1 black hole. We start with the metric

written in ingoing Eddington-Finkelstein coordinates, which are regular at the future horizon,

viz.,

ds2 = �r2 f(r) dv2 + 2 dv dr + r2 dx2 , f(r) = 1�
rd
h

rd
. (2.1)

The coordinate v is identified with the time coordinate t on the boundary of the spacetime

r ! 1, which as we have argued is to be interpreted as a curve in the complex plane. The

idea is to also upgrade the radial coordinate to the complex domain and pick a codimension-1

slice through the resulting spacetime.
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Operationally, we in fact upgrade radial tortoise coordinate to a complex variable, which

we refer to as the mock tortoise coordinate, ⇣. We define this coordinate by the di↵erential

relation:
dr

d⇣
=

i�

2
r2 f(r) (2.2)

Using macro \ctor = ⇣ The rationale for introducing this coordinate is that ⇣ picks up a

logarithmic branch cut from the integral about the zero of the emblackening function f(r) of

the black hole. The choice of normalization is such that the monodromy around this cut is

set to unity. The coordinate ⇣ can be viewed as parameterizing a two-sheeted surface, each

of which can be thought of as the bulk extension of the Schwinger-Keldysh contour. On each

sheet ⇣ has an imaginary part running from 0 at the AdS boundary to 1 at the horizon. In

addition it has a real part which di↵erentiates the two sheets and is given by the monodromy

around the horizon. By convention we will choose one of the sheets to have vanishing real

part, and the other to have unit real part (this is based on our choice of normalization). We

will also cut-o↵ the AdS geometry at a radial cut-o↵ r = rc for computational ease. With

this choice, we have the two branches on which the mock tortoise coordinate asymptotes to

⇣(rc + i ") = 0 , ⇣(rc � i ") = 1 . (2.3)

The metric then takes the form

ds2 = �r2 f(r) dv2 + i� r2 f(r) dv d⇣ + r2 dx2 , f(r) = 1�
rd
h

rd
(2.4)

where we treat r(⇣) using (2.2). We will refer to this geometry as the holographic Schwinger-

Keldysh (hSK) saddle or geometry.

Let us get some intuition for the geometry pictorially. Since we wish to discuss observ-

ables in a thermal state, we can imagine starting with a Euclidean functional integral which

computes the thermal partition function. As mentioned earlier this is the Gibbons-Hawking

saddle [21], the Euclidean black hole solution. However, as noted, we do not wish to re-

cover from this the thermofield double state, which is obtained by symmetrically slicing the

Euclidean saddle which exposes the thermofield double state:

|TFDi =
1p
Z(�)

X

n

e�
1
2 �En |ER

n i ⌦ |EL
ni (2.5)

The reason is that the thermofield double state allows one to compute correlation functions

from the following generating function:

ZTFD [JR, JL] = Tr

⇢
U(JR) ⇢

1
2
�
(U [JL])

† ⇢
1
2
�

�
(2.6)

The fact that we slice open the functional integral midway is what is responsible for the

fractionation of the thermal density matrix ⇢� .
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IV. BOUNDARY-BULK PROPAGATORS

future ingoing/retarded 
regular on future horizon

outgoing/advanced

Notice that D±
⇣

are related to each other by time reversal. The rationale for introducing

them is that these derivatives allow us to absorb the odd powers of ! in the wave equation

Into themselves. Indeed, in terms of these derivations the scalar equation of motion takes the

form:

D+
⇣

⇣
rd�1D+

⇣
�k

⌘
+

�2

4
rd�1

⇣
f |k|

2 + r2 f m2
� !2

⌘
�k = 0 (3.14)

Ingoing boundary to bulk propagator: The ingoing Green’s function Gin ⌘ G+ is a

solution to (3.14) satisfying a regularity condition at the horizon and normalized to unity at

the cut-o↵ boundary of the spacetime.

G+
��
rc

= 1 ,
dG+

d⇣

����
rh

= 0 . (3.15)

The choice of boundary conditions is such that we are looking at infalling modes across

the future horizon, which isolates for us the quasinormal modes (general solution being a

superposition of these modes in a linear theory). As such the ingoing Green’s function will

the one that was obtained in [6] who argue for the ingoing boundary conditions to compute

the retarded propagator. We will shortly demonstrate how to obtain G+ perturbatively in !

and |k|, i.e., in a gradient expansion in general d and also obtain an explicit analytic form in

d = 2.

