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Outline

• Bogoliubov-de-Gennes geometry

• px + ipy order-parameter

• Edge states

• Vortex-core states
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Connection with SO(2N)

γi = (ai + a†i ), γi+N = i(a†i − ai).

{γi, γj} ≡ γiγj + γjγi = 2δij .

⇒ ĤBogoliubov =
1

2

2N
∑

i,j=1

hijΓij +
1

2
trH

Γij =
1

4i
[γi, γj ] ∈ Lie [SO(2N)]

hij =

(

−Im (H + ∆), −Re(H − ∆)
Re(H + ∆), −Im(H − ∆)

)

ij

.
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Bogoliubov transformation

ai = uiαbα + v∗iαb
†
α

a†i = viαbα + u∗iαb
†
α.

(

H ∆
∆† −HT

)(

uα

vα

)

= Eα

(

uα

vα

)

, Eα ≥ 0

⇒
(

H ∆
∆† −HT

)(

v∗α
u∗α

)

= −Eα

(

v∗α
u∗α

)

.

⇒ E ↔ −E symmetry
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ĤBogoliubov =
N
∑

α=1

1

2
Eα(b†αbα − bαb

†
α) +

1

2
trH

=
N
∑

α=1

Eα
1

4i
[γα+N , γα] +

1

2
trH

=
N
∑

α=1

Eαb
†
αbα − 1

2

N
∑

α=1

Eα +
1

2

N
∑

i=1

E
(0)
i .

(γα = Oαiγi, where O ∈ SO(2N).)
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BCS Ground State

Ground state bi|0〉b = 0,

⇒ (ai + a†kv
∗
kα(u∗−1)αi)|0〉b = 0, i = 1, . . . N.

Sij = v∗iα(u∗−1)αj , Sij = −Sji

exp

{

1

2
a†ia

†
jSij

}

ak exp

{

−1

2
a†ia

†
jSij

}

= ak + a†iSik.

⇒ |0〉b = N exp

{

1

2
a†ia

†
jSij

}

|0〉a
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2n-particle Pfaffian wavefunction

Let

|S〉 def
= exp

{

1

2
a†ia

†
jSij

}

|0〉a,

and
|i1, i2, . . . , i2n〉 = a†i2n

a†i2n−1
. . . a†i1|0〉a.

Then

〈i1, i2, . . . , i2n|S〉 =
1

2nn!
εj1j2...j2n

i1i2...i2n
Sj1j2 · · ·Sj2n−1j2n

= εi1i2...i2n
Pf(S).

(Freeman Dyson?)
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BCS Normalization

|S〉 def
= exp

{

1

2
a†ia

†
jSij

}

|0〉a,

⇒ 〈S1|S2〉 = det 1/2(I + S†
1S2),

⇒ N = det−1/4(1 + S†S).

• This det 1/2 is sometimes called a “Pfaffian”. Although it
is not the usual object of that name, it has the Pfaffian
property of being a polynomial in its entries.

• The collection of ground-state wavefunctions is
therefore a Pfaffian line bundle over the symmetric space
SO(2N)/U(N).

• The states |S〉 are holomorphic in the parameters Sij .
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Berry Phase

lnN = −1

4
ln det (I + S†S), (Kähler Potential)

iABerry =
∑

i<j

(

∂ lnN
∂S∗

ij

dS∗
ij −

∂ lnN
∂Sij

dSij

)

=
1

2

N
∑

α=1

( vα uα ) d

(

v∗α
u∗α

)

+
i

2
d {Arg (detu)}

(Remember that it is the (v∗, u∗) that have negative energy,
and so are "occupied" in ground state.)
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px + ipy
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Bogoliubov-de Gennes equation

[

− 1
2m∇2 − µ ∆̂

∆̂† + 1
2m∇2 + µ

]

(

u
v

)

= E

(

u
v

)
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Bogoliubov-de Gennes equation

[

− 1
2m∇2 − µ ∆̂

∆̂† + 1
2m∇2 + µ

]

(

u
v

)

= E

(

u
v

)

∆̂ =
1

2

( |∆|
kf

)

eiΦ/2
{

Σ̂, P̂
}

eiΦ/2.

Σαβ = (i(σ · d)σ2)αβ.

