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Many-body interacting systems in 1D



x1 x2 x3

k3k2k1

Many-body wave function

 ({xj}Nj=1|{kj}Nj=1)



Phase-shift due to interaction

E = ✏0(k1) + ✏0(k2) = ✏0(k
0
1) + ✏0(k

0
2)

P = p0(k1) + p0(k2) = p0(k
0
1) + p0(k

0
2)



2-particle scatterings Creation of all possible momenta

P = p0(k1) + p0(k2) + p0(k3) = p0(k
0
1) + p0(k

0
2) + p0(k

0
3)

E = ✏0(k1) + ✏0(k2) + ✏0(k3) = ✏0(k
0
1) + ✏0(k

0
2) + ✏0(k

0
3)





P = p0(k1) + p0(k2) + p0(k3) = p0(k
0
1) + p0(k

0
2) + p0(k

0
3)

E = ✏0(k1) + ✏0(k2) + ✏0(k3) = ✏0(k
0
1) + ✏0(k

0
2) + ✏0(k

0
3)

Q3 = q(3)0 (k1) + q(3)(k2) + q(3)(k3) = q(3)(k01) + q(3)(k02) + q(3)(k03)



XXZ Spin chain

1D Bose Gas

Quantum dots
Free models

The Bethe wave function

Universe of interacting systems
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Quantization Fixing the boundary conditions =

Bethe Equations!
for the quasi-momenta 

(rapidities)

H B({xj}Nj=1|{�j}Nj=1) =

E({�j}Nj=1) B({xj}Nj=1|{�j}Nj=1)

 B({xj}Nj=1|{�j}Nj=1) =  B({xj + L}Nj=1|{�j}Nj=1)

eiL�i = �
Y

j 6=l

e�i✓(�i,�j) 8i

{�}
{�0} {�00}

E =
NX

j=1

✏0(�j)



H = �
NX

j=1

@2

@x2
j

+ 2c
X

j>k

�(xj � xk)1D Bose Gas

c +1

L
N

Hard-core bosons
Free fermions 
 quantization

Fermi-Dirac distribution
L ! 1
N ! 1

N/L = n

�j =
2⇡Ij
L

��F �F



c ! 0

H = �
NX

j=1

@2

@x2
j

+ 2c
X

j>k

�(xj � xk)1D Bose Gas

Finite coupling c

Bose-Einstein Condensate
L ! 1
N ! 1

N/L = n

��F �F

�j =
2⇡Ij
L

� 2

L

NX

k=1

arctan

✓
�j � �k

c

◆



⇢(�) + ⇢h(�) =
1

2⇡

✓
1 +

Z 1

�1
dµ

2c ⇢(µ)

(�� µ)2 + c2

◆

The ground state

Non-zero entropy states

{Ij}

⇢GS(�)

{�j}

�j =
2⇡Ij
L

� 2

L

NX

k=1

arctan

✓
�j � �k

c

◆

nj
p = L⇢(�)d�+O(1)

nj
h = L⇢h(�)d�+O(1)

-10 -5 5 10

0.1

0.2

0.3

0.4

0.5

-10 -5 5 10

0.1

0.2

0.3

0.4

0.5

-10 -5 5 10

0.05

0.10

0.15

0.20

0.25



⇢(�)

SY Y [⇢] = L

Z 1

�1
d�

�
(⇢+ ⇢h) ln(⇢+ ⇢h)� ⇢ ln ⇢� ⇢h ln ⇢h

�

Thermodynamic Bethe states

 Yang C N and Yang C P 1969 J. Math. Phys.

