Feynman propagators from the worldsheet

Yvonne Geyer

Chulalongkorn University, Bangkok

o+

Scattering Amplitudes and Beyond
KITP

arXiv:2007.00623 with J Farrow, A. Lipstein, R. Monteiro and R. Stark-Muchao

arXiv:1507.00321, 1511.06315, 1607.08887
with L. Mason, R. Monteiro, P. Tourkine



Representations of QF T amplitudes

> Feynman diagrams
M : + j@ T :@i o > Amplitudes program:

On-shell methods, ...



Representations of QF T amplitudes

— > string theory ato’ — 0
O M e + @ T > Witten's twistor string

> CHY formulae &
ambitwistor strings



Representations of QF T amplitudes

a=To) + To) + Yol +..
=O+e+@+...

l Residue Theorem > CHY formulae &

ambitwistor strings
- ‘ + @ + @ + ...



Representations of QF T amplitudes

= ‘ + e + @ + ...
Residue Theorem > CHY formulae &

ambitwistor strings
:‘,Jr @4‘@ + ...

Feynman
propagators




CHY amplitudes e

S-matrix for massless QFTs

n

d"o .
%n - Lﬁo,nm D 6(81) jn (0'17 kuql)



CHY amplitudes

S-matrix for massless QFTs

D-dim momenta k;
k2 =0
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S-matrix for massless QFTs
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CHY amplitudes .o

S-matrix for massless QFTs

holom._é-fns
6(x)=0 (2117)
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/ scattering equations &;
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CHY amplitUdeS [Cachazo-He-Yuan

S-matrix for massless QFTs

holom._é-fns
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. scattering equations &;
moduli space My , ing equatl !

i € CP' > Construction: P, = ¥/, S

i=1 70,

do
& = Res,,P?(0) = 2k; - P(c;)

> geometric interpretation: P2 =0
> fully localized




CHY amplitudes .o

S-matrix for massless QFTs

Integrand .7,
> ‘data’ gi:T/", &,
> theory-specific
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> geometric interpretation: P2 =0
> fully localized




A closer look at the integrand
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A closer look at the integrand

jn = Lﬁnwzf]“n”2

Building blocks .7,/
> Parke-Taylor factor: C, = % + non-cyclic

> Reduced Pfaffian:  P'(M) = CLPr(My)

(o

=k = T By = 09
L/ (/e ij )
ij [} [}

(A -cT
u=l¢ %)

Ajj =0, c,-,-zfzc,-j, Bjj =0
j#

Theories
I = Pf’(M)Pt' (M), IM = C,Pf"(M), I8 =¢,C,



Why Scattering Equations?

Scattering Equations
2k; - k;
gj—0j

& = Res,,P?(0) = 2k; - P(0j) = Z

J#i

=0

> Factorisation: polan-Goddard, YG-Mason-Monteiro-Tourkine, .1

boundary of Mg 5 factorisation channel



Why Scattering Equations?

Scattering Equations

2K; - k;
& = Resy,PX(0) = 2k - P(oy) = ). —— =0
— 0j—0j
J#l
> Factorisation: [Dolan-Goddard, YG-Mason-Monteiro-Tourkine

) = 1

NN 2

boundary of Mg 5 factorisation channel

> Parametrize Mg, D Mo p, +1 @ Mo ppt1 by i = 0, +ex;forie L:

O:ZX"Sf‘L):Z 2k,-k/ Zk kff

ieL ijeL ijel



Where did the Riemann Sphere come from?