Φ = local phase
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Bogoliubov-de Gennes equation

[

− 1
2m∇2 − µ ∆̂

∆̂† + 1
2m∇2 + µ

]

(

u
v

)

= E

(

u
v

)

P̂ = −i(p̂x + ip̂y)

= −(∂x + i∂y),

= −eiθ
(

∂

∂r
+
i

r

∂

∂θ

)

,
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Bogoliubov-de Gennes equation

[

− 1
2m∇2 − µ ∆̂

∆̂† + 1
2m∇2 + µ

]

(

u
v

)

= E

(

u
v

)

P̂ eilθJl(kr) = kei(l+1)θJl+1(kr)

P̂ †eilθJl(kr) = kei(l−1)θJl−1(kr)
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Bulk Modes

ΨE,l(r, θ) =
1

2
√

E(E + ∆)

[

(E + ε+ ∆)ei(l+1)θJl+1(kr)

(E − ε+ ∆)eilθJl(kr)

]

,

E = +
√

ε2(k) + (k/kf )2∆2, ε = k2/2m− µ.

Ψ−|E|,l(r, θ) =
1

2
√

|E|(|E| − ∆)

[

(|E| − ∆ − ε)ei(l+1)θJl+1(kr)

(|E| − ∆ + ε)eilθJl(kr)

]

,

E = −
√

ε2(k) + (k/kf )2∆2.
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Edge Mode

θ
θ

r(k,E)
t(k,E)

x

y

• r(k,E): Andreev
reflection.

• t(k,E): Specular re-
flection = “transmis-
sion”.

Ψθ(x, y) =

[

aL(y)
bL(y)

]

eikfx cos θ+ikfy sin θ−
[

aR(y)
bR(y)

]

eikfx cos θ−ikfy sin θ,

a, b vary slowly w.r.t. kf and Ψ = 0 on boundary.
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Edge Mode

θ
θ

r(k,E)
t(k,E)

x

y

• r(k,E): Andreev
reflection.

• t(k,E): Specular re-
flection = “transmis-
sion”.

H = −iτ3∂ξ + ∆τ1e
−iτ3φ(ξ), y = ξ sin θ

[

−i∂ξ ∆eiφ(ξ)

∆e−iφ(ξ) i∂ξ

]

(

a
b

)

= E

(

a
b

)

,

On reflection φ jumps from φL = −θ to φR = θ
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Edge Mode

θ
θ

r(k,E)
t(k,E)

x

y

• r(k,E): Andreev
reflection.

• t(k,E): Specular re-
flection = “transmis-
sion”.

ψ = ψφL

k,E + r(k,E)ψφL

−k,E, ξ < 0,

= t(k,E)ψφR

k,E , ξ > 0.

KITP, April 27th – p.15



Edge Mode

θ
θ

r(k,E)
t(k,E)

x

y

• r(k,E): Andreev
reflection.

• t(k,E): Specular re-
flection = “transmis-
sion”.

χedge(kx) =

√

∆

2vf
eikfx cos θ sin(kfy sin θ)e−∆y/vf

[

1
1

]

Eedge(kx) = −∆ cos θ = −∆(kx/kf ). (Weyl)
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Edge Mode

θ
θ

r(k,E)
t(k,E)

x

y

• r(k,E): Andreev
reflection.

• t(k,E): Specular re-
flection = “transmis-
sion”.

(

ψ̂

ψ̂†

)

bound

=
∑

kx

b̂kx
eikxx sin(kfy sin θ)e−∆y sin θ/vf

(

1
1

)

⇒ b̂−kx
= b̂†kx

(Majorana)
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Dangerous argument

H = −iτ3∂x +mτ1 +m5(x)τ2

ψtopological =

(

1
1

)

exp

{

−
∫ x

0
m5(ξ) dξ

}

Hψtopological = mψtopological.
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Dangerous argument

H = −iτ3∂x +mτ1 +m5(x)τ2

ψtopological =

(

1
1

)

exp

{

−
∫ x

0
m5(ξ) dξ

}

Hψtopological = mψtopological.

Q = τ1H −m

QH = −HQ
Qψtopological = 0.

⇒ E ↔ −E symmetry?
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Dangerous argument

H = −iτ3∂x +mτ1 +m5(x)τ2

ψtopological =

(

1
1

)

exp

{

−
∫ x

0
m5(ξ) dξ

}

Hψtopological = mψtopological.