H
L ! 1
N ! 1

N/L = n

Z 1

�1
d�⇢(�) = n

E = L

Z 1

�1
d�✏0(�)⇢(�) +O(1)

P = L

Z 1

�1
d�p0(�)⇢(�) +O(1)



hGS|⇢̂(x)⇢̂(0)|GSi
0

@
NY

j=2

Z
L

0
dx

j

1

A ⇤
GS({xj

}M
j=1|{kj}Mj=1)

���
x1=x

 GS({xj

}M
j=1|{kj}Mj=1)

���
x1=0

X

{µ}

hGS|⇢̂(x)|{µ}ih{µ}|⇢̂(0)|GSi

⇢̂(x) =  †(x) (x)

=

=

Correlation functions of local operators 

N. A. Slavnov, Theor. Math. Phys. 79, 502 (1989) 

h{�}|⇢̂|{µ}i

Form factors

Density operator
�x

L



h{µ}|⇢̂(0)|{�}i =

0

@
NX

j=1

(µj � �j)

1

A
NY

j=1

�
V +
j � V �

j

� NY

j,k

✓
�j � �k + ic

µj � �k

◆
detN (�jk + Ujk)

V +
p � V �

p

|{�}|2 = cN
NY

j 6=k

�j � �k + ic

�j � �k
det
N

G

Gjk = �jk

 
L+

NX

m=1

K (�j � �m)

!
�K (�j � �k) ,

K(�) =
2c

�2 + c2

V ±
j =

NY

k=1

µk � �j ± ic

�k � �j ± ic

Ujk = i
µj � �j

V +
j � V �

j

NY

m 6=j

✓
µm � �j

�m � �j

◆✓
K (�j � �k)�K (�p � �k)

◆

1

|{�}|
1

|{µ}|

Form factors in interacting models 

Norm of a Bethe state

Gaudin Matrix

 Gaudin M 1971 J. Math. Phys



local in hilbert space
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nt(k)

Kinoshita et al, Nature 440 

Quantum Newton’s Cradle

Out-of-equilibrium many-body physics

Momentum  
distribution  

function
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If not thermal then what?  
Can i construct in this way new steady states?

Memory of the initial state
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overlaps with the initial 
state



| 0i = |GSc=0i = |BECi

h{�}, {��}|BECi =
s

(cL)�NN !

detNj,k=1 Gjk

detN/2
j,k=1 G

Q
jk

N/2Y

j=1

�j

c

s
�2
j

c2
+

1

4

GQ
jk = �jk

⇣
L+

N/2X

l=1

KQ(�j ,�l)
⌘
�KQ(�j ,�k)

KQ(�, µ) = K(�� µ) +K(�+ µ)

Overlaps of Bethe states with BEC state

hBEC|

M. Brockmann, J. De Nardis, B. Wouters, and J.-S. Caux, 
J. Phys. A 47

Parity invariant Bethe 
states



detN/2
j,k=1 G

Q
jkq

detNj,k=1 Gjk

! 1

0

@
N/2Y

j=1

�j

c

s
�2
j

c2
+

1

4

1

A
�1

! exp

 
�L

Z 1

0
d� ⇢(�) log

"
�

c

r
�2

c2
+

1

4

#
+O(1)

!

�


�
R1
0 d� ⇢(�) log


�
c

q
�2

c2 +

1
4

�
+ SYY[⇢]

�

�⇢

���
⇢=⇢sp

= 0

lim
L!1

X

{µ}

X

{⌫}

h 0|{µ}ih{⌫}| 0ie�it(Eµ�E⌫)h{µ}|Ô|{⌫}i
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Spin-1/2 XXZ chain
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Quench from a Néel state
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Quasi-Local symmetries
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Exclusion processes and integrable models
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KPZ equation

 Directed polymer in random medium
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Conclusions

Out of equilibrium quantum physics  
in presence of strong correlations!

is a mostly unexplored territory

Need exact methods (not energy dependent) to study 
integrable system in and out of equilibrium 

The basis of integrable systems 
is ideal

Relation between equilibrium states 
and non-equilibrium steady states

Towards an equilibrium-like description of  
relaxation dynamics:  
minimal information  

to recover the whole time evolution

Symmetries in the system: find the relevant  
ones to fix the whole post-quench dynamics

Quasi-local charges and out-of-equilibrium 
critical models



Out of equilibrium quantum physics Out of equilibrium classical  
 stochastic models 

Integrability in classical stochastic models? 

a GGE for the KPZ equation? 

Universality  
in Out of equilibrium quantum physics 

Universality  
in Out of equilibrium classical physics 

Big questions



Thank you.


