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Discrete nonlinear Schrodinger equation (DNLS)

14y = -2 Ay + g [y )
N—-1
H=> sl — ol + 3 gl
j=0

with j € Z; here: defocusing case g > 0.

Applications:
@ nonlinear optical wave guides
@ Bose-Einstein condensates

@ electronic transport

Discrete (lattice) NLS is non-integrable!



Conservation laws

Polar coordinates: v; = ,/p;e'?

: 2
density p; = |v)]
phase difference rj = ;.1 —¢; (almost conserved at low T)

energy e = 5|1 — U2 + L g |yt



Conservation laws

Polar coordinates: v; = ,/p;e'?

: 2
density p; = |v)]
phase difference rj = ;.1 —¢; (almost conserved at low T)

energy e = 5|41 — Uj° + L g |yt

Example: density conservation law
() + Tpjaa(t) = Tpy(t) = 0
N—1
~ Z pj(t) = const!
j=0

Corresponding density current

jpd = 2m (d}_/ 13% 1 ¢_7—1 a’l[)',fl)



Nonlinear fluctuating hydrodynamics (scalar case)

At macroscopic scale: hyperbolic conservation law
dro(x,t) + Oxj(e(x, 1)) =0

with j the density current.



Nonlinear fluctuating hydrodynamics (scalar case)

At macroscopic scale: hyperbolic conservation law

dro(x, t) + Oxj(e(x, 1)) = 0

with j the density current.
Fluctuations relative to background: o(x,t) = g+ p(x, t),
add dissipation and noise ~» Langevin equation

Oep+ 0« (' () p+ 3j"(P)p* — DOp+ BE) =0
—~—

c

D: diffusion constant, £(x, t): space-time white noise



Nonlinear fluctuating hydrodynamics (scalar case)

Langevin equation (noisy Burgers equation, cf KPZ equation)

Oep+ 0x (' () p+ 3j"(P)p* — DOup+ BE) =0
~—~

c

Mathematical solution theory: Martin Hairer, Fields Medal 2014



Nonlinear fluctuating hydrodynamics (scalar case)

Langevin equation (noisy Burgers equation, cf KPZ equation)

Oep+ 0x (' () p+ 3j"(P)p* — DOup+ BE) =0
~—~

c

Mathematical solution theory: Martin Hairer, Fields Medal 2014
Want to obtain correlator S(x, t) = (p(x, t); p(0,0))
Long-time limit

S(x, 1) = x(\|t) "> ficpz ((A[t]) 723 (x — ct))




Generalization to several fields

7 = u(x, t): deviation of the conserved fields from background
8¢l + Oy (AT + L(@, Hi) — 9D + BE(x, t)) = 0
Hessians:  HT, = 0u,0u jja;  Ja = (Ja)

Initial correlations:  (ua(x,0); uy (x',0)) = Coar 8(x — x)



Generalization to several fields

7 = u(x, t): deviation of the conserved fields from background
8¢l + Oy (AT + L(@, Hi) — 9D + BE(x, t)) = 0
Hessians:  HY, = 0y, 0u ja, o = (Ja)

Initial correlations:  (ua(x,0); uy (x',0)) = Coar 8(x — x)
Diagonalization:

¢ = Ri, RAR™!=diag(—c,0,c), RCRT=1 ~

Otda + Ox (Cada + (6, G2G) — 0D + BE(x, 1)) =0
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Low temperature Hamiltonian

. . o - ip;
polar coordinates: ; = | /pje'¥’,
phase difference:  rj = @1 — ¢, (almost conserved at low T)

Exact Hamiltonian in polar coordinates (angles ¢; and p; > 0):

=
L

H— (_%m coS(Pj+1*¢j)+%Pj+%gpjg)

-.
Il
o

Umklapp: |pj1(t) — ¢j(t)| =

Low temperature approximation: regard angles ; as variables in R
and replace

—mos(pjr1— ) = U(pji1 — ;) with

U(x) = =L cos(x) for |x| <, U(x) =00 for |x| >



Thermodynamic current averages for DNLS

polar coordinates: v¢; =, /p;je'?,
phase difference:  r; = ¢; 1 — ¢, (almost conserved at low T)

Canonical ensemble:

N—-1
Zn(p,v, B) e P H1Zin=20) T dpydry
j=0

Averages denoted by (-)



Thermodynamic current averages for DNLS

polar coordinates: v¢; =, /p;je'?,
phase difference:  r; = ¢; 1 — ¢, (almost conserved at low T)

Canonical ensemble:

N—-1
Zn(p,v, B) e P H1Zin=20) T dpydry
j=0

Averages denoted by (-)
Field variables pj, r;, e;, corresponding current averages:

I: <jj> = <(t7p,j7jf,.i?je7j)> = (VnuaF“/)



Simulation results
B8 =15
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Figure: Equilibrium two-point correlations S{il(j7 t), showing the
right-moving sound peak at different time points; equilibrium inverse
temperature 8 =15
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Simulation results
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Figure: Central heat mode S, (j, t), at 8 = 15




Simulation results

B = 200 (traces of integrability)
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Figure: Sfl(j, t) (top) and Sgo(j, t) (bottom) at 8 = 200
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Numerical implementation
Time evolution

Split Hamiltonian into kinetic and nonlinear part, H =T + U:

Z

-1 N—

T = iWH-l | ) U= %g|¢j|4-
=0

[ay

.
Il
o

-~

Flow over time t:
(DZ- : @Zk s e—i(l—cos(27rk/N)) t/m 72/(7
q;il SR e_igWJFthJ

Generalization of Strang splitting: Runge-Kutta-Nystrom method
SRKNg by Blanes and Moan 2002 for a time step h:
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Numerical implementation

Evaluating the partition function

N-1
Zn(p, v, B) = /e_B(H_“ZjPJ_”Zj ) IT desdr

Jj=0

For v = 0, first evaluate angular integrals r; on [—, 7]
(Rasmussen et al. 2000) ~~

N—-1
ZN(M,Oﬂ):/H K(pjs1, ;) dp;
j=o

with transfer operator or kernel K(x, y) = Ki(x,y)Ko(y) and

2
Kil(x,y) = 2nlo (55 yxy) e Pt | Ko(y) = o3/ e lrt)

Then
lim % log Zn (1,0, B) = log(Amax(K))
N—oo



Numerical implementation

Evaluating the partition function

Use a Nystrom-type discretization for the kernel: given a Gauss
quadrature rule

[ e S )
0
construct the symmetric matrix
(K (i, xi) /Wi i) g
and calculate its largest eigenvalue, denoted A;. Then
log(Amax(K)) ~ B —|—Iog A1

~ exponential convergence with respect to the number of
quadrature points



Integrable Ablowitz-Ladik model

P50 = — 2 A + 5 2 [ (Y1 + Y1)
Expecting ballistic (linear in time) spreading of the correlation
functions due to integrability

t=128 t=256 - t=512 t=128 - t=256 - t=512 t=128 - t=256 - t=512
Spplist) S Seeist)
u.r‘uox i ! .
opost || opots
obLou I 1 PR o
/ \nnr‘ﬁm ‘ “ / \ /\ 0002F | ’A\ 3 0600 /-
I\l / i N
/" \'O“néﬂ /\\"'"" L i/\ x‘\\\ oowosf fj '
AR L NN A
-300 -200 ~-100 300 -200 100 100 200 300 —300 -200 -100 | o 200 a0
H 1 1/ 1/
(a) densnty Sa (_/, ) (b) stretch S3'(j, t) (c) energy S2(j, t)

Figure: Equilibrium time-correlations of the Ablowitz-Ladik model at
inverse temperature § = 15
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