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i Real life examples

= FQH liquids.

= Hope: Frustrated magnets
- Many theoretical models
- A few candidate materials
- Cs,CuCl,
- k-(BEDT-TTF),Cu,(CN),
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i Theory of topological phases

= We understand:
- Low energy/Long distance physics

= We're missing:

- Connection with microscopics!
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= How can we realize them? What
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i Outline

|. Physical picture

1. Quantitative results
A. Explicit ground state wave functions
B. Exactly soluble Hamiltonians

1. Examples



i String-net models




i Data

1. String types: Number of string types N.

| i=1,..N)

2. Branching rules: Triplets {1, J, k} allowed
to meet at a point.

N






1. Number of string types: N = 2.

2. Branching rules: {2, 2, 2}, {1, 2, 2}.



i String-net Hamiltonian

H = tH, + UH,
—~ -
String String
Kinetic tension
energy



i String-net Hamiltonian

H = tH, + UH,




i So what?

= String-net condensed phases ARE
topological phases!

= Mechanism for topological phases

= Very general: all non-chiral topological
phases can be realized
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Chern-Simons



i Representative wave functions

Want “fixed-point” wave functions:

O( 0 e )=



Ansatz

1. Amplitude of ® only depends on topology of
string-net: e.g., ®( 15 )=o(|))

2. @ satisfies local constraint equations:

o( () y=do( )
cp(%k}"):o if i |
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Local constraints specify @
completely

D( ) = 2 FY,q0( )

_ Fikjkioq)( @ )
— Fikjkiodidk(D(vaCuum)

= FYy0didy



But rules are not usually
‘L self-consistent!
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i Self-consistency conditions

> leqkpn Fip _Fisn = FjiqurFfiquS (a)
FiMgn = F*™ = FM = Fm g (dd/did)2 (b)
Fikiy = (di/did) Y2 &y (c)

(where 6 = 1 If {I,],k} allowed, O otherwise).



i Self-consistency conditions

Zn |:mlqkpn |:jilomns |:jsnlkr — |:jiqurFriqmls (a)
FIMyn = FXMin = BNy = FMyy (dpd/did) = (b)
Fijkjio = (dk/didj)1/2 Ojjk (c)
(where 6 = 1 If {I,],k} allowed, O otherwise).

Solutions < fixed point wave functions @
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i Hamiltonians
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Generalization of Kitaev’s toric code
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i Second term: By

BS

Defined by: B, = 2 d B, where
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i Second term: By

BS

Defined by: B, = 2., d B, where:

b%h%F

a—(g !)—d —
P | J
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“Magnetic flux”
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i Properties of Hamiltonian

1. {B,}, {Q,} commuting projectors =
H Is exactly soluble.

2. Ground state wave function is O.

3. Model describes a topological phase.
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i Properties of Hamiltonian

4. Fixed points: Correlation length E&= 0
~ zero coupling gauge theory

“Right way” to put topological theories
on lattice.



i Properties of Hamiltonian

4. Fixed points: Correlation length E&= 0
~ zero coupling gauge theory

“Right way” to put topological theories
on lattice.

Turaev/Viro (1992) Loop quantum gravity:
Ooguri (1992) “spin networks”



i Example #1

1. String types: N =1
2. Branching rules: No branching

JP e

What phase occurs when strings
condense?



i Example #1

Two solutions to self-consistency equations:
d, =1
— E110 —
000 — [F101 — [EO011 —
F OOO_F 101_F 011 —
000 — [F110 — [F101 — [FO011
F 111_F OOl_F OlO_F

Two sets of local rules:

Two solutions: @, (X) = (1) Moops™



i Lattice realization

Each “spin” can be in 2 states: |0), |1)

Convenient to use spin-1/2 notation:
10) = |o¥ = +1)
1) =Jo*=-1)



i Lattice realization

g."’b‘a"?

Each “spin” can be in 2 states: |0), |1)

Convenient to use spin-1/2 notation:
10) = |o¥ = +1)
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i Hamiltonian: @,

H, = 'ZI Ha Gxa B Zp 1_[b sz




‘L Hamiltonian: @,

H, = 'ZI 1_[a Gxa B Zp 1_[b sz

Toric code: Lattice model for Z, gauge theory!



i Hamiltonian: @

Ho= %, 11, o - 3, 11, o - T, 17072




i Hamiltonian: @

Ho= %, 11, o - 3, 11, o - T, 17072

U(1)xU(1) Chern-Simons theory with semions!



i Two string condensed phases

V'S
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i Example #2

1. String types: N =1
2. Branching rules: {1,1,1}

SVl

What phase occurs when string-nets
condense?



i Example #2

Only one set of self-consistent local rules:

o(( )=td( )

(< ) =0

o) )=t & )+r2d( [ )
o) =t o) - v O )

T = (1+5Y2)/2



i Example #2

Wave function: No closed form!
Hamiltonian: Spin-1/2 model (complicated)

Topological phase: SO4(3)xS04(3) Chern-Simons
theory

- “Fibonacci theory”
- Non-abelian anyons
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= How can we realize them? What
Interactions favor them?

>0 0 o 0 0o o°

>0 0 0 0 0o o° a N

>0 0 0 0 0o o° 77 ' TQFT

PSP S SR NI NP S Fractional statistics
Ground state deg.

>0 0 0 0 0o o°

e o o o ¢ o o \_ -




How do topological phases
i emerge from microscopic spins?

= How can we realize them? What
Interactions favor them?

® ¢ ¢ 06 0 0 o
String-net

PP ? condensation! a TQFT A
® ¢ ©¢ 06 0 0 o '

PSP S SR NI NP S Fractional statistics

Ground state deg.

® ¢ ©¢ 06 0 0 o

e o o o ¢ o o \_ -




