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Dynamic Scaling of Growing Interfaces

-8
Mehran Kardar
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Giorgio Parisi
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and m/

Yi-Cheng Zhang

Physics Department, Brookhaven National Laboratory, Upton, New York 11973
(Received 12 November 1985) '

A model is proposed for the evolution of the profile of a growing interface. The delerministic
growth is solved exactly, and exhibits nontrivial relaxation patterns. The stochastic version is stud-
ied by dynamic renormalization-group techniques and by mappings to Burgers’s equation and to a
random directed-polymer problem. The exact dynamic scaling form obtained for a one-dimensional
interfacggis in excellent ggreement with previous numerical simulations. Predictions are made for
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J. Maunuksela,! M. Myllys,! O.-P. Kéhkénen,! J. Timonen,! N. Provatas,>3 M.J. Alava,®5 and T. Ala-Nissila®6*

< VOLUME 79, NUMBER 8 PHYSICAL REVIEW LETTERS 25 AuGusT 1997
# Kinetic Roughening in Slow Combustion of Paper
'Department of Physics, University of Jyviiskyld, P.O. Box 35, FIN-40351 Jyviiskyld, Finland
2Helsinki Institute of Physics, University of Helsinki, P.O. Box 9, FIN-00014 Helsinki, Finland
3Department of Physics and Mechanical Engineering, University of lllinois at Urbana-Champaign, 1110 West Green Street,
Urbana, Illinois 61801-3080
4Laboratory of Physics, Helsinki University of Technology, P.O. Box 1000, FIN-02150 HUT, Espoo, Finland
SNORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark -
6Department of Physics, Brown University, Providence, Rhode Island 02912
(Received 18 March 1997)

We present results from an experimental study on the kinetic roughening of slow combustion
fronts in paper sheets. The sheets were positioned inside a combustion chamber and ignited from
the top to minimize convection effects. The emerging fronts were videotaped and digitized to
obtain their time-dependent heights. The data were analyzed by calculating two-point correlation

E functions in the saturated regime. Both the growth and roughening exponents were determined and
)
g

found consistent with the Kardar-Parisi-Zhang equation, in agreement with recent theoretical work.
[S0031-9007(97)03836-2]
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“"Av,bﬂ [ Directed Polymers in Random Media
% s 1+1 dimensional case, 1000 realizations of randomness
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Universal Distributions for Growth Processes in 1 + 1 Dimensions and Random Matrices

Michael Prihofer* and Herbert Spohn'
Zentrum Mathematik and Physik Department, TU Miinchen, D-80290 Miinchen, Germany
(Received 14 December 1999)

We develop a scaling theory for Kardar-Parisi-Zhang growth in one dimension by a detailed study of
the polynuclear growth model. In particular, we identify three universal distributions for shape fluctua-

Experimental determination of KPZ height-fluctuation
distributions

L. Miettinen®, M. Myllys, J. Merikoski, and J. Timonen

Department of Physics, University of Jyviskyld, P.O. Box 35 (YFL), 40014 Jyviskyld, Finland

Received 16 December 2004 / Received in final form 30 March 2005
Published online 8 August 2005 — © EDP Sciences, Societa Italiana di Fisica, Springer-Verlag 2005

Abstract. Height-fluctuation distributions of nonequilibrium interfaces were analyzed using slow-
combustion fronts propagating in sheets of paper. All distributions measured were definitely non-Gaussian.
The experimental distributions for transient and stationary regimes were well fitted by the theoretical dis-
tributions proposed by Prihofer and Spohn in reference [9]. Consistent with the Galilean invariance of the
system, the same distributions were found for horizontal fronts and, when determined along the normal to
the slope, for fronts with a non-zero average slope.

tions and their dependence on the macroscopic shape. These distribution functions are computed using
the partition function of Gaussian random matrices in a cosine potential.
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FIG. 2. From left to right: the probability densities of the uni-
versal distributions 2, x1, and xo for curved, flat, and stationary
self-similar growth, respectively.

TABLE 1. Mean, variance, skewness, and kurtosis for the dis-
tributions of 2, x1, and xo as determined by numerically solv-
ing Painlevé II [19]. (x"). denotes the nth cumulant.

