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Partially Asymmetric Exclusion Process (PASEP)
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It is convenient to make use of parameters xZ ., which are solutions of

arP+(p—q—a+~)k+~=0.
We will use the notation

+ _ .t P _
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Features

Denote the probability to find a configuration at time t by P-(t) and the transition matrix
by M.

The time evolution is given by the Master Equation:
d
g0 =- ; M., P, (t)

Stationary state:
M- P(c0) = 0.

Matrix product formalism:

L
Priv() = 5 WIT 7D+ (1 = m)EL ).
i=1
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Revision: Stationary phase diagram
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high density CL
1 low density
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Current
1 a

CL: Coexistence line
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Spectrum

@ What about the spectral gap (second eigenvalue of M)?
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Spectrum
@ What about the spectral gap (second eigenvalue of M)?

o Transition matrix M is equivalent to the Hamiltonian of the XXZ quantum spin
chain with open boundary conditions

@ Use Yang-Baxter integrability (Bethe’s ansatz) to diagonalise M

@ Works well for periodic boundary conditions (Gwa & Spohn '92 and Kim 95 in
context of growth model)

o Difficulty for open boundaries: no particle conservation

Applications of the Bethe ansatz for the finite ASEP wit



Bethe’s ansatz

Example: Single diffusive particle on a ring

(HO)(x) = pp(x=1)+qd(x+1) — (p+ q)(x)
= AY(x)
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Bethe’s ansatz

Example: Single diffusive particle on a ring
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Plane wave ansatz:

b(x) = 2"

A:pz_1+qz—p—q
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Bethe’s ansatz

Example: Single diffusive particle on a ring

(HY)(x) = pY(x—=1)+q(x+1) = (p+q)¥(x)
= Ap(x)
Plane wave ansatz:

b(x) = 2"

A:pz_1+qz—p—q

Periodicity leads to quantization condition:

Y(L+1)=v() = z"=1
L solutions = L eigenvalues

Results of Bethe’s Ansatz for m particles:
Each eigenvalue can be expressed in roots of a system of high degree polynomials.

\
AN=>"Mz), Puziz,...,zm) =0 (j:1,...7m).§ACEMf

J=1
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Open boundaries

@ Usual Bethe equations for open XXZ have been obtained under a constraint (Cao,
Shi, Lin & Wang ’03; Nepomechie '03)

@ ASEP does not have most general XXZ open boundary conditions
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Constraint in ASEP parameters:
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Open boundaries
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Constraint in ASEP parameters:

(@ —1)(af—10Q"* ) =0, Q= \/g.
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Need two sets of Bethe equations, all eigenvalues are given by

L/2—k—1 L/2+k

Ei=E+ Z A{z}), E = Z AMAw})-
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o Take k = —L/2
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Open boundaries

@ Usual Bethe equations for open XXZ have been obtained under a constraint (Cao,
Shi, Lin & Wang ’03; Nepomechie '03)

@ ASEP does not have most general XXZ open boundary conditions
Constraint in ASEP parameters:

(@ —1)(af—10Q"* ) =0, Q= \/g.
for any choice of k € Z, |k| < L/2.
Need two sets of Bethe equations, all eigenvalues are given by

L/2—k—1 L/2+k

Ei=E+ Z A{z}), E = Z AMAw})-

j=1 j=1
o Take k = —L/2
@ One energy level E; = 0 (stationary state). \\
QACEMJ

o All excited states described by E;.
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Bethe ansatz for ASEP with open boundaries

Nizh =atstyrsey O 1E
' — (1-2)(az - 1)
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Bethe ansatz for ASEP with open boundaries

Nizh =atstyrsey O 1E
' — (1-2)(az - 1)

gz —171% oz —2z] [dPzz—1
g | =TT [
1—-2z L LZ—az zizj— 1
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Bethe ansatz for ASEP with open boundaries

Nizh =atstyrsey O 1E
' — (1-2)(az - 1)

gz —171% oz —2z] [dPzz—1
g | =TT [
1—-2z L LZ—az zizj— 1

_ (z+a)(z+ b)(z + c)(z + d)
" (gaz +1)(gbz + 1)(gcz + 1)(gdz + 1)

