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Bulk-Edge correspondence

and Fractionalization
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Plan With time reversal invariance

w /.2 Berry phase for a topological order parameter

w Fractionalization for the Bulk in 1D & 2D

w Entanglement Entropy to detect edge states
« (effective) Description by the Edges :

« Fractionalization at the Edges in 1D
deconfined spinons in 2D & 3D 22

w Time Reversal operators with interaction

w Global to Local : super-selection rule ®? =1, or —1
Let us consider

Gapped spin liquid as a topological insulator

with strong interaction



Quantum Liquids without Symmetry Breaking

w Quantum Liquids in Low Dimensional Quantum Systems
w Low Dimensionality, Quantum Fluctuations
w No Symmetry Breaking Topological Order
w No Local Order Parameter X.G.Wen
w Various Phases & Quantum Phase Transitions
w Gapped Quantum Liquids in Condensed Matter
« Integer & Fractional Quantum Hall States
« Dimer Models of Fermions and Spins
« Integer spin chains

« Valence bond solid (VBS) states
w Half filled Kondo Lattice

How to understand gapped quantum liquids ¢
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How to understand gapped quantum liquids ¢

Bulk-Edge correspondence

Common property of topological ordered states

[ Bulk ] classically featureless : need geometrical phase

‘? 1-st Chern number for QHE 11N
[ Edge] low energy localized modes in the gap

edge states for QHE

Laughlin, Halperin, YH

As for quantum spins

w Z3 Berry Phase as a Topological Order Parameter of bulk

« Entanglement Entropy to detect edge states (generic
Kennedy triplets)



Quantum Liquid (Example 1)
«The RVB state by Anderson

Singlet Pair,) = 7(| T1l2) = | 1172))

G b 4 O G) = | Z | cj ®;; |Singlet Pair,,)

J=Dimer Coverin g

dyles

small magnets Local Singlet Pairs :

T (Basic Objects)

[Purely Quantum Objects are basic]




Quantum Liquid (Example 1)
«The RVB state by Anderson

1
Singlet Pair,) = —2(| T1l2) = | 1172))

hie
v
A a»

G) = Z cj ®q; |Singlet Pair, ;)
o o J=Dimer Covering
Spins disappear , ,
a'i a s,-ng/'prc,,-,. Local Singlet Pairs :

o (Basic Objects)

[Purely Quantum Objects are basic]




Quantum Liquid (Example 2)
«The RVB state by Pauling

on = i = i Tt el
S /\\\\B diz) = S +12) = Z2ler +)l0)
\\\/° °\/ ik J=Di 223 - el

Do Not use the Fermi Sea

localized ch
ocaa;zse”ecl:é‘arge Local Covalent Bonds :

A (Basic Objects)

[Purely Quantum Objects are basic]




Quantum Liquid (Example 2)
«The RVB state by Pauling

on = i _ i AT el
,/,\ /\\\\B di2) ﬁ<\1> +12)) \@( 1 +¢3)[0)
\\\/° ’\//, = J=Di ZC . P [Bondy

Do Not use the Fermi Sea
Delocalized charge

as a covalent bond Local Covalent Bonds :

o (Basic Objects)

[Purely Quantum Objects are basic]




Quantum Interference for the Classification

w “Classical” Observables

w Charge density, Spin density, ...

O:nT::nl,---

(O)e = (GlO|G) = (G"O|G") = (O)c

') = [G)e?

w “Quantum” Observables |

w Quantum Interferences: (G1|G2) = (G |GL)e! (1)

« Probability Ampliture (overlap) G;) = |G!)ei®

w Aharonov-Bohm Effects
« Phase (Gauge) dependent

(G|G + dG) = 1 + (G|dG)

A = (G|dG) :Berry Connection

iy = /A :Berry Phase

[ Use Quantum Interferences To Classify Quantum LiquidsJ




EX_do_ﬁgﬂ RVB state by Anderson
: : 1

© © F D Singlet Pair,,) = ﬁ(] Til2) = | 11T2))

y W a

G) = Z cj ®;j |Singlet Pair, ;)
@ @ J=Dimer Covering

Spins disappea( No Long Range Order
as a Singlet pair

v
0°°.. o >
A a »

o < Local Singlet Pair is a Basic Object

in Spin-Spin Correlation

How to Characterize the Local Singlet Pair ¢

1
G) = T(Wlﬁ — |1i15))
T Use Berry Phase to characterize the Singlet!

Singlet does not carries spin but does Berry phase

[’ysinglet pair — 7T mod 2w ]




How to Characfenze the Local Singlet Pair @

(ITils) = 1LaT5))
T ¢ Use Berry Ighase to characterize the Singlet!

