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Parallel	
  Track:	
  DLA	
  
Rich,	
  seduc5ve,	
  but	
  very	
  hard	
  problem...	
  



Outline: 
 
i)  1+1 KPZ/ASEP 

  exps, amplitudes, LD 
  TW-GOE, TW-GUE, Baik-Rains Fo 

ii)  2+1 KPZ Class 
  -Simple Height Distributions (HD) 
  -SLRD & EVS (local) 
  -Universal Limit Distribution  
      (2+1 analogs: TW & BR) 
  -Universal Spatial (Airy1) 
   & Temporal Covariance  

iii)  Conclude: Open Problems***   
 

*JSP	
  160(4)	
  August	
  2015	
  special	
  KPZ	
  issue....	
  

*	
  



In the beginning... 
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Kim, Bray & 
Moore!
Phys. Rev. A44, 
2345 (1991)!



2000 PS PRL:!
PNG-Ulam Problem!
LIS, Random Permutation!
&….. !
SS/DPRM/TASEP!
Kurt Johansson!
	
  

RMT Tracy-Widom !
Distributions, 1994:!
TW-GUE (radial geometry), !
TW-GOE (flat IC), …!
!
!
!
!
!
               scaled cumulants; 
skewness s & kurtosis k!

more Finnish flame front expts…!
   (2005)!



voo	
  

KM Toolbox: 
Slope=>Γ 	
  

voo
 

	
  

=(h-v∞t)/(Γt)1/3 

	
  

Time-Dependent  
Growth Velocity: 

Random Matrix Theory: Tracy-Widom Limit Distributions 



Gaussian!
@early times,!
but….!
asymptotically,!
Tracy-Widom!
    !

Full temporal evolution KPZ height fluctuation PDF:!



Lieb-!
Liniger!
Model!
(1d bosons) !

_____________     GS!

& !
Excited!
States! !

Tour de 
force; !
crunch….!
F=lnZ!
TW  PDF!

Mathematical sleight of hand:!
Airy, Cauchy, Fredholm…!



2+1 KPZ 
Universality Class.... 
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2d DLG-Dimers
2+1 RSOS
KPZ Euler

1st Pass: Simple, Asymmetric Height PDFs...           
(unit variance, zero mean) 

THH- PRL109,170602(2012) 
 
 
 
 
 
 
 
Brazil- PRE87, 040102 (2013). 

skewness s=0.424  
kurtosis k=0.346	
  

1+1 KPZ TW-GOE: 
     s=0.2935 
     k=0.1652 



2+1 KPZ CLASS HD:  
Thin Film Expt- 

*Almeida-PRB89,045309(2014) 
 THH/GP-EPL105,50001(2014) 
	
  

Cd/Te Semiconductor Film 

G.Palasantzas, 
Surf. Sci.  
507,357(2002) 



2+1 KPZ CLASS HD:  
Thin Film Expt *Almeida-PRB89,045309(2014) 

 
	
  

CdTe/Si Semiconductor 
Film: 

s=0.34  
k=0.3	
  
	
  



2+1 KPZ 
Universal Limit Distributions* 

A	
  set	
  piece....	
  



2+1 KPZ CLASS: Limit Distribution* 
PRE88,042118(2013) 
 PRL109,17602(2012) 

=(h-v∞t)/(θt)β	



KM Toolbox: 
a) ΔvL=-Aλ/2L2-2χ	



b) Δvs=λs2/2 



3d Radial/pt-pt KPZ Limit Distribution: 

THH- PRE 88, 042118 (2013) 



2+1 Stationary-State KPZ 
(higher-dimensional analog Baik-Rains) 
	
  

=(Δh-v∞Δt)/(θΔt)β	

Dynamic correlations in the SS… 

Universal Variance- 
<ξo2>=0.464	
  

Nonperturbative 
Functional RG- 
<ξo2>=0.462	
  
Kloss, Canet,  
Wschebor 
PRE86,051124 
(2012) 
	
  

so=0.244	
  



2+1 KPZ 
Universal Correlators* 



2+1 KPZ Spatial Covariance* 

Cv(r)=<h(x+r,t)h(x,t)>-<h>2 

     =2w2-2Ch(r) 