Outgoing boundary to bulk propagator: Once one knows ingoing Green’s function G+

the advanced or outgoing Green function should be obtained by suitably time reversing it.

As argued at the end of §2, while our coodinatization of the geometry is not time reversal

invariant, there indeed an involution realized by the di↵eomorphism (2.11). Let us see how

this acts on the equation of motion (3.14). First, we note that after reversing the frequency

dependence we obtain G�(!,k) ⌘ G+(�!,k). Using the conjugation relation (3.13) we can

then infer that the function G�(!,k)e�� ! ⇣ satisfies the wave equation provided

D�
⇣

⇣
rd�1D�

⇣
G�

⌘
+

�2

4
rd�1

⇣
f |k|

2 + r2 f m2
� !2

⌘
G� = 0 (3.16)

Note that (3.16) di↵ers from (3.14) only in the signs of the temporal derivatives i.e., through

! ! �!. It therefore follows that the outgoing Green’s function can be obtained in Fourier

domain as

Gout(!, |k]) ⌘ G+(�!, |k|)e�� ! ⇣
⌘ G�(!, |k|)e�� ! ⇣ . (3.17)

Full solution and boundary conditions: Now that we have the formal expressions for

the ingoing and outgoing Green’s functions, we can take a suitable superposition to write

down the general solution for the linear wave equation. The explicit form of the full solution

takes the form

�(⇣,!,k) = C+(!,k)G
+(⇣,!,k) + C�(!,k)G

�(⇣,!,k)e�� ! ⇣ . (3.18)
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G+(!, k, ⇣)
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to be given as: check factors

ds2 = �r2 dt2 + dr2 = �⇢ dv2 + 2 dv d⇢ (2.9)

It is easy to explicitly identify the mock tortoise coordinate, ⇣ = �i⇡ log ⇢ on the primary

branch for d⇣ = 1
i⇡

d log ⇢ (we work with the Rindler temperature normalized to be 2⇡). The

Schwinger-Keldysh Rindler geometry would then take the form

ds2 = ei⇡ ⇣dv (�dv + 2⇡i d⇣) (2.10)

hSK time reversal: Before proceeding further, it is useful to note one useful feature of the

hSK geometries. These geometries are not time reversal invariant as is appropriate for the

Schwinger-Keldysh dual. However, the Schwinger-Keldysh construction has a Z2 involution

that can be thought of as time-reversal (cf. [5] for a discussion). As described in [18] the

geometry does indeed have an involution which can be used to map ingoing solutions to

outgoing ones. In the coordinates used in (2.4) the transformation takes the form:

v ! i� ⇣ � v , ! ! �! (2.11)

where ! is the frequency conjugate to v. More generally, on tensor valued fields the map acts

via a idempotent (1, 1) tensor:

T
B

A ⌘

0

BB@

1 i� 0

0 �1 0

0 0 �ij

1

CCA , T
B

A T
C

B = � C

A . (2.12)

Time reversal on tensors by contracting indices appropriately, which can be inferred from the

action on one-forms and vectors, respectively. These are given to be:

WA(v, ⇣,x) 7! T
B

A WB(i� ⇣ � v, ⇣,x) ,

VA(v, ⇣,x) 7! VB(i� ⇣ � v, ⇣,x) T B

A ,
(2.13)

It is useful to write these equations in terms of ingoing and outgoing modes explicitly, which

we denote with superscripts ‘±’. So one has

F�(v, ⇣,x) = F+(i� ⇣ � v, ⇣,x) (2.14)

leading to the general tensor transformation:
�
T+

�B1···Bm

A1···An
7! T

C1
A1

· · · T
Cn

An

�
T��D1···Dm

C1···Cn
T

B1
D1

· · · T
Bm

Dm
(2.15)

3 Open scalar field theory

As described in §1 we wish to construct the open e↵ective field theory of a single scalar degree

of freedom coupled to a holographic thermal field theory. We will start with a general set-up

and then proceed to specialize to the case two dimensional systems.
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solutions related by time reversal 
implemented by an involution on the 
geometry



V. OPEN SCALAR DYNAMICS

3.1 General set-up

Let us consider a scalar probe  (x) coupled to a d-dimensional field theory with fields denoted

collectively by X. The latter is taken to be in a thermal state and we let O ⌘ O[X(x)] be a

local gauge invariant operator in this theory. The action for our system is then

S =

ˆ
ddx

✓
S[ ] + S[X] + (x)O(x)