Curved (y2)  Flat (x;)  Stationary (xo)
(69 -177109  —0.76007 0

i Y e scaled cumulants;
(X‘)e/()(zﬁ 0.093 45 0.1652 0.289 16 .
skewness s & kurtosis k
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Universal Fluctuations of Growing Interfaces: Evidence in Turbulent Liquid Crystals

Kazumasa A. Takeuchi® and Masaki Sano
Department of Physics, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
(Received 28 January 2010; published 11 June 2010)

We investigate growing interfaces of topological-defect turbulence in the electroconvection of nematic
liquid crystals. The interfaces exhibit self-affine roughening characterized by both spatial and temporal
scaling laws of the Kardar-Parisi-Zhang theory in 1 + 1 dimensions. Moreover, we reveal that the
distribution and the two-point correlation of the interface fluctuations are universal ones governed by
the largest eigenvalue of random matrices. This provides quantitative experimental evidence of the

universality prescribing detailed information of scale-invariant fluctuations.
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One-Dimensional Kardar-Parisi-Zhang Equation: An Exact Solution and its Universality LD m

,- v A; il (;
s -
Tomohiro Sasamoto™ 2 g%“k/
(g)@\éb

Department of Mathematics and Informatics, Chiba University, 1-33 Yayoi-cho, Inage, Chiba 263-8522, Japan
- SASAHOTO & STOHN

Herbert Spohn’ Mﬁ‘y BB‘;SZ?(M

Zentrum Mathematik and Physik Department, TU Munchen, D-85747 Garching, Germany ~ SASAOT0 & SPOMN
(Received 15 February 2010; revised manuscript received 10 May 2010; published 11 June 2010) 8 m 137. 97 (m)g_
.ol RE/A
We report on the first exact solution of the Kardar-Parisi-Zhang (KPZ) equation in one dimension, with —Tﬁ’Ci& NI m,,zm (mb)
an initial condition which physically corresponds to the motion of a macroscopically curved height profile. %m%@}n(&")
The solution provides a determinantal formula for the probability distribution function of the height A(x, t) = MR, (ORMIN 2 QUESTEL- o Xiv 1003.0/3

for all ¢ > (. In particular, we show that for large 1, on the scale '/, the statistics is given by the Tracy-
Widom distribution, known already from the Gaussian unitary ensemble of random matrix theory. Our
solution confirms that the KPZ equation describes the interface motion in the regime of weak driving
force. Within this regime the KPZ equation details how the long time asymptotics is approached.

p,(S) — fx du‘yre'y.:s—‘:d exp[ e:,':lz,'—“]]

X (det[1 — P,(B, — Py;))P,) — det(1 — P,B,P,)).

(A/20)h(x, 1) = =2 /4t =y} + 2loga + .&,
where
Yt = (a':VI)I""B, o = (2V)—3,"2/\D1,’3.

® o ®) B,(x,y) = f * dw(l — e~ 7)1 Ai(x + w)AI(y + w).

FIG. 1 (color online). (a) A typical realization of the droplet
height function. (b) A directed polymer configuration.




/i GP‘ M-F‘ {i:{ or Puysics April 2010 a‘aw
EPL, 90 (2010) 20003 WV ep . b DOT.SENKO, anLV 1004 55

doi: 10.1209/0295-5075/90/20003 W
Em. 6\7 22t 90, 20w
(2010)

Bethe ansatz derivation of the Tracy-Widom distribution
for one-dimensional directed polymers
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2+1 KPZ Spatial Covariance
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DPRM free energy per unit length. It is the distribution
P(£) which lies at the heart of 2 + 1 KPZ class universal-
ity, and the matter demands, in addition to knowledge of 6,
a precise determination of KPZ-DPRM wv,,/f. To this
end, we have relied heavily upon a Krug-Meakin [20]
finite-size scaling analysis which, by virtue of a truncated
Fourier sum over modes, reveals that the KPZ growth
velocity in a system of finite-size L suffers a small shift
from its true asymptotic value: Av = (dh/dt) — v, =
— %A/\ /L?>72X; for the DPRM problem, the corresponding

W pPVLLLL VULV EULLY AUV VLY. Uatiiidaivl), b AULAVVYV L A VaLL v
fact that at early times with conical IC, the KPZ nonline-
arity dominates, generating Cole-Hopf paraboloids with
small superposed distortions arising from the additive
KPZ noise term. While such noise is visible for each
individual run, ensemble averaging produces a smooth
parabolic profile—see Fig 2, proper, which follows from
10* realizations of our DPRM random energy landscape.
Alternatively, for the KPZ stochastic growth models,
such as 2 + 1 RSOS, we study the tilt-dependent growth
velocity [23], Fig. 2(b). For 2D driven dimers, A is known