NO!
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Dangerous argument

H = −iτ3∂x +mτ1 +m5(x)τ2

ψtopological =

(

1
1

)

exp

{

−
∫ x

0
m5(ξ) dξ

}

Hψtopological = mψtopological.

Spectrum asymmetric, and edge current has
contributions from scattering states.
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Vortex-core states

For circulation n vortex with eiΦ = einθ, seek solution of form:

(

u
v

)

= eilθ

(

eiθ(n+1)/2[a(r)Hl+1/2(kfr) + c.c.]

e−iθ(n+1)/2[b(r)Hl−1/2(kfr) + c.c]

)

.

KITP, April 27th – p.17



Vortex-core states

For circulation n vortex with eiΦ = einθ, seek solution of form:

(

u
v

)

= eilθ

(

eiθ(n+1)/2[a(r)Hl+1/2(kfr) + c.c.]

e−iθ(n+1)/2[b(r)Hl−1/2(kfr) + c.c]

)

.

Cosmetic redefinition:
(

a(r)
b(r)

)

=

(

e−inθ(x)/2ã(x)

einθ(x)/2b̃(x)

)
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Vortex-core states

For circulation n vortex with eiΦ = einθ, seek solution of form:

(

u
v

)

= eilθ

(

eiθ(n+1)/2[a(r)Hl+1/2(kfr) + c.c.]

e−iθ(n+1)/2[b(r)Hl−1/2(kfr) + c.c]

)

.

Leads to Caroli–de-Dennes–Matricon equation:

(

−ivf∂x ∆(x)einθ(x)

∆(x)e−inθ(x) +ivf∂x

)

(

ã(x)

b̃(x)

)

= El

(

ã(x)

b̃(x)

)

.
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Vortex-core states

For circulation n vortex with eiΦ = einθ, seek solution of form:

(

u
v

)

= eilθ

(

eiθ(n+1)/2[a(r)Hl+1/2(kfr) + c.c.]

e−iθ(n+1)/2[b(r)Hl−1/2(kfr) + c.c]

)

.

What is “x”, “θ(x)”, and so on?
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Bessel Asymptotics

θ
b

r

x

• WKBJ approximation

• Impact parameter
bk = l

• x =
√
b2 − r2

• θ(r) = cos−1(b/r)

Hl(kr) ≈
√

2

πkx(r)
exp

{

i
(

kx(r) − lθ(r) − π

4

)}

, r � b.
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Bessel Asymptotics

θ
b

r

x

• WKBJ approximation

• Impact parameter
bk = l

• x =
√
b2 − r2

• θ(r) = cos−1(b/r)

(

−ivf∂x ∆(x)einθ(x)

∆(x)e−inθ(x) +ivf∂x

)

(

ã(x)

b̃(x)

)

= El

(

ã(x)

b̃(x)

)

.
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vortex core II

vs

∆=0

∆=0

hole

particle

Andreev bound state

• ⇒ El = −ω0(l + α)

• dθ
dt = ∂El

∂l = −ω0

• Andreev reflection not quite
retro-reflective ⇒ backward
creep
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Zero Modes

n = +1 :

(

u
v

)

=

(

eiθf(r)

e−iθf(r)

)

, f(r) real

n = −1 :

(

u
v

)

=

(

f(r)
f(r)

)

.
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Zero Modes

n = +1 :

(

u
v

)

=

(

eiθf(r)

e−iθf(r)

)

, f(r) real

n = −1 :

(

u
v

)

=

(

f(r)
f(r)

)

.

Global phase change ∆ → eiχ∆ takes

(

u
v

)

→
(

eχ/2u
e−iχ/2v

)

⇒ square-root monodromy.

KITP, April 27th – p.20


	Outline
	References
	
	Connection with ${m SO}(2N)$
	Bogoliubov transformation
	
	BCS Ground State
	$2n$-particle Pfaffian wavefunction
	BCS Normalization
	Berry Phase
	$p_x+ip_y$
	Bogoliubov-de Gennes equation 
	Bulk Modes
	Edge Mode
	Dangerous argument
	Vortex-core states
	Bessel Asymptotics
	vortex core II 
	Zero Modes