K(z)
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Root distribution

For the first excited state A+, Bethe roots lie on a simple curve

—-a —-b . _h

QACEMJ
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Root distribution

For the first excited state A+, Bethe roots lie on a simple curve

—-a —-b . _h

e Solution depends on locus of a, b, ¢, d = Phase transitions are non-analytic points
e Integral equation

_ (z+a)(z+b)(z+c)(z+d)
- (gaz +1)(gbz + 1)(gecz + 1)(qdz + 1)

K(z)
N\
QACEMJ
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Integral equation

Logarithmic form

gz —17%" K(z) - ﬁ 9z — z/| [§°zjz — 1
1_Zj /71# Zi—qz ZjZ/—1
Taking log gives:
L—1
Yi(2) = g(2) + 1k(a b,c,d;z) + 1ZI0 S(z, 2) Y(z) = 2nl;
L i Q L s My Uy UL L - g 1y ; ) — 'f
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Integral equation

Logarithmic form

92 = 11" 10 = ﬁ 9z — 2] [¢Pzz — 1
1_Zj /71# Zi—qz ZjZ/—1
Taking log gives:
L—1
Yi(z) =9(2) + 1k(av b,c,d;z)+ 1 Zlo S(z, 2) Y(z) = 27}
L i Q L s My Uy UL L - g 1y ; ) — 'f
Now use Cauchy:

1[ SoAZ) = 750 » g—éx(z) cot (%LYJZ))
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Integral equation

Integral equation

ZcO“

Euler-Maclaurin:
3
iYi(z) = 9(z) + %k(a, b,c,d;z)+ 217 / S(w, z)Y/(w)dw + O(L™?).
e

Solve by expanding
Yi(w) = Yi(€) + Y)W — &) + ...

QACEMJ
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Integral equation

Integral equation

Ze o

Euler-Maclaurin:
3
iYi(z) = 9(z) + %k(a, b,c,d;z)+ 217 / S(w, z)Y/(w)dw + O(L™?).
e

Solve by expanding
Yi(w) = Yi(€) + Y)W — &) + ...

and

Yiw) =L ye(w),  E=z+ Y L(8n+ inn) QACEMJ'

n>0 n>1

(Saddle point when Y/(z.) = 0).
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Integral equation

Reminder: Stationary phase diagram

b
/
high density CL
1 low density
Maximum
Current
1 a

CL: Coexistence line
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Integral equation

Low density |

—-a,—-b< z

—-a —b '.'. -h

cg(a b)

A =ci(ab)+

+0O(L™?)

Finite gap = exponential relaxation.
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Integral equation

Low density |

—-a,—-b< z

—-a —b '.'. h

M = ci(ab) + "Z(a b) | o
Finite gap = exponential relaxation.
Coexistence line:
a==nb: )\1:CZ(a’a)
[2
>
Diffusive relaxation ACEMS
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Integral equation

Low density Il

—a<z < -b

—a ."—b h
° L —J/

02(a7 bC)
L2

M o= ci(a b) + +O(L™%)

QACEMJ
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Integral equation

Low density Il

—a<z < -b

—a ."—b h
° L —J/

M= cr(ab)+ @ oL
by = —
ab.

So A1 only depends on a.

QACEMJ
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Integral equation

Maximum current

Saddle point Y{(z:) = 0 and need to expand to second order:
Yuw) = Yi(z) + 3V (z) (W — 2 + ..

This leads to an expansion in L~'/2 (like periodic case)
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Integral equation

Maximum current

Saddle point Y/(z:.) = 0 and need to expand to second order:
Yi(w) = Yi(z) + 1Y (z)(w — z)* + ...
This leads to an expansion in L~'/2 (like periodic case)

But technical difficulty specific to open boundaries prohibits further analysis

Extremely convincing numerics finds A oc L=3/2,
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Integral equation

(v = 0 = 0) Phase diagram

5 -\ = ci(a, B)
6 0.8
0.6
[
0.2
|
0.2 0.4 0.6 0.8 1
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Integral equation