Singlet does not carries spin but does Berry phase

[Vsinglet pair — 7T mod 2w ]




Z> Berry phases for gapped quantum spins

w generic Heisenberg Models (with frustration)

H=YJ;S;-8,
1)
Time Reversal Invariant

OnSOy = -8,

H,ON| =0
On = (io,) ® (ic}) - - - (ic)) ) K
Oy = ()"

Mostly N: even @%\7 =1 (probability 1/2 in HgTe)



Z> Berry phases for gapped quantum spins

Define a many body hamiltonian by local twist as a parameter

C={zx=¢e"%0:0— 2r} u(1)

D
@)

1 . .
Si-8; = 5(e St Sj— + et Si_Sj) + 512 S [only link <,-,°>j

Calculate the Berry Phases using the Entire Many Spin Wavefunction numerically

Require excitation Gap!

Z2 quantization

VCLA¢L<¢d¢>4{2 . mod2rn 22

Time Reversal ( Anti-Unitary ) Invariance




Berry Connection and Gauge Transformation

< Parameter Dependent Hamiltonian H(x) |Wix)=E(x) Vi

H(z)[y(z)) = E(x)[Y(2)), (@(x)lP(r)) =1
< Berry Connections A, = (1|dy)) = (v|-L4))dx.

dx

« Berry Phases  iyo(Ay) = / Ay

« Phase Amb:gu:fy of the eigen state ~ (Abelien)
(x)) = o' (x))e™ ™) Gauge Transformation
Ay = A tidQ=A, i

dx
« Berry phases are not well-defined without

Ve (Ay) =vo(Ay) + /c ) spec:fymg fhe gauge

27T x (integer) if €’ is single valued

« Well Defined up to mod 27

vc(Ay) =vc(Ay) mod 27




Anti-Unitary Operator and Berry Phases

W Anﬁ-UnH-ary Operafor (Time Reversal, Particle-Hole)
0 = KUo, K CO]EnpleX conjugate
U@ I Umtary (parameter independent)

—ZCJU> > C5C; =(T|0) =1

) =0 =331, 1% =61

« Berry Phases and Anﬁ-Unifary Operation
AY = (U|dT) = chda} ng*cﬁzgjdcj_

APV — (1®|qu®) chdcj_—

r

Yo (AY) = —VC(A\I])

\_ J




Anti-Unitary Invariant State_and
Z> Berry Phase

« Anti-Unitary Symmetry

W Invariant State agp,

~ ex. Unique Eigen State

« To be compatible with the ambiguity,

H(z),0] =0
T°) = O[1) = [B)e'”
~ ‘\Ij> Gauge

Equivalent(Different
Gauge)

the Berry Phases have to be quantized as

T

o(AY) = { ’

mod 27

~N

J

Yo (AY) = =y (A°Y) =

/.5 Berry phase

vo(AY), mod2m



Numerical Evaluation of the Berry Phases (incl. non-Abelian)

(1) Discretize the penod:c parameter space

<':::> Lo, L1, " , TN = X0 sl
Ln — 67;9” en—l—l =0, + A(gn VAHn — 0
2) Obtain eigen vectors ; ; 5
(2) g H () [0) = E¥ ()|

(3) Define Berry connection in a discretized form

A, =Im 10g<¢n |¢n+1>

non-Abelian A,, = Imlogdet D,,, {Dn}w = <¢ ‘¢n+1>
(4) Evaluafe the Berry phase

non-Abelian

v = Z A,, = Imlog(o|i1)(1|9) - - - (= Im logdet D1 Dy ---D,,)

IndependeniL of the choice of the phase ‘¢n> — |¢n>’@i9n

Gauge invariant Luscher ‘82 (Lattice Gauge Theory)

after the discretization King-Smith & Vanderbilt ‘93 (polarization in solids)
Convenient for Numerics T. Fukui, H. Suzuki & YH ‘05 (Chern numbers)



Adiabatic Continuation & the Quantization

1}A3¢ “\$AZ¢ 01$A3¢ 0\&*34
/A () JT () T () JC

Introduce interaction between singlets

w Zo-quantization of the Berry phases protects from
continuous change

Adiabatic Continuation in a gapped system

Renormalization Group in a gapless system



Local Order Parameters of Singlet Pairs

w 1D AF-AF,AF-F Dimers  vH, J. Phys. Soc. Jon. 75 123601 (2006)

w Strong Coupling Limit of the AF Dimer link is a gapped
unique ground state.

AF-AF case
AF.AF Strong bonds
: 7T bonds
F-AF case
F-AF AF bonds
Hida : 7T bonds




Local Order Parameters of the Haldane Phase

~ Heisenberg Spin Chains with integer S
« No Symmetry Breaking by the Local Order Parameter
« “String Order”: Non-Local Order Parameter!