CHY
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‘RNS’ Ambitwistor String i sme . s

» Chiral 2d CFT:
ambitwistor string
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‘KNS’ Ambitwistor String
Chiral 2d CFT:

1 . &
=— | P.dX-eP-0X-ZP?
S 27rfz oX ~eP-0X - 2

o 1 = e
WO +§l//r'a¢r_§¢r'al/’r_/\/rp'l;0r

Xt e QL), P, € Q(Ks), ¢, € NQ°(K?).

c.f worldline formulations
BRST quantisation: free, linear CFTs; dqit = 10.

target space: A = phase space of complexified null geodesics



Spectrum and correlators

> Spectrum: type Il supergravity

NO STR\NG\( .
N\ODES VNS = CcC (5(’)/1 )6('}/2) Euv‘/’};lﬂg eik-X

with k2 = €,,k” = e, k" = 0.



Spectrum and correlators

> Spectrum: type Il supergravity
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= Worldsheet theory for QFT amplitudes



Spectrum and correlators

> Spectrum: type Il supergravity

0 sTRNSY & v alk-X
b N\ODES Ws = cc 6(71 )6(72) Euvw}:lpg e

with k2 = €,,k” = e, k" = 0.

= Worldsheet theory for QFT amplitudes

> correlator = CHY amplitude (cachazo-te-vuan)

MO ~ <]_[ V(o-,-)> - fmo,nﬁégc) [T5@) 7

i=1 i

Main idea:
P localizes onto EoM: 9P, = ¥, ki,6(0 — o) dor
Tree-level: P,=2 :_”(’ri do



What about loops?

My = O+e+@ + .



The one-loop integrand ..ocusime

> n -1 marked points z; (fix one)
» modular parameter T




The one-loop integrand

n — 1 marked points z; (fix one) R B
modular parameter T
= Fundamental domain

F = H/PSL(2.Z)

I L B
2 2



The one-loop integrand ..ocusime
Localization for P:
P, = Y kiud(z - z;)
= P=0(,dz+ ) kuwi

///(”:fd“’fs(‘), 3<‘>:f dr s(u)| |6 (&)W
My

> n—1 marked points z (fix one) R B
» modular parameter T
= Fundamental domain

F = H/PSL(2.Z)
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The one-loop integrand ..o c s

Scattering equations

Localization for P geometric interpret.: P2 =10
3P, = X, kid(z - z
w = 2ikiuo(z - 2) & =Res;P?(2) =0 i=2,..n
= PH = fﬂ dz + Z k,'ﬂa),',o E=u=0 P2=udz?
x
A :fdwf 3, 3 :f dr s(u)| |6 (&)W
My, s

> n -1 marked points z; (fix one) R R

» modular parameter T
= Fundamental domain

F = H/PSL(2.Z)
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Properties

One-loop integrand
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One-loop integrand
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Features:

> Localization
Loop integrand J is fully localized on E,4.



Properties

One-loop integrand

///“):fdmfs(‘), sO=| drs)] |5(&)rsM
My n i—2
———
1-loop SE
Features:

> Localization
Loop integrand J is fully localized on E,4.

» Modular invariance

This does not imply finiteness of the amplitude!

non-compact integration over loop
moduli space < momentum ¢



Question:
How does this relate to usual QFT integrands?



The residue theorem e oo o

Key features:

> localization
> modular invariance



The residue theorem e o
Key features:
> localization = Residue Theorem
> modular invariance



Th e reSid u e th eo re m [YG-Mason-Monteiro-Tourkine]

Key features:

> localization

= Residue Theorem
> modular invariance

Cauchy residue theorem on 7

u=0onsupportof & =0 o q
¢ | lr




On the nodal Riemann Sphere
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On the nodal Riemann Sphere

Localization for P:
P, =t w,- —

=l Z o-o
1

o—0—

1 —_—

> (A)+_ = T4
> c.f. forward limit

A — [ gz 3

5(1) —

dn+2
f vol SL(2,C)

Mo, n+2

o
]_[5 (&4) £



On the nodal Riemann Sphere

Localization for P: K
P,={l,w, e
[ uWim + Z e

1 1

o-04 o—0—

> w, =

> c.f. forward limit

0 :fdmg OB 5(1)

Scattering equations

> &, enforcing P? — (?wf = 0:
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&a = Res,, (Pz(o-) -