◆
(3.1)

We wish to integrate out the thermal degrees of freedom characterized by X and derive an

e↵ective action for  . Integrating out the thermal field theory degrees of freedom we recover

the Schwinger-Keldysh

to complete

The thermal field theory we consider will be taken to be holographic. For example we

can consider S[x] to refer to a strongly coupled, planar gauge theory in d > 3 (like N = 4

SYM) or a large c 2d CFT. Concretely, in the familiar duality between SU(N) N = 4 Super

Yang-Mills (SYM) and string theory on AdS5 ⇥S
5, the map between parameters is

g2YM N ⇠

✓
`AdS

`s

◆4

, N ⇠

✓
`AdS

`P

◆4

. (3.2)

where `s is the string length scale, and `P the five-dimensional Planck scale.

The gravitational dual description is in terms of a planar Schwarzschild-AdSd+1 black

hole, whose metric in ingoing coordinates was presented in (2.1). The scalar operator O is

characterized by its conformal dimension � and maps, under the AdS/CFT dictionary, to

a scalar field � propagating on this black hole background with mass m2 `2AdS = �(d ��).

The observables for the operator O can be computed by studying the dynamics of � in the

gravitational theory. For the purposes of our discussion we will model the scalar dynamics

by a minimally coupled scalar with cubic or quartic self-interaction. For the most part the

self-interacting scalar action we work with takes the form:

S� = �

ˆ
dd+1x

p
�g


1

2
gAB @A�@B�+

1

2
m2�2 +

�

4!
�4

�
. (3.3)

While this will be su�cient for our purposes to illustrate the general features, it should be

borne in mind that one can obtain in actual (top-down) holographic models, such e↵ective

action for the bulk fields using dimensional reduction from 10 or 11 dimensional supergravity.

While this would be the basic set-up for any AdS/CFT computation, for the purposes of

our real time computation we would need to upgrade this action to reside on the holographic

Schwinger-Keldysh black hole geometry (2.4). This is readily done, for we simply change

coordinates and rewrite the scalar action as a contour integral over the hSK contour. To wit,

S� = �

˛
d⇣

ˆ
ddx

p
�g


1

2
gAB @A�@B�+

1

2
m2�2 +

�

4!
�4

�
. (3.4)
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�(!, k, ⇣) = G+(!, k, ⇣)

✓
Ja(!, k) +

✓
n! +

1

2

◆
Jd(!, k)

◆
� n! e�!(1�⇣) G�(!, k, ⇣) Jd(!, k)

= G+ Ja +
1

2
GH Jd

<latexit sha1_base64="CfQT+ui+D2CvN/vdFMjW/EEasNw="></latexit>

We will study this problem in general dimensions, constructing first the boundary-bulk propa-

gators on the hSK geometry. This involves only the quadratic part of the action; we essentially

need to invert the kinetic terms on the hSK geometry.

The boundary to bulk propagators will be specified by suitable boundary conditions

around the horizon-cap in the geometry (2.4) and non-normalizable boundary conditions

characterizing sources on the AdS boundary. We will find that there are two types of propa-

gators: retarded (ingoing) and advanced (outgoing). They will be related in a simple manner

by the time-reversal involution identified at the end of §2. For general d we will not be able

to solve for the propagator explicitly in closed analytic form and will resort to a gradient

expansion working in momentum space. For a general field f on the hSK geometry we adopt

the following notational contrivance for Fourier transforms:

f(v, ⇣,x) =

ˆ
d!

2⇡

dd�1
k

(2⇡)d�1
f(!, ⇣,k) e�i! v+ik·x

⌘

ˆ
k

fk e
i k x (3.5)

Once we have obtained the boundary to bulk propagators we can compute higher point

functions using standard Witten diagram technology in the hSK geometry. Consider the com-

putation of the 4-point function of the operator O in the boundary theory on the Schwinger-

Keldysh contour. Of the 4! Wightman functions for various time-orderings, 8 are computed

by the Schwinger-Keldysh time-ordering. This is clear from the generating functional (2.7);

on the Schwinger-Keldysh contour operators can be inserted either in the forward (R) or

backward (L) segments, e↵ectively doubling the number of correlators. These correlation

functions are simply related via the Keldysh rules to sequences of nested commutators and

anti-commutators of the operator O with suitable time-ordering step-functions. Furthermore,

the thermal KMS relations group the correlation functions into orbits of 4 elements (coming

from cyclic symmetry of the thermal trace).