S=1 (8;)?’=8(S+1), S=1
H = JZS .S +DZ (57)2
7 Y.H., J. Phys. Soc. Jpn. 75 123601 (2006)

T T T T T T T T D<DC
o O o o o o o o

O 0 0 O O 0 0 O D> De

Describe the Quantum Phase Transition locally

c.f. S=1/2, 1D dimers, 2D with Frustrations, Ladders
t-J with Spin gap



Topological Classification of Gapped Spin Chains

T.Hirano, H.Katsura &YH, Phys.Rev.B77 094431°08
S=1,2 dimerized Heisenberg model

N/2
H = Z (J152i - S2i+1 + J2S2i+1 - Soiy2) J1 =cosb, J; =sinb
i=1
ZsBerry phase
‘ S=1N=14 S=2N =10 A
(2,0) (1,1) (0,2) (4,0) (3,1) (2,2) (1,3) (0,4)
| 1 | | | e — | —— |
0 6., w/4 /2 0 6. 0.5 /4 /2
g 9 : dimerization strength 9 : dimerization strength
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Topological Classification of Gapped Spin Chains

T.Hirano, H.Katsura &YH, Phys.Rev.B77 094431°08
S=1,2 dimerized Heisenberg model

N/2
H = Z (J1S2i - S2i+1 + J2S52i+1 - S2iye) J1 =cosl,Ja =sinl
i=1
ZsBerry phase
: S=1N =14 S=2N=10 e
(2,0) (1,1) (0,2) (4,0) (3,1) (2,2) (1,3) (0,4)
I ! l | I h l * |
0 6., w/4 /2 0 6. 0.5 /4 /2
g 9 : dimerization strength 9 : dimerization strength

JU U U U T U U U
o O O o o o o o

O 0 0 O O 0 0 O
o o o o o o o O

Topological Quantum Phase Transitions with translation invariance



Topological Classification of Gapped Spin Chains

T.Hirano, H.Katsura &YH, Phys.Rev.B77 094431°08
S=1,2 dimerized Heisenberg model

N/2
H = Z (J152i - S2i+1 + J2S2i+1 - Soiy2) J1 =cosb, J; =sinb
1=1
Berry phase
‘ S=1N=14 S=2N =10 A
o (1,1 ey @0 GN @2 (13 09
0 0, | n/4 t w/2 0 1 0.5 /4 ’\ w/2
N 0 6 Y,
ioa | g Shoe
(

“Bod hed e

—® : S-1/2 singlet state Q : Symmetrization

ﬁ

Reconstruction of valence bonds!



Topological Classification of Gapped Spin Chains (cont.)

T.Hirano, H.Katsura &YH, Phys.Rev.B77 094431°08

S=2 Heisenberg model with D-term
N

H = ), [JS,L- St +D(Sf)2}
Berrv Phase IZ{ed line denotes the non trivial Berry phase
i S=2N =10 A

LTE T TN
Ixx¢) pod) Hod

A :() magnetization

Reconstruction of valence bonds!



Topological Classification of Generic AKLT (VBS) models

T.Hirano, H.Katsura &YH, Phys.Rev.B77 09443108
Twist the link of the generic AKLT model

ZB i1

{gbz z—l—l} Z Z AJPsz+1 [¢z z—l—l]

1=1 J= B _|_1—|—1

(o) = T (c45/2alt} - ei95/281a! e
(27)

[ Berry phase on a link (ij)

~N

Yij — Bijﬂ' mod 27 S/=1/2

\______/

[ The Berry phase counts the number of the Valence‘{oonds!

[ S=1/2 objects are fundamental in S=1&2 spin chains

\______/

Contribute to the

» [FRACTIONALIZATION] Entanglement Entropy
as of Edge states




2D, Ladders (S=1/2), t-J (spin gapped

DA o
Y

Y.H., J. Phys. Soc. Jpn. 75 123601 (2006), J. Phys. Cond. Matt.19, 145209 (2007)

J=1: J=2: Y=0: Y =T:
(@)
\VAVAVAVAVAVA. 2 VAVAVAVAVAVAS
(b)
\VAVAVAVAVAVE. 2 VAVAVAVAVAVAS
(c)
\VAVAVAVAVERE 2 VAVAVAVAVS




[A Entanglement Entropy to detect edge states

,A..: e Aaan fo)~ Y ;_n nnnnn .