> Mobius invariance
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On the nodal Riemann Sphere

Scattering equations

Localization for P: K
P,={l,w, e
[ uWim + Z e

1 1

> &, enforcing P? — (?wf = 0:
Ea = Res,, (PZ(O') - fzwi_)

> w, =

ooy oo > Mdbius invariance
> c.f. forward limit > linearin ¢
n+2
%(1):fd1°£3(1) s -1 f i 5
’ £ vol SL(2,C)
m20n+2 A=
Comments:

> complexity ~ tree-level
> “free lunch’: arbitrary dimension d
different theories




One-loop integrand(s): Double Copy

integrand on nodal sphere
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One-loop integrand(s): Double Copy

integrand on nodal sphere

n+2

50 _ ] d"2o &) g0

ke f?fvolSL(z c) | l—[ (Ea) 7o
Vioni

Supersymmetric:
1) 1) =(1
> fs(ugra — 7O T

kin = kin

(1) (1) ~(1
> stM =1 C()

kin



One-loop integrand(s): Double Copy

integrand on nodal sphere

n+2
~1 _ 1 d"teo ' o)
— [ LT [T 7
S f2fvo|SL(2,C) ﬂ (Ea) o

Mo 2

Supersymmetric:
) _ 0 FMm
> fsugra - ]kin Ikm
1 _ 7~
> stM - Ikin C( )

Building blocks
tr(T21 7% .. T2n)

> Parke-Taylor: c = 27:1 Tt jTii~Tin ¢~ Tg= ¢+ + non-cycl.
> Pfaffian: T4 =5, P (M) = =2—Pf (Mp)
ot
(1)
I = e, sl

€S,
PESH a'[+p1 Tp1pg T pnt=9 ¢+



One-loop integrand(s): Double Copy

integrand on nodal sphere

n+2
~m_ 1 d" 2o '5(8.) oM
S _f2fvo|SL(2,C) ﬂ (Ea) o

Mo 2

Supersymmetric: Non-supersymmetric
M _ 070 (1 _ cr
> jsugra - ‘[Kin Ikm > jYM - (Zf Pi (M&S))C“)
M _ 7 o) (1) 1 Tpte- 1)
> = ) = .
<ﬂsYM Ikm C > <ﬂn»gon - (U—?Jr(_ l o oj- )C(

Building blocks
tr(T21 7% .. T2n)

> Parke-Taylor: c = 27:1 Tt jTii1 - Tin ¢~ =+ + non-cycl.
> Pfaffian: T4 =5, Pr (M) = =2—Pf (Mp)
ot
(1)
I = e, sl

pESH Tt py TP192 T pp =T =+



Integrand Representation

vol SL(2 Q)
Mo.n+2

1 a2 T
3(1) ]_[ (x)‘ 8A j(ﬂ

» Puzzle:  Only single factor of £2, remainder (2¢ - k + k2)™!



Integrand Representation

n n+2
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» Puzzle:  Only single factor of £2, remainder (2¢ - k + k2)™!
> Solution:  Shifted integrands
partial fractions: 5 = i 510y
shift:  D; — 2
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n n+2
50 _ ] d"o 5 Q)
o fvoISL(2 C) ]:[ 0(64) %

Dotz

> Puzzle: Only single factor of £-2, remainder (2¢ - k + k?)"
> Solution:  Shifted integrands
partial fractions: ﬁ =3 m
shift: D; — 2
formalised: Q-cuts (paadsgaaret 2
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Integrand Representation

n n+2
50 _ ] d"o 5 Q)
o fvoISL(2 C) ]:[ 0(64) %

Dotz

> Puzzle: Only single factor of £-2, remainder (2¢ - k + k?)"
> Solution:  Shifted integrands
partial fractions: ﬁ =3 m
shift: D, — 2
formalised: Q-cuts (paadsgaaret 2