TABLE I. 2 + 1 KPZ model parameters, point-plane DPRM geometry; equivalently, KPZ stochastic growth from a flat substrate.
Model foo(V0) A A X 0 B (&) (€7), s k

uS,. Kim DP 0.38390  —0.1585 1.1978 0.389 0.2518 0.2402 —0.714 0250 0.422 0.343
g5, DPRM —0.55336  —0.2182 1.74215  0.381 0.9363 0.2425 —0.675 0211 0433 0.356
e3;.. DPRM —2.64381 —0.1439 21.03 0.387 375.3 0.248 —0.754 0208 0435 0362
g4p.c DPRM —1.80949  —0.5014 2.8248 0.380 7.7198 0.235 —0.851 0240 0412 0320
KPZ Euler 0.17606 20 0.02295 0388 1.192x 1073 0.2408 —0.690 0243 0418 0343
2 + 1 RSOS 031270  —0.414 1.2005 0.383 0.66144>|< 0.2422 —0.737 0233 0.427 0.349
2D DLG-dimers  0.34141  —0.6094 1.2201 0375 =2>1.0359 0.2415* —0.830 0256 0.414 0338

“Ref. [15] Kelling&Odor-PRE84,061150(2011)
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Devil in the detalils...
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a) ExaCt Value? PHYSICAL REVIEW E 84, 061150 (2011)

Extremely large-scale simulation of a Kardar-Parisi-Zhang model using graphics cards

Jeffrey Kelling' and Géza Odor?
!Unstitute of Ion Beam Physics and Materials Research, Helmholtz-Zentrum Dresden-Rossendorf,
P. O. Box 51 01 19, D-01314 Dresden, Germany
2Research Institute for Technical Physics and Materials Science, P. O. Box 49, H-1525 Budapest, Hungary
(Received 4 November 2011; published 28 December 2011; corrected 4 January 2012)

The octahedron model introduced recently has been implemented onto graphics cards, which permits extremely

large-scale simulations via binary lattice gases and bit-coded algorithms. We confirm scaling behavior belonging to

the two-dimensional Kardar-Parisi-Zhang universality class and find a surface growth exponent: § = 0.2415(15)

on 2'7 x 2!7 systems, ruling out 8 = 1/4 suggested by field theory. The maximum speedup with respect to a

single CPU is 240. The steady state has been analyzed by finite-size scaling and a growth exponent @ = 0.393(4)

is found. Correction-to-scaling-exponent are computed and the power-spectrum density of the steady state is

determined. We calculate the universal scaling functions and cumulants and show that the limit distribution can

GOA L: BU ry the K K be obtained by the sizes considered. We provide numerical fitting for the small and large tail behavior of the
steady-state scaling function of the interface width.

conjecture:
p=1/(d+1)
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d ) Exact value? RAPID COMMUNICATIONS

Naaah_ PHYSICAL REVIEW E 92, 010101(R) (2015)

&= Kim-Kosterlitz value

Too hard... Numerical estimate of the Kardar-Parisi-Zhang universality class in (241) dimensions

Andrea Pagnani
Department of Applied Science and Technology (DISAT), Politecnico di Torino, Corso Duca degli Abruzzi 24, I-10129 Torino, Italy
and Human Genetics Foundation (HuGeF), Via Nizza 52, I-10126, Turin, Italy

Giorgio Parisi
Dipartimento di Fisica, INFN-Sezione di Roma 1, CNR-IPCF UOS Roma, Universita “La Sapienza”, P.le Aldo Moro 2, I-00185 Roma, Italy
(Received 8 June 2015; published 2 July 2015)

We study the restricted solid on solid model for surface growth in spatial dimension d = 2 by means of a
multisurface coding technique that allows one to produce a large number of samples in the stationary regime in
a reasonable computational time. Thanks to (i) a careful finite-size scaling analysis of the critical exponents and
(ii) the accurate estimate of the first three moments of the height fluctuations, we can quantify the wandering
exponent with unprecedented precision: x,;—, = 0.3869(4). This figure is incompatible with the long-standing
conjecture due to Kim and Koesterlitz that hypothesized y,;—, = 2/5.