Ordinate rescaling: 
(θt)β=3.71, 
t=422sec=>θ=A1/χλ=3.71 
Abscissa rescaling: 
A=0.255=> 

λexpt=5.5nm/sec	
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KPZ Euler
u5 DPRM
2+1 KPZ Class

Two-Time Autocorrelator: C(t,s)
z2age.f: its*dt=250*0.02=>s=5; r2age.f: s=100; L=10k; nr=28
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G.Odor, PRE89,0132146(2014) 

1+1 Class 
M. Henkel-PRE85,030102(2012) 

=<h(t)h(s)>-<h(t)><h(s)> 
    =s2βFc(t/s)  
 

Universal 
Temporal Covariance*  
Covarianno	
  expt’l	
  data,	
  but…	
  	
  

Fit=>θOdor=1.02	
  



scaling theory, which rests upon a careful determination of
the characteristic KPZ nonlinearity !, as well as the static
amplitude A, defined via the fixed-time height-height
k-space correlator: hjhðkÞj2i ¼ Ak$2$2". The essential
ideas, laid out already for 1þ 1 KPZ [3], with additional
helpful details from Kriecherbauer and Krug [5], focusses
on the dimensionless time #t, where # ¼ A1="!, with " the
steady-state KPZ critical index. The basic KPZ narrative
involves a bump on the surface of height $?, lateral
dimension $k, which evolves according to the KPZ

nonlinear term as _$k & !ð$?=$kÞ. With the transverse
fluctuation scaling as $? ' A$"

k , consistency demands

$k ' ðA2!tÞ1=z while $? ' ð#tÞ%¼"=z, with # as above,
and dynamic index z ¼ 2$ " given by the KPZ identity.
With the key scaling parameter # known, universal KPZ
amplitudes can be extracted for each model and compared
across the 2þ 1 KPZ spectrum. Motivated by the exact
1þ 1 results of Sasamoto and Spohn [11], we conjecture
that the solution of the 2þ 1 KPZ equation for 3D wedge
(i.e., conical) IC centered at the origin has the form:
hðx; tÞ ¼ $x2=2!tþ v1tþ ð#tÞ%$ with the understand-
ing that the statistics of the random variable $ has become
the focus, and, its PDF the definitive expression of 2þ 1
KPZ universality. We have determined the KPZ early time
exponent % independently for each model; our DPRM,
RSOS, and KPZ Euler results in fine accord with both
revered [19], 0.240, and more recent [15] blue-chip esti-
mates for this index. To pin down Pð$Þ, and reveal its
universal nature, we sift, anew, through the large data
sets underlying the fluctuation PDFs of Fig. 1, recasting
the analysis in terms of $ ¼ ðh$ v1tÞ=ð#tÞ%, where, in the
KPZ context, v1 ¼ hdh=dti is the asymptotic instanta-
neous growth velocity; analogously, f1 ¼ hdF=dti, the
DPRM free energy per unit length. It is the distribution
Pð$Þ which lies at the heart of 2þ 1 KPZ class universal-
ity, and the matter demands, in addition to knowledge of #,
a precise determination of KPZ-DPRM v1=f1. To this
end, we have relied heavily upon a Krug-Meakin [20]
finite-size scaling analysis which, by virtue of a truncated
Fourier sum over modes, reveals that the KPZ growth
velocity in a system of finite-size L suffers a small shift
from its true asymptotic value: !v ( hdh=dti$ v1 ¼
$ 1

2A!=L
2$2"; for the DPRM problem, the corresponding

free energy shift !f represents an ill-condensed matter
manifestation of the Casimir effect [21]. In Fig. 2, we
show results for our seven 2þ 1 KPZ class models—in
fact, the first pass involves a 3-parameter fit, yielding v1,
the product A!, and "; knowing v1 and ", see Table I for
values, allows construction of a summary Krug-Meakin
plot of !v vs 1=L2$2", including all 7 models, with slopes
set by $ A!