It is convenient to introduce a couple of di↵erent basis of operators and sources which are

convenient in the Schwinger-Keldysh formalism for various computations. First, we introduce

the average-di↵erence or Keldysh basis

operators : Oa =
1

2
(OR +OL) , Od = OR �OL

sources : Ja =
1

2
(JR + JL) , Jd = JR � JL

(3.6)

Another useful basis which manifests the KMS relations is the retarded-advanced (RA) basis

check this. also necessary here?

J̄F (!,k) ⌘ �

✓
(1 + n!) JR(!,k)� n! JL(!,k)

◆
,

J̄P (!,k) ⌘ �n!

✓
JR(!,k)� JL(!,k)

◆
.

(3.7)

where n! is the Bose-Einstein statistical factor:

n! ⌘
1

e�! � 1
(3.8)

– 10 –

Scalar operator: dual scalar dynamics in the holographic SK geometry

Standard Dirichlet boundary conditions asymptotically. General 
solution on the holographic SK geometry given by Green’s functions:

Thermal structure built in 
(transported  into the bulk via 
the mock tortoise coordinate). 

Hawking Green’s function



IV. SCHWINGER-KELDYSH HOLOGRAMS

Witten diagrams on the 
holographic SK geometry



V. OPEN SCALAR DYNAMICS: RESULTS

On-shell action in gradient expansion: The analysis of the influence functionals in a

gradient expansion is straightforward given our explicit expressions from before. It is however

convenient in actuality to assemble the pieces somewhat di↵erently and work in a basis that

is better adapted to the bulk field �. We describe such a basis built from the even and odd

parts of the ingoing Green’s function in Appendix A. The two expressions of interest are the

solution to the wave equation (A.2) and the expansion of the even and odd sources (A.9).

Carrying out the analysis we find the end result to leading order in the gradient expansion

(details of the computation are given in Appendix A):

Iad(!,k) = i rd�1
h

! , Idd(!,k) =
i

�
rd�1
h

(5.6)

5.2 Interactions: quartic self-interaction

Using the standard Witten diagrams on the hSK contour (we motivate this briefly in Ap-

pendix B) we find that the quartic self-interaction vertex in the bulk leads to the following

contribution to the influence functional:

S(4) = �
�

4!

ˆ 4Y

i=1

ddki
(2⇡)d

(2⇡)d�

 
4X

i=1

ki

! ˛
d⇣

p
�g

4Y

i=1

�(⇣, ki) (5.7)

Substituting the solution for � (eqn.(??)) we get

Squartic ⇡�
�

4!

ˆ 4Y

i=1

ddki
(2⇡)d

(2⇡)d�

 
4X

i=1

ki

! ˛
d�

p
�g

"
4Y

i=1

✓
1 +G+

!

d

d�

◆
�even(�, ki)

+ 4
�!4

2
G+

! �even(�, k4)
3Y

i=1

✓
1 +G+

!

d

d�

◆
�even(�, ki) + ...

#
.

(5.8)

We intend to keep up to single derivative terms in the quartic influence phase. So we have

retained up to first order terms in the derivative expansion of the quartic action.

6 Discussion

A Gradient expansion on the hSK contour

In the main text we defined the retarded-advanced basis for the sources on the boundary. It

is useful to extend this to the bulk and define two related combinations:

Jeven ⌘ �J̄F + e�!(1�⇣) J̄P =

"
Ja �

 
e�!(1�⇣)

� 1

e�! � 1
�

1

2

!
Jd

#

=
⇣
1� e��!⇣

⌘
(n! + 1)JR +

⇣
e�!(1�⇣)

� 1
⌘
n!JL ,

Jodd ⌘ �J̄F � e�!(1�⇣)J̄P =

"
Ja +

 
e�!(1�⇣) + 1

e�! � 1
+

1

2

!
Jd

#

=
⇣
1 + e��!⇣

⌘
(n! + 1)JR �

⇣
e�!(1�⇣) + 1

⌘
n!JL .

(A.1)

– 19 –

We see that Iaa = 0 a consequence of Schwinger-Keldysh unitarity. This is because the

coe�cient of the average source is the ingoing Green’s function which is manifestly regular

on the hSK contour.