TABLE I. 2 + 1 KPZ model parameters, point-plane DPRM geometry; equivalently, KPZ stochastic grov

Model foo(Veo) A A X (] B (&

u5,. Kim DP 0.38390  —0.1585 1.1978 0.389 0.2518 0.2402 —0.714
g5, DPRM —0.55336  —0.2182 1.74215 0381 0.9363 0.2425 —0.675
e3¢.. DPRM —2.64381 —0.1439  21.03 0.387 375.3 0.248 —0.754
g4pe.c DPRM —1.80949 —0.5014 2.8248 0.380 7.7198 0.235 —0.851
KPZ Euler 0.17606 20 0.02295 0388 1.192x 1073 0.2408 —0.690
2 + 1 RSOS 031270 —0.414 1.2005 0383 0.66144 0.2422 —0.737
2D DLG-dimers  0.34141 —0.6094 1.2201 0.375 1.0359 0.2415*  —0.830

THH, PRL 109, 170602 Using Krug-Meakin FSS....




Fibonacci family of dynamical universality classes
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Universality is a well-established central concept of equilibrium
physics. However, in systems far away from equilibrium, a deeper
understanding of its underlying principles is still lacking. Up to
now, a few classes have been identified. Besides the diffusive
universality class with dynamical exponent z=2, another promi-
nent example is the superdiffusive Kardar—Parisi—Zhang (KPZ)
class with z=3/2. It appears, e.g., in low-dimensional dynamical
phenomena far from thermal equilibrium that exhibit some con-
servation law. Here we show that both classes are only part of an
infinite discrete family of nonequilibrium universality classes.
Remarkably, their dynamical exponents z, are given by ratios of
neighboring Fibonacci numbers, starting with either z, =3/2 (if a
KPZ mode exist) or z; = 2 (if a diffusive mode is present). If neither
a diffusive nor a KPZ mode is present, all dynamical modes have
the Golden Mean z=(1+ x/§)/2 as dynamical exponent. The uni-
versal scaling functions of these Fibonacci modes are asymmetric
Lévy distributions that are completely fixed by the macroscopic
current density relation and compressibility matrix of the system
and hence accessible to experimental measurement.

nonequilibrium physics | universality | dynamical exponent |
driven diffusion | Golden Mean

he Golden Mean, ¢ =1/2++/5/2~1.61803..., also called Di-

1,1,2,3,5,8,...

(KPZ) universality class with z=3/2 (4), enter the Kepler ratios
hierarchy as the first two members of the family.

The universal dynamical exponents in the present context char-
acterize the self-similar space—time fluctuations of locally con-
served quantities, characterizing, e.g., mass, momentum, or thermal
transport in one-dimensional systems far from thermal equilibrium
(5). The theory of nonlinear fluctuating hydrodynamics (NLFH)
has recently emerged as a powerful and versatile tool to study
space—time fluctuations, and specifically the dynamical structure
function that describes the behavior of the slow relaxation modes,

and from which the dynamical exponents can be extracted (6).

The KPZ universality class
namical exponent observed i
verse as the propagation of
bacterial colonies (9), or the t:
as coffee stains (10) where tt
introduction into the KPZ cle
11. Recent reviews (12, 13) |
theoretical and experimental
namical structure function or
KPZ equation has a nontrivia)
Prihofer and Spohn from the
process (TASEP) and the pol
was beautifully observed in e

1 1

Significance

Universality is a well-established central concept of equilibrium
physics. It asserts that, especially near phase transitions, the
properties of a physical system do not depend on its details
such as the precise form of interactions. Far from equilibrium,
such universality has also been observed, but, in contrast to
equilibrium, a deeper understanding of its underlying princi-
ples is still lacking. We show that the two best-known exam-
ples of nonequilibrium universality classes, the diffusive and
Kardar—Parisi—Zhang classes, are only part of an infinite discrete
family. The members of this family can be identified by their
dynamical exponent, which, surprisingly, can be expressed by a
Kepler ratio of Fibonacci numbers. This strongly indicates the
existence of a simpler underlying mechanism that determines
the different classes.
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Crossover 1+1 KPZ Stationary-State Statistics...
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2+1 KPZ Class:

3+ Universal PDFs, 2 Correlators, & KM Toolbox
=>Ripe, Rich & Ready to go...

Many Thx...

2+1 KPZ NUMERICS: THH- PRL109,170602 (2012)
PRE88,042118 (2013)
PRES89,010103R (2014) w/Luna Lin i

2+1 KPZ Expt: Aimeida-PRB89,045309 (2014)
Palasantzas-EPL105,50001 (2014)
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Special KPZ issue-

JSP 160, 794 & 965 (2015)
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1+1 KPZ Class: SLRD
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