2 , see Fig 2(a). Via diverse procedures, it is also
possible to extract the KPZ nonlinearity ! directly; for the
DPRM systems, we rely upon the disorder-averaged qua-
dratic free-energy profile, an insight that dates back to
Parisi and Mezard [22], but is implicit in our Sasamoto-
Spohn conjecture above. Ultimately, it follows from the
fact that at early times with conical IC, the KPZ nonline-
arity dominates, generating Cole-Hopf paraboloids with
small superposed distortions arising from the additive
KPZ noise term. While such noise is visible for each
individual run, ensemble averaging produces a smooth
parabolic profile—see Fig 2, proper, which follows from
104 realizations of our DPRM random energy landscape.
Alternatively, for the KPZ stochastic growth models,
such as 2þ 1 RSOS, we study the tilt-dependent growth
velocity [23], Fig. 2(b). For 2D driven dimers, A is known

FIG. 2 (color online). Disorder-averaged, parabolic DPRM
free energy profile. Insets: (a) Summary Krug-Meakin plot for
2þ 1 KPZ class models, (b) quadratic KPZ tilt-dependent
growth velocity [23] for the 2þ 1 RSOS model.

TABLE I. 2þ 1 KPZ model parameters, point-plane DPRM geometry; equivalently, KPZ stochastic growth from a flat substrate.

Model f1ðv1Þ ! A " # % h$i h$2ic s k

u5sc Kim DP 0.38390 $0:1585 1.1978 0.389 0.2518 0.2402 $0:714 0.250 0:422 0.343
g5sc DPRM $0:55336 $0:2182 1.74215 0.381 0.9363 0.2425 $0:675 0.211 0:433 0.356
e3fcc DPRM $2:64381 $0:1439 21.03 0.387 375.3 0.248 $0:754 0.208 0:435 0.362
g4bcc DPRM $1:80949 $0:5014 2.8248 0.380 7.7198 0.235 $0:851 0.240 0:412 0.320
KPZ Euler 0.17606 20 0.02295 0.388 1:192) 10$3 0.2408 $0:690 0.243 0:418 0.343
2þ 1 RSOS 0.31270 $0:414 1.2005 0.383 0.66144 0.2422 $0:737 0.233 0:427 0.349
2D DLG-dimers 0.34141 $0:6094 1.2201 0.375 1.0359 0.2415a $0:830 0.256 0:414 0.338

aRef. [15]

PRL 109, 170602 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

26 OCTOBER 2012

170602-3

Devil in the details...  
   λ, Α,  θ=Α1/χλ details	
  	
  

=>	
  	
  	
  	
  	
  	
  	
  *	
  
Kelling&Odor-PRE84,061150(2011) 



#1:	
  Diamonds	
  in	
  the	
  Rough...	
  Challenge	
  
Problem	
  

Exact	
  RR	
  known	
  for	
  
limit	
  distribu5on!	
  
	
  
a)  Solu5on?	
  	
  	
  
Your	
  choice	
  of	
  b.	
  	
  

b)	
  d-­‐dependent	
  	
  
exponent:	
  
β=β(b)	
  
	
  
c)	
  LD	
  Tails	
  
[MG	
  Conjecture*]	
  
Long:	
  η=1/(1-­‐β)	
  
Short:	
  η’=deff	
  η	
  
w/	
  
deff=1+ln2b	
  
*JSTAT(2008)	
  P01008.	
  
	
  
n.b.,	
  Here,	
  T=0;	
  
for	
  b>bc=2,	
  
FINITE	
  TEMP	
  
phase	
  transi5on	
  



*Fate	
  of	
  d=∞	
  KPZ?	
  
d)	
  s=s(b),	
  k=k(b)-­‐	
  	
  
Parametric	
  Rep-­‐>	
  k≈2s2	
  ?!!	
  



#2:	
  β2+1	
  
Challenge	
  
Problem	
  

a)	
  Exact	
  value?	
  

*GOAL=	
  Bury	
  the	
  KK	
  
	
  	
  	
  conjecture:	
  
         β=1/(d+1)	
  

KPZ	
   <1/4	
  

Kim	
  &	
  Kosterlitz,	
  PRL	
  62	
  2289	
  (1989);	
  n.b.,	
  M.	
  Lassig-­‐PRL	
  80,	
  2366	
  (1998)	
  indicates	
  field-­‐theore5c	
  β=1/4....	
  