On-shell action in d = 2: Given our solution in the BTZ geometry it is straightforward

to evaluate the boundary term. One finds a the following result, where we have re-expressed

all the radial dependence in terms of the original radial variable r to facilitate extraction of

the correct boundary term. We have: check factors of ⇡

Iad(!, k) =
i

�

⇢
2i⇡�

✓
1�

r2c
r2+

◆
+ 2w+ i⇡

✓
1�

r2+
r2c

◆
[�� i (q+w)] [�+ i (q�w)]

⇥

2
eF1

⇣
p+ + 1 , p� + 1 ; 2� iw

⇡
; 1�

r
2
+

r2c

⌘

2
eF1

⇣
p+ , p� ; 1� i w

⇡
; 1�

r
2
+

r2c

⌘
�

cf r4�2�
c

(5.3)

where 2
eF1(a, b, c, ⇠) is the regularized hypergeometric function 2

eF1(a, b, c, ⇠) =
1

�(c) 2F1(a, b, c, ⇠).

The subscript at the end instructs us to extract the coe�cient of r4�2�
c , which is the end

result of carrying out a counter-term subtraction using standard holographic renormalization

methods.2 To understand this recall that we have normalized G+(⇣c,!, k) = 1 which means

that the two point function is obtained from the term that scales like
⇣
r+

rc

⌘2��4
leading to

the prescription. A short calculation results in:

Iad(!, k) = �
4

�
�(2��)2 sin(⇡�)

� (p�) � (p+)

� (1��+ p�) � (1��+ p+)

= �
4

⇡�

1

�(�� 1)2

����� (�� p�) � (p+)

����
2

sin (⇡ (�� p+)) sin (⇡ (�� p�))

= �
4

⇡�

1

�(�� 1)2

����� (�� p�) � (p+)

����
2

(cosh (q)� cos (⇡�) cosh(w) + i sin (⇡�) sinh (w))

(5.4)

This result is indeed the correct expression for the retarded Green’s function for a 2d CFT

on the infinite line; One can obtain it by starting from the conformal 2-point function on the

plane, conformally mapping it to the cylinder to obtain the (Euclidean) thermal correlator,

and thence take the discontinuity across the lightcone branch cut while analytically continuing

it to the timelike Lorentzian domain (using appropriate i ✏ prescription to do so). The result

has been obtained in various places in the literature before, see [22] for the computation of

the Fourier transform and [6] for the evaluation of the Green’s function using holography.

Having understood the computation of the influence functional Iad we next can compute

Idd using similar techniques. A short calculation shows that

Idd(!, k) =
i⇡

2

cosh (w) sin (⇡�)

cosh (q)� cosh (w� i⇡�)
Iad(!, k) (5.5)

2 For the sake of simplicity we assuming that the field � satisfies standard (Dirichlet) boundary condition

at infinity. While this restricts us to � � 1 the result is unchanged for � 2 (0, 1) once we include additional

boundary terms to account for the alternate (Neumann) boundary conditions.
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w =
�!

2
, q =

�k

2
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We see that Iaa = 0 a consequence of Schwinger-Keldysh unitarity. This is because the

coe�cient of the average source is the ingoing Green’s function which is manifestly regular

on the hSK contour.

On-shell action in d = 2: Given our solution in the BTZ geometry it is straightforward

to evaluate the boundary term. One finds a the following result, where we have re-expressed

all the radial dependence in terms of the original radial variable r to facilitate extraction of
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✓
1�
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r2c

◆
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⇥
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eF1

⇣
p+ + 1 , p� + 1 ; 2� iw

⇡
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r
2
+

r2c

⌘

2
eF1

⇣
p+ , p� ; 1� i w

⇡
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r
2
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r2c

⌘
�
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c
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it to the timelike Lorentzian domain (using appropriate i ✏ prescription to do so). The result

has been obtained in various places in the literature before, see [22] for the computation of
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◆
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and thence take the discontinuity across the lightcone branch cut while analytically continuing

it to the timelike Lorentzian domain (using appropriate i ✏ prescription to do so). The result

has been obtained in various places in the literature before, see [22] for the computation of

the Fourier transform and [6] for the evaluation of the Green’s function using holography.

