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1. Borel summation for integrals depending on a small parameter
Given:

§ X - complex manifold, dimC X “ N
§ f - holomorphic function on X (a map f : X Ñ C to the Borel plane)
§ µµµ - holomorphic N-form on X , in local coordinates µµµ “ µpxq dNx
§ γ - oriented noncompact N-cycle such that Re f |γ Ñ `8 at “infinity” of γ

Generalization: D Ă X - divisor, γ - relative cycle: Bγ Ă D.

ù integral depending on small parameter 0 ă ~ ! 1 (assume absolute convergence):

Ip~q :“

ż

γ
e´f {~µµµ “

ż

γ
e´f pxq{~µpxq dNx

Goal: asymptotic expansion at ~ Ñ `0. Example:
ż `8

1
e´x{~ dx

x
looooooomooooooon

Exponential integral
E1p1{~q

„ e´1{~
ÿ

ně0
p´1qnn! ~n`1
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1. Borel summation for integrals depending on a small parameter
Choose the cycle of integration γ such that its projection by map f : X Ñ C is a
straight ray R :“ zcrit ` eiθRě0 where zcrit P C is a critical value of f , and direction
θ P p´π{2,`π{2q is generic, so there is no other critical values on R.

Noncompact cycle γ can be thought of as a 1-parameter family of compact cycles
γz P HN´1pf ´1pzq,Zq, z P R such that limzÑzcrit γz “ 0 P HN´1pf ´1pzcritq,Zq.

Ip~q “

ż

γ
e´f {~µµµ “ e´zcrit {~

ż

R
e´pf ´zcrit q{~volpzqdz , volpzq :“

ż

γz

µµµ

df
Convergent expansion near zcrit (the case of semisimple monodromy, no logarithms):

volpzq
loomoon

admits endless
analytic continuation

“
ÿ

λPQą0

cλpz ´ zcritqλ´1 ù ezcrit {~Ip~q „
ÿ

λ

cλΓpλq ~λ

loooooomoooooon

inverse Borel transform

Proposal (below), - an alternative to Borel summation: use asymptotic expansions of
integrals near all critical points, together with certain Stokes indices P Z (equivalent to
the monodromy data of the local system HN1pf ´1pzq,Zq on C ´ tcritical valuesu). 3 / 18



2. Lefschetz thimbles, Stokes rays and Riemann-Hilbert problem
Simplifying assumption: all critical points xα P X are isolated and non-degenerate (i.e.
Morse in the holomorphic sense: f 2

|xα is a non-degenerate C-quadratic form on TxαX ),
and all critical values zα “ f pxαq are pairwise distinct.
There is a unique (up to ˘) vanishing cycle near each xα, diffeomorphic to SN´1.

Definition: for each Morse critical point xα and a generic direction θ P R{2πZ, the
Lefschetz thimble thα,θ » RN Ă X is the continuation of the vanishing cycle near xα
along the path zα ` eiθRě0 Ă C. Ill-defined only if θ “ argpzβ ´ zαq for some zβ ‰ zα.

For a complex value ~ P C ´ 0 and a critical point xα, the normalized integral is

Inorm
α p~q:“

1
p2π~qN{2 ezα{~

ż

thα,arg ~

e´f {~µµµ

By general theory, it has a divergent asymptotic expansion „
ř

ně0 cpαq
n ~n.

Coefficients cpαq

0 , cpαq

1 , . . . do not depend on the direction θ “ argp~q.
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2. Lefschetz thimbles, Stokes rays and Riemann-Hilbert problem
Function Inorm

α is defined and analytic outside Stokes rays t~ | arg ~ “ argpzβ ´ zαqu in
the complex plane C~, extends analytically a little bit across the cuts.
Let θ P R{2πZ be such that on an oriented line in C with slope θ lie k ě 2 distinct
critical values zα1 , . . . , zαk in the increasing order. For values θ´ ă θ ă θ` close to θ
the normalized integrals are well-defined.