(v = 0 = 0) Phase diagram

: I\ = ci(a, B)
6 0.8 2
a=70:A=c(a)L”
0.6
0.4
0.2
|
0.2 0.4 0.6 0.8 1
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Integral equation

(v = 0 = 0) Phase diagram

: I\ = ci(a, B)
B Nl
a=p3:M\=ci(a)L?
I1: M\ = cr(a, Be)
0.2 I

QACEMJ
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Integral equation

(v = 0 = 0) Phase diagram

5 -\ = ci(a, B)
B oash
a=pF: =cila)L?
1 Ay = ¢ (e, Be)
| Il I M\ = ¢ (ae, B)
(07
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Integral equation

(v = 0 = 0) Phase diagram

5 -\ = ci(a, B)
B oash v
a=p3:M\=ci(a)L?
1 Ay = ¢ (e, Be)
| Il I M\ = ¢ (ae, B)
a IV: Ay o L9/2
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Integral equation

(v = 0 = 0) Phase diagram

: I\ = ci(a, B)
Jo RN | v
a=p3:M\=ci(a)L?
0.4 I )\1 =C (avﬁc)

| 1] 1 X = ¢t (a, B)

a IV: Ay oc L7972

a=(1-a)/a,b=(1-8)/8,
ﬁc = (1 + 371/3)71 and e = (1 + b71/3)71
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Reversed bias

.
®eeccccceee

What happens if —c or —d lies outside?

004

002

1 1 1
: 004 ® : 004t @ :
< . 1 . 1
1 o ! 1
! 002 ! 002 ° !
e o ! 1
1 1 o 1
[ 1 1
A 0 o, Of——e——6—
op 009 011 007 %09 o1 007 ~ 009 | 011
[ 1 ° 1
le ® 1
H -002 H -002 . H
1 L] 1
1 . 1 . 1
~004 1 ~004 1
1 o 1 ° 1
1 1 1

(a) c=—-0.07 (b) c=-0.088 (c)c=—0.1
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Reversed bias

Isolated roots outside curve:
4x1071,

2.x10°10 4.x107%° 6.x1071° 8.x10°10 1.x107°

—4x1071

This is reversed bias boundaries: —q™c < a~' < —q™ "¢ and leads to different
asymptotics.

E.g. coexistence line:

1
A1 X 7(1__2”7)2.
-
Completely different expression if isolated roots dominate ACEMS
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Asymptotic current generating function

Let Q4 (t) be the net number of particle jumps between the left reservoir and site 1 after
time t.
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Asymptotic current generating function

Let Q4 (t) be the net number of particle jumps between the left reservoir and site 1 after
time t.

Moments are encoded in the generating function (e*@ (")), where the brackets denote
an average over all histories.
Our result is an expression for

E(\) = lim lim - Iog(em‘ 0.

L— oo t—o0
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Asymptotic current generating function

Let Q4 (t) be the net number of particle jumps between the left reservoir and site 1 after
time t.

Moments are encoded in the generating function (e*@ (")), where the brackets denote
an average over all histories.
Our result is an expression for

E(\) = lim lim - Iog(em‘ 0.
L— oo t—o0
This implies that the probability P(ji, t) to observe a current j; = Qq(t)/t at the first site
obeys
P(ji, t) ~ e EG)
where R
E(jr) = max {Njr — E(\)}

is the Legendre transform of E()).

QACEMJ

Applications of the Bethe ansatz for the finite ASEP wit February 2, 2016



Diagonalisation

@ E(X) is equal to the largest eigenvalue of a generalised “transition matrix” M(\).
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Diagonalisation

@ E(X) is equal to the largest eigenvalue of a generalised “transition matrix” M(\).
@ Transition matrix M(\) can be diagonalised by Bethe ansatz at discrete points:

(q" - eA) (eA - abcqu”H) =0, 0<n<L-1.
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Diagonalisation

@ E(X) is equal to the largest eigenvalue of a generalised “transition matrix” M(\).
@ Transition matrix M(\) can be diagonalised by Bethe ansatz at discrete points:

(q” - eA) (eA - abcqu”H) =0, 0<n<L-1.