	
  



#2:	
  α2+1	
  
Challenge	
  
Problem	
  

a)	
  Exact	
  value?	
  

KPZ	
  

Naaah-­‐	
  	
  
Too	
  hard...	
  

<2/5	
  

How	
  about	
  a	
  bound?	
  
THH,	
  PRL	
  109,	
  170602:	
  	
  using	
  Krug-­‐Meakin	
  FSS....	
  

Kelling	
  &	
  Odor,	
  
PRE84,	
  061150	
  

Kim-­‐Kosterlitz	
  value	
  



Challenge	
  
Problem	
   #2,	
  cont:	
  z2+1	
  

	
  

mul5-­‐lane	
  KPZ:	
  Golden	
  Ra5o?	
  

=0.390/0.2415=1.615	
  

1,1,2,3,5,8,...	
  



Challenge	
  
Problem	
   #3:	
  Fractal	
  Substrates...	
  

	
  

Definitely	
  not	
  KPZ!	
  

DPRM:	
   RSOS:	
  

JSTAT	
  (2015)	
  P08016	
  

α+z	
  =	
  zrw	
  ≠2	
  

df=ln3/ln2=1.585	
  
β=0.27	
  
α=0.48	
  
z=α/β=1.78	
  
zrw=2.32	
  

Koch:	
  
β=1/3?	
  
α=0.64	
  



:	
  Takeuchi	
  Minimum	
  
d=1+1	
  
	
  KPZ	
  Eqn:	
  

*envelope	
  
please...	
  

*Extra	
  	
  
	
  	
  	
  Credit	
  

=(Δh-v∞Δt) 
     (ΓΔt)β	


	
  

=Δt/to	
  



Observed	
  in	
  Liq	
  X-­‐tal	
  expts*	
  	
  
	
   	
  &	
  universal	
  signature**	
  
	
   	
   	
  	
  Crossover	
  1+1	
  KPZ	
  Sta5onary-­‐State	
  Sta5s5cs...	
  

*PRL	
  110,	
  210604	
  (2013) 	
  	
  **PRE89,	
  010103	
  (2014)-­‐Rapid/Editor’s	
  Sugges5on	
  



Many Thx...	
  
2+1 KPZ NUMERICS: THH- PRL109,170602 (2012) 

   PRE88,042118 (2013) 
   PRE89,010103R (2014) w/Luna Lin 

 
 
 
	
  

2+1 KPZ Expt: Almeida-PRB89,045309 (2014) 
   Palasantzas-EPL105,50001 (2014) 

	
  

KT 
	
  

2+1 KPZ Class:  
3+ Universal PDFs, 2 Correlators, & KM Toolbox 
      =>Ripe, Rich & Ready to go… 

Special KPZ issue- 
JSP 160, 794 & 965 (2015) 

Num/Exp     Math-Spohn&Quastel 

S.	
  A5s,	
  
a	
  demain...	
  (1947-­‐2016)	
  



THH & Palasantzas, EPL105,50001(2014)	
  
I. Squared Local Roughness Distribution: 

Almeida,(2014); Z. Racz, PRE50,3530(1994)	
  

	
  
(WBC, not PBC!) 

Check	
  
d=1+1....	
  
	
  



1+1 KPZ Class: SLRD 
 (Takeuchi & Sano- Liquid Crystal Expt vs. KPZ Euler...) 

10.27=72/7	
  
2.55+=8x51/2/7	
  
	
  
JSTAT	
  (2007)	
  P02009	
  
-­‐Santachiara,	
  Rosso,	
  	
  
	
  	
  Krauth	
  
	
  
	
  



THH & Palasantzas, EPL105,50001(2014).	
  
II. Extremal Height Distributions: 
	
   (WBC) 

Check	
  
d=1+1....	
  
	
  



1+1 KPZ Class: MHD 
 (Takeuchi & Sano- Liquid Crystal Expt vs. KPZ Euler...) 

	
   	
  Majumdar-­‐Comtet	
  	
  “F-­‐Airy”	
  Distribu5on....	
  
	
   	
   	
   	
   	
  PRL	
  92,	
  225501	
  (2004)	
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