Having understood the computation of the influence functional Iad we next can compute

Idd using similar techniques. A short calculation shows that
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2

cosh (w) sin (⇡�)

cosh (q)� cosh (w� i⇡�)
Iad(!, k) (5.5)

2 For the sake of simplicity we assuming that the field � satisfies standard (Dirichlet) boundary condition

at infinity. While this restricts us to � � 1 the result is unchanged for � 2 (0, 1) once we include additional

boundary terms to account for the alternate (Neumann) boundary conditions.
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It is also useful to introduce a combination of light-cone momenta and the dimension which

will appear in the solutions to below. We let

p+ = i
q�w

2⇡
+

�

2
, p� = �i

q+w

2⇡
+

�

2
(4.5)

Near ⇢ ⇠ 0, we see that the linearly independent solutions are �(⇢) = c1 + c2 ⇢2 iw of

which the constant behaviour is the correct ingoing mode. The explicit solution to the wave

equation is available in closed form and is given as

(sech ⇢)�
⇣
1 + tanh2

⇢

2

⌘
i
w
⇡

2F1

⇣
p+, p�, 1� i

w

⇡
; tanh2 ⇢

⌘

(sech ⇢)�
�
tanh ⇢

2

�2 i w
⇡

�
1 + tanh2 ⇢

2

�i w
⇡

2F1

⇣
�� p�,�� p+, 1 + i

w

⇡
; tanh2 ⇢

⌘ (4.6)

The first of these is the solution that satisfies ingoing boundary conditions and is regular at

the future horizon. The ingoing Green’s function of interest, normalized to unit at the AdS

boundary ⇣ = 0 or ⇢c + i ✏ can then be immediately inferred to be:

G+(⇣,!, k) =

 
1� e2⇡i (⇣+⇣c)

1 + e2⇡i (⇣+⇣c)

!� ✓
1� e2⇡i ⇣c

1 + e2⇡i ⇣c

◆��
 
1 + e2⇡i (⇣+⇣c)

1 + e2⇡i ⇣c

!
i
w
⇡

⇥
2F1

�
p+ , p� , 1� i w

⇡
; sec2 ⇡(⇣ + ⇣c)

�

2F1
�
p+ , p� , 1� i w

⇡
; sec2 ⇡⇣c

�

(4.7)

The knowledge of the retarded Green’s function is su�cient as described above to obtain

the full solution for the field � on the Schwinger-Keldysh contour using (3.25).

4.2 Propagators in d > 2: gradient expansion

In dimensions d > 2 the scalar wave equation (3.11) does not admit a simple closed form

solution in the Schwarzschild-AdSd+1 backgrounds. One can however make progress by solving

the equations order by order in a low-energy, long-wavelength limit, i.e., we can expand our

Green’s function in the limit where �!,�|k| ⌧ 1. We consider

G+(⇣,!, |k|) =
1X

n,m=0

G+
n,m(⇣)wn qm (4.8)

where we continue to work with the rescaled frequency and momenta (4.4) (though now we

have q = � |k|
2 ).

The strategy we employ would be to solve the equation (3.11) with ingoing boundary

conditions first. This amounts to demanding:

G+

����
r=rc

= 1 ,
dG+

d⇣

����
r=rh

= 0 (4.9)
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1. Quadratic terms in the influence function: d=2 CFTs

fluctuation counterpart related by fluctuation/dissipation:

retarded Green’s function with the quasinormal spectrum

2. Quadratic terms in the influence function: general d CFTs (dimension d scalar)

Gubser

Birmingham, Sachs, Solodukhin

Son, Starinets
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� =
4⇡

d rh
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�+ =
� rdh
d
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�(k) = (2⇡)d �(
4X

i=1

ki)

<latexit sha1_base64="+6iVujCF3RZrKQd71ume6uz5+y0="></latexit>

Quartic terms in the influence function (gradient expansion): 
general d marginal scalar operator 

cf., Barnes, Vaman, Wu, Arnold

Iaaaa = 0

Iaaad =
i�+

3!
�(k)

Iaadd = � i�+

4

�!4

4
�(k)

Iaddd =
i�+

3!


1

2
+

3i ⇣(3)

2⇡3
�!4

�
�(k)

Idddd =
i�+

4!

3i⇣(3)

⇡3
�(k)
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VI. OUTLOOK

 Black holes are great environments for getting intuition about strongly 
coupled thermal baths. 

 Existence proof for sensible non-Gaussian effective open QFTs. 

 Many potential generalizations/issues to ponder:  

 deriving horizon dynamics using fluid/gravity in real-time 

 imprints of out-of-time-order observables  

 beyond geometry… 