Example
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Integrand Representation Take Il

nodal SE
Ea = Resy, (P?(0) - (Puf )

> Poles still determined by SE

S0 =1

boundary of Mg ny2 factorisation channel



Integrand Representation Take Il

nodal SE
Ea = Resy, (P?(0) - (Puf )

> Poles still determined by SE

boundary of Mg ny2 factorisation channel

> Parametrize 0Mipn D Mo p, +1 @ Mo ppt1 By oi = 0, +ex;forie L:

ieL

; k2 L=L
0= x&"= s s=1420-k + K2 L={rjuL™
~20 k + K2 L={CjuLe



So far

¢ &

l Residue Theorem

=G+,@+

linear
propagators




Question:
Is there a worldsheet representation
of integrands with Feynman propagators?

Feyn man partial fractions L| near
representation representation

?



Toy example: the n-gon

n-gon integrand in linear representation: {} {(
A‘I\n

1
~n-gon = 72

1
(20 k)(26(k + ke) + (ki + kz)z)m(—z/f.kn)+




Toy example: the n-gon

n-gon integrand in linear representation: {}
A‘I\n

1
~ngon = 75

1
(20 k)(26(k + ke) + (ki + kz)z)m(—z/f.kn)+

naive algorithm

(i) pick out first term
(i) substitute 2¢- k4 — (£ + ki)? and 2¢- k, — —(€ — k,)?



Toy example: the n-gon

n-gon integrand in linear representation: {}

1 1
Wen =7 D
-gon 2
£ pecyc(1...n) H?:1 (26' kﬂ1...i + kF21...«')

1
(20 k)(26-(k1 + ka) + (K +k2)2)---(7:2[-kﬂ)+

naive algorithm

() pick out first term
(i) substitute 2¢- ki — (£ +ki)? and 26k, — —(£ — ky)?



Toy example: the n-gon

n-gon integrand in linear representation: {}
A‘Im

1
~ngon = 75

1
(20 k)(20(k +ke) + (ki + ke)?)--(~2C - k) N

naive algorithm

(i) pick out first term
(i) substitute 2¢-k; — (£ +ki)? and 2¢-k, — —(£ - k,)?



Toy example: the n-gon

n-gon integrand in linear representation: {}
A‘I\n

1
~ngon = 75

1
(20 k)(20(k +ke) + (ki + ke)?)--(~2C - k) N

naive algorithm

(i) pick out first term
(i) substitute 2¢-k; — (£ +ki)? and 2¢-k, — —(£ - k,)?

Result: usual n-gon integrand
1

0+ k(e + ki + ko) (0 - k)

~lin ~Fey _
~Sn-gon = ~ngon =




Problems with the naive integrand-level approach

> n-gon integrand for different cyclic ordering (213...n):
1. 1 e
& (20 ko)(20-(ki + ko) + (ki + ko)) (2L - ky)

ﬁ\ln

~n-gon =



Problems with the naive integrand-level approach

> n-gon integrand for different cyclic ordering (213...n):

o 1 1

TTENT (20 ko)(26(ki + ko) + (ki + Ke)?) - (-2C kﬂ)Jr

Lesson 1
Naive algorithm only works for planar integrands



Problems with the naive integrand-level approach

> n-gon integrand for different cyclic ordering (213...n):
1 1

E k)2t + ko) (k- R)P) (20 )

~lin —
Sngon =

Lesson 1
Naive algorithm only works for planar integrands

> (n-1)-gon integrand with massive corner (12...[n -1, n]):
1 1

+
(Kot +ka)* @ (20 K)o (=20(Kn + Knt) + (Kot + Kn)2)

~lin _

Lesson 2
No ‘BCFW:-like’ shift without changing the (WS) integrand

ki — ki +aq, ko — kn—aq, t=b+tagq-{



Problems with the naive integrand-level approach

> n-gon integrand for different cyclic ordering (213...n):
1 1

E k)2t + ko) (k- R)P) (20 )

~lin —
Sngon =

Lesson 1
Naive algorithm only works for planar integrands

> (n-1)-gon integrand with massive corner (12...[n -1, n]):

~fin 1 1

I = .