Jump formula :

¨

˚

˝

Inorm
α1,` p~q

...
Inorm
αk ,`p~q

˛

‹

‚

“ Sθ ¨

¨

˚

˝

Inorm
α1,´ p~q

...
Inorm
αk ,´p~q

˛

‹

‚

where Sθ “ pSα,βqα,βPtα1,...,αk u is an upper-triangular matrix with Sα,α “ 1 and
exponentially small off-diagonal terms Sα,β “ Sα,βp~q :“ nα,β e´pzβ´zαq{~

where nα,β are integers (Stokes indices) given by intersection numbers
nα,β :“ thα,θ`

¨ thβ,θ´`π P Z �
�

�
�
�

�
�
�
�7θ`

�����)
θ´`π r

zα

r
zβb
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2. Lefschetz thimbles, Stokes rays and Riemann-Hilbert problem
Data pzα P Cq, pnα,β P Zq defines a modification of the trivial vector bundle with fiber
Ctzαu over complex plane C~, by gluing via linear1 automorphisms Sθp~q along Stokes
rays eiθRě0. Let solve somehow (e.g. Cecotti-Vafa method) Riemann-Hilbert problem,
i.e. find a holomorphic trivialization of the glued bundle. Equivalently, find
matrix-valued function G on C~ ´ tStokes raysu satisfying jump equations on cuts

Geiθ,`p~q “ Sθp~q ¨ Geiθ,´p~q, with boundary condition: lim
~Ñ0

Gp~q “ IdCtzαu

Then vector-valued function ~Jp~q :“ Gp~q´1 ¨~Inormp~q has trivial jumps, hence is
holomorphic in ~. The convergent Taylor expansion of ~J is the product of the
divergent asymptotic expansion of G at ~ “ 0 (does not depend on the choice of
sector), and of the divergent asymptotic expansion of ~Inormp~q “ pInorm

α p~qqalltzαu.

~Inorm “ G ¨ J - an alternative to Borel summation: divergent series ù actual values.
1This is the origin of “linear resurgence” in the title. WKB problems lead to non-linear glueings.
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3. Example: classical special functions
§ (Airy function): X “ C, f “ x3

3 ´ x , µµµ “ dx . Critical points: x “ ˘1,

z1 z2
r r critical values: z1 “ ´2{3, z2 “ `2{3. Stokes indices: n12 “ `1, n21 “ ´1.

For ~ P C ´ Rď0 : Inorm
2 “

?
2π e2{p3~q

~1{6 Ai p~´2{3q „
1

?
2

ÿ

ně0

p6n ´ 1q!!

p2nq! 72n ~n

For ~ P C ´ Rě0 : Inorm
1 p~q “ ´iInorm

2 p´~q

where Aipyq :“ 1{p2πq
ş

R cospt3{3 ` ytqdt is the classical Airy function.

Jumps:
Inorm
1 p~ ` i0q ´ Inorm

1 p~ ´ i0q “ `1 ¨ e´ 4
3~ Inorm

2 p~q, ~ P Rě0

Inorm
2 p~ ´ i0q ´ Inorm

2 p~ ` i0q “ ´1 ¨ e` 4
3~ Inorm

1 p~q, ~ P Rď0

§
modified , of second kind
(Bessel function): X “ Cˆ, f “ x ` 1

x , µµµ “ dx
x . Critical points: x “ ˘1,

critical values: z1 “ ´2, z2 “ `2. Stokes indices: n12 “ `2, n21 “ ´2.

Bessel integral:
ş8

0 e´ 1
~ px` 1

x q dx
x “ 2K0

´

2
~

¯

„
?
π~ e´ 2

~
ř

ně0
p´1qnpp2n´1q!!q2

n! 16n ~n
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4. Example: Gamma function, infinitely many critical values

Let X “ C, f “ ex ´ x (not algebraic), µµµ “ dx . f px ` 2πinq “ f pxq ´ 2πin

Function f has infinitely many critical points xk “ 2πik, k P Z.z0
z1
z2

z´1

...

...

rrrr ù critical values: zk “ 1 ´ 2πik. The normalized integral for Re ~ ą 0, any k P Z is

Inorm
k p~q

k“0
:“

e1{~
?

2π~

ż 8

´8

ep´ex `xq{~dx t:“ex
“

e1{~
?

2π~

ż 8

0
e´t{~t1{~ dt

t “
e1{~~1{~ Γp1{~q

?
2π~

For Re ~ ă 0 one has Inorm
‚ p~q “ 1{Inorm

‚ p´~q (does not depend on ‚ “ k P Z)

Asymptotic expansion: Inorm
‚ p~q

~Ñ`0
„ 1 ` 1

12~ ` 1
288~

2 ´ 139
51840~

3 ` . . . (Stirling formula).
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4. Example: Gamma function, infinitely many critical values

We get basically two functions:
#

IRp~q :“ e1{~~1{~ Γp1{~q
?