@ Sequence 1: A\, = nlog q, n=0,1,2....
o Sequence 2: \y =(L—1—n)logqg+log(abcd), n=L—-1,L—-2,....

Recall that ASEP Bethe equations for lowest eigenvalue are different than for excited
states!

QACEMJ
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Bethe equations

Eigenvalue is expressed in auxiliary variables:
n

_ (1-9’z
)= 2 =20 - @)

QACEMJ

Applications of the Bethe ansatz for the finite ASEP wit February 2, 2016 22/26



Bethe equations

Eigenvalue is expressed in auxiliary variables:

n

_ (1-9’z
)= 2 =20 - @)

that have to satisfy a system of equations:

1-z 1% n {z-fqz,} {1 fqz-z,}
K(z) = ! !
[1—%] ) g z2-q9z] [ 1-22

QACEMJ
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that have to satisfy a system of equations:

1-z 1% n {z-fqz,} {1 fqz-z,}
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Applications of the Bethe ansatz for the finite ASEP wit February 2, 2016



Bethe equations

Eigenvalue is expressed in auxiliary variables:

n

_ (1-9’z
)= 2 =20 - @)

that have to satisfy a system of equations:

1-z 1% n {z-fqz,} {1 fqz-z,}
K(z) = ! !
[1—%] ) g z2-q9z] [ 1-22

with K(z) = K(z, a,¢)K(z, b, d) and

f((z ac) = a+qzc+qz
U T A raz1+ ez’
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Sequence 1
Sequence 1: A\, = nlogqg, n=0,1,2....

For the low density phase the solution of the Bethe ansatz equations consists of only n
roots (n=0,1,2,...)
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. e
Sequence 1

Sequence 1: A\, = nlogqg, n=0,1,2....

For the low density phase the solution of the Bethe ansatz equations consists of only n
roots (n=0,1,2,...)

zj:_‘f: +o(et), j=1,...n,

leading to

E()\n):(1—Q)(ai1 _a+aq”>'
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Sequence 2
Sequence 2: \, = (L—1—n)logqg+ log(abcd), n=L—-1,L—-2,....

Now the solution of the Bethe ansatz equations consists of L—1—nroots (n=10,1,...)

e o ° 0o,
. ] 0......
0.1t \
203 -02 -o01 01
_0.1,
° . . J .....
® o o 00

leading (eventually) to

a 1
E0) = (1-) (325 - 75 pogger )

QACEMJ

February 2, 2016
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Summarising our results:
o

a a n
E()‘):(1_Q)(a+1_m>’ for A=q
o
EQ=(1-q) (- 1 for A= abodg"""
D\a+1 ~ T+bodg——)" q
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Summarising our results:
o

a a n
E(A):(1_Q)(a+1_m>7 for A=gq
°
EN) =(1— a_ _ ! for A= abcdg- """
W == 757 ~ 75 heag—— ) = abeaq

So we conjecture that

En=0-a (325 -55)

at+1 a+A

for all values of .
(This has been confirmed by MPA calculations)

QACEMJ
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Conclusion

@ ASEP with open boundaries is exactly solvable

QACEMJ
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Conclusion
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o Bethe equations allow for determination of spectral gap and asymptotic current
large deviations
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o Bethe equations allow for determination of spectral gap and asymptotic current
large deviations

@ Can we go to finite time and size, i.e. KPZ scaling limit t oc L3/2
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Conclusion

@ ASEP with open boundaries is exactly solvable

@ Bethe equations allow for determination of spectral gap and asymptotic current
large deviations

@ Can we go to finite time and size, i.e. KPZ scaling limit t oc L3/2

@ Could there be logarithmic corrections to L=/ in maximum current phase due to
boundary effects?

Applications of the Bethe ansatz for the finite ASEP wit



Conclusion

@ ASEP with open boundaries is exactly solvable

@ Bethe equations allow for determination of spectral gap and asymptotic current
large deviations

@ Can we go to finite time and size, i.e. KPZ scaling limit t oc L3/2

@ Could there be logarithmic corrections to L=/ in maximum current phase due to
boundary effects?

o Extend infinite lattice methodology to finite size (duality, random matrix methods,
.)?
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