+
(Kot +ko)* @ (20 Ke) = (=20(Kn + Knt) + (Kot + Kn)2)

Lesson 2
No ‘BCFW:-like’ shift without changing the (WS) integrand

ki — ki +aq, kn — kn—aq, t=b+tagq-{



What went wrong: BCFW Recursion for the integrand

Deformation:
zq
zq

S XD X
e
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What went wrong: BCFW Recursion for the integrand

Deformation:

1

S XD X

kKi+zq
ko-zq — Note: I+k =(+Kk
é’—zq {—ky =€—ky



What went wrong: BCFW Recursion for the integrand

Deformation: ky =ki+zq
ky=ky—zq — Note: 0+k=(+k
?:{’—zq -k, =t-k,



What went wrong: BCFW Recursion for the integrand

Deformation: ky =ki+zq
ky=ky—zq — Note: 0+k=(+k
?:{’—zq -k, =t-k,

Poles: 0=k? =k?+2zq -k
0=P=0r-2zq-¢



What went wrong: BCFW Recursion for the integrand

Deformation: ky =ki+zq
ky=ky—zq — Note: 0+k=(+k
?:{’—zq -k, =t-k,

Poles: 0=k?=k?+2zq-k.
0=0P=r-2zq-¢

BCFW recursion




What went wrong: BCFW Recursion for the integrand

Deformation: ky =ki+zq
ky=ky—zq — Note: 0+k=(+k
?:{’—zq {—ky =C—ky

Poles: 0=k? =k?+2zq -k
0=P=0r-2zq-¢

BCFW recursion

missing



Main idea: Modification on WS

naive algorithm

(i) pick out first term
(i) substitute 2¢-ky — (€ + ki)2 and 2€-k, — —(£ — kn)?
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Main idea: Modification on WS

naive algorithm

(i) pick out first term
(i) substitute 2¢-ky — (€ + ki)2 and 2€-k, — —(£ — kn)?

U

algorithm

(i) for ‘colour’ half- integrand

tr(T%1T%2 .. T%n) tr(T1 732 ... Tan)

(1) _ ©0) _
V= Cn+270_
(+1012- .- O =0+

pezn? T o1 TP1p2 -+ Tpnt= T =t




Main idea: Modification on WS

naive algorithm

(i) pick out first term
(i) substitute 2¢-ky — (€ + ki)2 and 2€-k, — —(£ — kn)?

U

algorithm

(i) for ‘colour’ half- integrand

tr(T31 T%2 .. Ta%n) tr(Ta1 T3 ... Tan)

(1) — @ _ _ (7T )
c = Chla= =
[+10'12...O'n[70'[—[+

pezn’ et p19p1p2 - Opnt= Tt

(i) directly substitute

2_
(SA i 82 L = (SA
20-ky > +(0+kq)?
20kn > —((—kn)?



Recall: Scattering Equations on nodal sphere

SE on nodal sphere

Ea = RGSO-A(PZ(O') - t’zwi_)

¢ k;
with P:[ R +Z ! ]do'
T =0t o -0 Ho-oj

2k - € 2l 2k - k;

> Explicit form: &= o oimop Lo
6= 2k 26 - ky 2ki -k

1 o1 — o o1 — O i 01 —0j

Sn = Zf'kn - 25"(” + 2kﬂkl

Tn =0 On=0pr 4 0n=0j

20 k; 20k 20k

Epr =+ L Lz :

#1'”0'[1—0'1- Ot — 01 Ot —0p

> Mébius invariance: > ki-ki= k=0
i ]