Entanglement Entropy

w Mixed State From Entanglement
. Vidal, Latorre, Rico, Kitaey ‘02
« Direct Product State =

System = AP B

‘\IJAB> = ‘\IJA> & ‘\PB> State:Z\IfA@)\IfB
« Entangled State
| .
o |Uag) = —= ) V) ®|¥]
w Partial Tl'ace> VD ;‘ 4) @ Wp) A °
" oap = [Wap)(Uan Pure State
D=1

pa = Irp pan

D
1 . . . D
— 5 g |\IJLZ4><\I];74‘ Mixed State pAB:%Z|\IfQ><\IfZ|®|\%><\IJ%\
]

Y Ik

w How much the State is Entangled between A & B¢

Entanglement Entropy : [SA = —(log pa) = log D J




E.E. & Edge states (Gapped)

(of spins, fermions...)

w Partial Trace induces effective edge states

« Requirement: Finite Energy Gap for the Bulk
w The effective edge states contribute to the E.E.

« Let us assume that the edge states has degrees of freedom Dt

Entanglement Entropy > (# edge states) Log Dk

S. Ryu & YH, Phys. Rev. B73, 245115 (2006)

(Fermions)



EE of the Generic VBS States (S=1,2,3,...)

H. Katsura, T.Hirano & YH, Phys. Rev. B76, 012401 (2007)

N T.Hirano & YH, J. Phys. Soc. Jpn. 76, 113601 (2007)
Hyps = »  Si-Siy1+aHl g, S =S(5+1)
1=1 HSSh =) %(gz' - Sit1)?
L Hes;:r2a - Z (3( _)z §z+1)2 T 6_13(§z g@—i—l)g
S 1
VBS) = [ [(alb],, —blal, )" |vac)
j=0
Sy = —(logp), — 2log(S+1), (L — o0)
S EE Effective Degrees of
Boundary Spins: S/2 Boundary spins| Freedom
| 2 Log 2 Sefi=1/2 2°=4
2 2 Log 3 Sef= | 32=9
S 2 Log (S+1)| Sex=S/2 (S+1)2

« Fractionalization : Emergent as edge states

( Quantum Resources for gbits)



Another Models

Spin ladder model with four-spin cyclic exchange

H = Z{Jrsl,i -S89+ N(S1i-S1i11+ 825 Soii1)+ K(P+P 1)}

J

A
Scalar Chiral LRO
Dominant
Dominant Vector Chirality Dimer LRO
Collinear Spin T 0
— — J

Ferromagnetic Singlet

I
A. Lauchli, G. Schmid and M. Troyer (2003)

(Pz"l‘Pi_l) -

S1i-82i+ 81418241+ 81 S1,i+1
+ Soi-8S2it1+ 818241+ 828111
+ 4(81i-52:)(S1.i+1-52.i+1)
+ 4(81i-81i+1)(82-82.i+1)
— 4(81;-82i+1)(82 - S1.i+1)-

We set parameters as

J=J,=J, = cosl
K =sinf

Self dual at the point of J = 2K
T. Hikihara, T. Momoi and X. Hu (2003)



Adiabatic deformation
. Maruyama, T. Hirano, YH, arXiv:0806.4416

Rung singlet phase  Vector chirality phase

0 =06 0 =2.6

H, = Z S1:-S2, Hys = Z (81 %x852:)  (S1.i+1 X S2i+1)
i=1 1€odd
Rung singlets Plaquette singlet (PS)

Berry phase remains the same

Topologically equivalence


http://arxiv.org/abs/0806.4416
http://arxiv.org/abs/0806.4416

Energy spectrum with boundaries (diagonal)
M. Arikawa, S. Tanaya, |. Maruyama, YH, unpublished

periodic BC

gap

1 3 fold degenerate

w * ) h y ‘l’ y 7/_4 ‘ ‘ =
fAr nerindic < S=I| excitation(Kennedy & Ex. for Haldane s, ﬂm@;ﬂﬂm
3 liCc S m

for periodic syste Triplet)

Kennedy ‘90

Interaction between effective boundary spins


http://arxiv.org/abs/0806.4416
http://arxiv.org/abs/0806.4416
http://arxiv.org/abs/0806.4416
http://arxiv.org/abs/0806.4416

Bulk-Edge correspondence for spins

0% =1  Oy=(io})®(io?)---(ic))K

1\ K : complex conjugate

" Bulk: Z2 Berry phases

It

Edge: Entanglement Entropy
& low energy states in the gap

S = 1/2 is always fundamental ( electron spin )

- f— o2
@edges — @L 02y @R @L2 — —1
Global TR @N—>Local (edge) TR O, Of



Bulk-Edge correspondence for spins

0% =1  Oy=(io})®(io?)---(ic))K

1\ K : complex conjugate

" Bulk: Z2 Berry phases

It

Edge: Entanglement Entropy
& low energy states in the gap

S = 1/2 is always fundamental ( electron spin) 3D ¢

- f— w1 |
T Or? = —1
@edges — @L 02y @R @L2 — —1
Global TR @N—bLocal (edge) TR O, Of




Thank you