2π~ for Re ~ ą 0
ILp~q :“ 1{IRp´~q for Re ~ ă 0

rIL IR

i Rą0

i Ră0

ð

ô

Jump formulas:

ILp~q “ IRp~q ¨ p1 ´ expp´2πi
~ qq “

“ IRp~q ` p´1q expp´2πi
~ qIRp~q for ~ P i Rą0

IRp~q “ ILp~q ¨ p1 ´ expp`2πi
~ qq´1

“ ILp~q `
ř

ně1p`1q expp`2πin
~ qILp~q for ~ P i Ră0

ù Stokes indices nkk 1 “

$

’

&

’

%

´1 k 1 “ k ´ 1
`1 k 1 ą k

0 otherwise
@k, k 1 P Z
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5. Example: Infinite-dimensional integral (heat kernel)
Let pM, gq be a real-analytic Riemannian manifold which admits a “reasonable”
complexification pMC, gCq. Fix two points p0, p1 P M, and consider the path integral

Ip~q :“

ż

Paths φ:r0,1sÑM
φp0q“p0,φp1q“p1

e´
Spφq

~ Dφ, where Spφq “
1
2

ż 1

0

ˇ

ˇ

ˇ

ˇ

dφptq

dt

ˇ

ˇ

ˇ

ˇ

2

g
dt

The integration domain is as a totally real infinite-dimensional contour γ in
X :“ infinite-dimensional complex manifold of paths connecting p0 and p1 in MC.
Dirichlet functional φ P γ ÞÑ Spφq P R extends to a holomorphic function f : X Ñ C,
the fictitious ”Lebesgue measure” Dφ ”extends” to a holomorphic volume form µµµ on X .

Mathematically rigorous interpretation (Feynman-Kac formula):

Ip~q “ heat kernel K pp0, p1; tq “ xp0|e´ 1
2∆t |p1y

where time t ą 0 (for the Brownian motion) is
t:“~

identified with the Planck constant ~.
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5. Example: Infinite-dimensional integral (heat kernel)
Short-time asymptotic expansion of the heat kernel:

K pp0, p1; tq
tÑ`0

„ p2πtq´ dimM{2 e´
distpp0,p1q2

2t
ÿ

ně0
cntn

Conjecture: sequence cn has factorial growth, is resurgent, and the Borel transform
has singularities at numbers `2

α{2 P C where `α are lengths of complex geodesics
connecting p0, p1 (formal solutions of Euler-Lagrange equation for φ : r0, 1s Ñ pMC, gCq).

McKean, 1970
X “ H2 : K pp0, p1; tq “

?
2 e´t{8

p2πtq3{2

ż 8

`2{2

e´z{t

pcosh
?

2z ´ cosh `q1{2 dz ` :“ distpp0, p1q

r

r
r
r

rr r -th0,θ“0z0

z1

z2

z3

z´1
z´2

z´3

hyperelliptic curve of infinite genus

Critical values Also works for spheres, flat tori,

zn “
p``2πinq2

2
compact surfaces with hyperbolic metric,. . .
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
3 different series of examples, hypothetically give the same class of data pzαq, pnα,βq:

§ X3 “ Z-cover of X 1
3 :“

!

C8-connections on G-bundle
P
Ó

M

)

{gauge equivalences,

where M is an oriented manifold of dimension 3, G is a complex semisimple group.

§ X1 “ Z-cover of X 1
1 :“

!

C8-paths φ : r0, 1s Ñ pCˆq2n |φ p0q P L0, φ p1q P L1

)

where L0, L1 are algebraic K2-lagrangian submanifolds of pCˆq2n:
řn

i“1rzi s|Lε
^ rzn`i s|Lε

“ 0 P K2pLεq, ε “ 0, 1 (K2-condition will explain later)

§ X0 “ Z-cover of X 1
0 :“ a Zm-cover of pCˆqm ´

Ť

~νPBt~x P pCˆqm | ~x ~ν “ 1u

where B Ă Zm ´ 0 is a finite subset,
~x ~ν :“

śm
i“1 x νi

i for ~x “ px1, . . . , xmq P pCˆqm and ~ν “ pν1, . . . , νmq P Zm.
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
Case of connections on a 3-dimensional manifold M:

On X3 “ tConnectionsu the functional f is the Chern-Simons action:
for a SLpN,Cq-connection ∇ “ d ` A in the trivialized bundle

f p∇q :“

ż

M
Tr

´AdA
2 `

A3

3

¯

, A P MatpN ˆ N,Ω1pMqq, TrpAq “ 0

Ambiguity under gauge transformations: f pg´1∇gq ´ f p∇q P p2πiq2Z.

For special “quantized” values of ~:

~ “
2πi
k , k “ ˘1,˘2, . . .