£2-deformed scattering equations
f?-deformed SE

2.
E, % =&,
20k > +(C+ki)?
20-kn o —(—kp)?




£2-deformed scattering equations
f?-deformed SE

2.
82 def = 8A
20Ky > +(C+ki)?
20-k, > —(f—k,,)z

2ki- £ 2K - €
> Explicit form: &= — [ +Z

=0+ 0= 0

2k; - k;

oi—0j

j#i
(+ki)?  (E+ k) 2k - k;
81:+( 1)° _( 1) +Z 1K
A Y =
(=ke)® | (£—kn)? 2k, - ki
g, = (k) | (ki) Ly Bk

On—0pt Op—0yp- on —0j

j#n

20 -k £+ k)2 - k)2
Sfi:iz )i(+1)¥( n)

O =0j O —01 OpE=0p

j#tn



£2-deformed scattering equations
f?-deformed SE

2.
ELH =8,
20-ky = +(0+ki)?
20Ky > —(€—kp)?

20 2kl
> Explicit form: &=, -t

_ R
Tet T 4 J#i

(C+Kk)?  (C+k)? 2k - k;
_ £y

2k; - k;

oi—0j

&
1 01— Opt 01 — 0= = o1 —0j
O (C—ka)? | (L= kn)? 2k, - ki
Sn—_ -0, +0'—D'7+ZU'—D"
+ n 4 J#n n Ji

20k (C+ki)? _ (0—kn)?
ge=xy G, (k) (C—k)

Opx —0j Opx — 0 0',—0'
f#n 6 j SN &= Cn

> Mobius invariance: ' k-k= ) ¢-k=0
J#i )



Why this deformation?

nodal SE

Ea = ReSD—A(Pz(O') - fza)i_)

> Poles still determined by SE

boundary of Mg ny2 factorisation channel

> Parametrize 0Mipn D Mo p, +1 @ Mo ppt1 By oi = 0, +ex;forie L:

ieL

] k2 L=L
0= xé& =5 s.=1+20-k + K2 L={rjuL™
—20-k + K L={CjuLe



Why this deformation?
£?-deformed SE

2-def .
8A © = 8A
20Ky > +(0+k )2
20-kn > —((—kn)?

> Poles still determined by SE

boundary of Mg ny2 factorisation channel



Why this deformation?
£?-deformed SE
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for ‘colour’ half- integrand

tr(T31T%2 ... T3%n) tr(T&1 T3 ... Tan)

cO. = oo J
T+1012 .. O = O+

1
C( )= n+42

Zn T+ o1 (rpwz 0o .(rpn[— T =+

directly substitute
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20-kn > —((—kn)?



Integrands: Super Yang-Mills

integrand with Feynman propagators

(1) 1 f d"2o ﬁ/é(sfzdef)]' ) O
sYM T 72 volSL(2,C) % i e
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Integrands: Super Yang-Mills

integrand with Feynman propagators
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Building blocks

> : . (©) _ __tr(Ta1T%..T)
Parke-Taylor:  C,}, T



Integrands: Super Yang-Mills

integrand with Feynman propagators
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Building blocks
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Checks:
4- and 5-particle integrands

factorization



Integrands: Super Yang-Mills

integrand with Feynman propagators

(1 1 a2 T2 o
1 ’ £2-def 0
oM fzfm 1—[5(8 ) T4 Crla

Moz

(54

Building blocks

. ) tr(T31 T3 Tan)
> Parke-Taylor:  C, |, = RSP o

(1)
+ inar (1) _ Nywy ()
> =
Kinematics: T = Zpesn P
Checks:

4- and 5-particle integrands
factorization

Proposal: km =, Pf"(M{g) - (M)







Summary

a=Tol + Lol + Tel  +.
=O+e+@+...

Residue Theorem

= O + [ <.+ @ + ..

v linear
v Feyman
propagators




Outlook

> Super Yang-Mills general case: proof
> Origin of the deformation and supergravity case

Cauchy residue theorem on
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Thank you!
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