ù well-defined function expp´f {~q on Z-quotient X 1
3. Canonical “compact” cycle of

integration “ tunitary connectionsu ù quantum Chern-Simons theory at level k (for k ą 0).
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
Case of paths connecting K2-lagrangian subvarieties L0, L1 P pCˆq2n:

Examples of K2-lagrangian subvarieties in pCˆq2n endowed with the standard
symplectic form ω “

řn
i“1 d logpziq ^ d logpzn`iq:

L “ tpz1, . . . , z2nq P pCˆq2n | @ i “ 1, . . . , n : zn`i “ 1 or p1 ´ ziqu

and its images under Spp2n,Zq-action.
For any K2-lagrangian L and any δ P H2ppCˆq2n, L;Zq one has

ş

δ ω P p2πiq2Z.

Functional f on tpaths connecting two K2-lagrangian L0, L1u is defined up to p2πiq2Z:

f pφq ´ f pφ1q “

ż

4´gon
ω
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
Case of sums of dilogarithms:
DATA:

§ a finite subset B Ă Zm ´ 0
§ a collection of integer non-zero weights w~ν P Z ´ 0 for all ~ν P B
§ an even quadratic form b “ pbijq1ďi ,jďm, bij “ bji P Z, bii P 2Z

ù multivalued function

f :“
ÿ

~νPB
w~ν Li2p~x ~νq `

1
2

ÿ

i ,j
bij logpxiq logpxjq recall: Li2pxq :“

ÿ

kě1

xk

k2

Its differential η :“ df is well-defined on X 1 :“ Zm-cover of pCˆqm ´ Y~νPBt~x ~ν “ 1u

df “

m
ÿ

i“1

˜

´
ÿ

~νPB
νiw~ν logp1 ´ ~x ~νq `

m
ÿ

j“1
bij logpzjq

¸

d logpxiq

Periods of η belong to p2πiq2Z, function f is well-defined on a Z-cover X of X 1.
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
In all 3 situations the set of critical values is a finite union of arithmetic progressions in C
each with the step p2πiq2 “ ´39.4784 . . . .

. . . α “ pα, kq

zα “ zα ` p2πiq2k

�
�

�
�

r r r rr r r rr r r r
The reason is that in each of 3 situations, critical points (up to Z-action) are solutions
of a system of algebraic equations, with coefficients in Q, of expected dimension 0.

§ case 3: representations π1pMq Ñ G (the group can be defined over Q)
§ case 1: intersection L X L1 of two algebraic subvarieties defined over Q
§ case 0: solutions of a system of algebraic equations exppxiBxi f q “ 1, i “ 1, . . . ,m

Same critical values, - image of Beilinson-Borel regulator K ind
3 pQq Ñ C{p2πiZq2.
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs

Conjecture: one can identify situations 3,1,0 not only matching the critical values zpα,kq,
but also the Stokes indices npα,kq,pα1,k 1q “: nα,α1;k 1´k .
Analogy: Stokes indices of an 8-dim. path integral (heat kernel) = those of a finite-dim. exponential integral.

It is convenient to encode Stokes data into an angle-ordered product
ñ
ś

of 8 many
Stokes matrices Sθ (like DT invariants of affine Dynkin quivers)

�
�
��

��
��*

����1
����:

@
@
@R

H
HHHj

PPPPq
XXXXz

...
�

�
�	

�
����

����)
����9
@

@
@I

HH
HHY

PPPPi
XXXXy...

	

replace by one cut
in RH problem
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6. Example: complex Chern-Simons, paths in K2-geometry, sums of dilogs
An ad hoc example in the case 0: f “ Li2pxq ` 2 logpxq2 ù X 1

0 “ tpx , tq P C2| x4

1´x “ etu

Map Φ :“ expp f
2πi q : X 1

0 Ñ Cˆ is ramified over t0, pΦpx , 0qqx :x4`x“1, exppLi2p1q{2πiqu

Fiber at generic base point “ tij | i P Z, 1 ď j ď 7u

T : ij ÞÑ pi ` 1qj @ i , j
T1 : 01 Ø 05
T2 : 02 Ø 05
T3 : 03 Ø 06
T4 : 04 Ø 07

Tθ : ¨ ¨ ¨ Ñ 181 Ñ 152 Ñ 123 Ñ 104 Ñ

Ñ 81 Ñ 62 Ñ 43 Ñ 34 Ñ 21 Ñ 12 Ñ 03 Ñ 04Ñ

Ñ05 Ñ 06 Ñ 17 Ñ 25 Ñ 36 Ñ 57 Ñ

Ñ 75 Ñ 96 Ñ 127 Ñ 155 Ñ 186 Ñ 227 Ñ . . .

”quadratic progressions”, e.g . p2n2q1

Problem with the critical value eLi2p1q{2πi “ e´πi{12: strange asymptotics
ş

0 yy{~dy
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