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Regularized M-estimators

o Prediction/regression problem: Observe {(x;,y;)}"_;, estimate

p* = 3rgﬁf2]i1§pE[£(ﬂ:Xi,Yi)]v xi€RP, yieR
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Regularized M-estimators

o Prediction/regression problem: Observe {(x;,y;)}"_;, estimate
= in E[(8: xi, i €ERP, y R
B7 = arg min E[L(5x,yi)l,  xi €RP, - yi €

@ Statistical M-estimator:

ﬁeargmm{ Z[ B xi, yi }

in high dimensions, may be ill-conditioned, large solution space
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Regularized M-estimators

o Prediction/regression problem: Observe {(x;, y;)}7_;, estimate
B* =arg min E[{(B;x,yi)], x€RP, yeR
BERP

@ Regularized M-estimator:

Bearg mﬁin { % Zlg(ﬂ;xi‘/yi) +P,\(5)}

Ln(8)
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Example: ¢1-regularized OLS regression

@ Linear model: vi =x B* + €, 18%l0 < k
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Example: ¢1-regularized OLS regression

@ Linear model: vi =x B* + €, 18%l0 < k

@ Low-dimensional M-estimator:

~ 1 o
fovs € arg min {n > i— X,'Tﬂ)2}

i=1
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Example: ¢1-regularized OLS regression

@ Linear model: vi =x B* + €, 18%l0 < k

@ Low-dimensional M-estimator:

n

n -1 n
2 )1 T 32 L T 1
PoLs € arg mﬁln {n Z(Yi —x f) } = (n ;Xixi ) (n ;%X:)

i=1
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Example: ¢1-regularized OLS regression

@ Linear model: vi =x B* + €, 18%l0 < k

@ Low-dimensional M-estimator:

n

n -1 n
2 )1 T 32 L T 1
PoLs € arg mﬁln {n Z(Yi —x f) } = (n ;Xixi ) (n ;%X:)

i=1

o High-dimensional regularized M-estimator:

n

~ . 1
/BLasso € arg mﬁm {n Zl(yl - XIT6)2 + /\’/3“1}
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Sources of nonconvexity

@ May arise in loss or regularizer
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Sources of nonconvexity

@ May arise in loss or regularizer

@ Nonconvex loss used to correct noise/errors, increase efficiency
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Sources of nonconvexity

@ May arise in loss or regularizer

@ Nonconvex loss used to correct noise/errors, increase efficiency

@ Nonconvex regularizer used to reduce bias

Po-Ling Loh (UW-Madison) Landscape of nonconvex M-estimators Jan 7, 2019



Example: Errors-in-variables regression

o Model:
vi=x{ B +e

observe {(z, y;)}7_;, infer 5*
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Example: Errors-in-variables regression

o Model:
vi=x{ B +e

observe {(z, y;)}7_;, infer 5*
@ OLS estimator

~ 1<
B € arg mﬁin {n ;(ZiTﬁ — i)+ )\”5”1}

statistically inconsistent
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Corrected losses

o L. & Wainwright '12 propose natural method for correcting loss for
linear regression:

XTX X T
ﬁ—y

Bovs € arg min { BT B+ px(ﬂ)}
Beor € argmin {25TF6 ~376+ m(ﬂ)}

(I',7) estimators for (Cov(x;), Cov(x;, y;)) based on {(zi,yi)}7;
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Example: Additive noise

@ Additive noise: Z = X + W, use

zZTz zT
- zWa ’7 = y
n n

r=

@ However, corrected objective nonconvex:

ZTZ_
n

~ Tz
/Bcorr S arg mﬁin {i/BT< ZW)ﬁ - yTﬁ + Pk(ﬂ)}
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Example: Additive noise

@ Additive noise: Z = X + W, use

zZTz zT
- zWa ’7 = y
n n

r=

@ However, corrected objective nonconvex:

~ zZTz Tz
/Bcorreargmﬁin{iﬂ—r( n _Zw>ﬁ_ynﬁ+pk(/@)}

@ Fortunately, local optima have good properties
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Nonconvex regularizers

@ (1 is “convexified” version of £y

EO [1
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Nonconvex regularizers

@ (1 is “convexified” version of £y

fo [1

I 1

v
(e

A

v

o
A

!

@ But /7 penalizes larger coefficients more, causes solution bias
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Alternative regularizers

@ Various nonconvex regularizers in literature (Fan & Li '01, Zhang '10, etc.)

4 :
—SCAD
3.5} —MCP 1
_Iq
3r capped I1 1
2.5¢ _|1 1
2
e N e
1k i
0.51 ]
-4 -2 0 2 4

Po-Ling Loh (UW-Madison) Landscape of nonconvex M-estimators Jan 7, 2019 9/35



Empirical benefits

@ Nonconvex regularizers show significant improvement (Breheny &

Huang '11)
00 05 1.0 15 20
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Linear Linear Linear
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1.5 -
" 1.0 4 = -
0 957 \———~ r\“._._ . |
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Local vs. global optima

@ Optimization algorithms only guaranteed to find local optima
(stationary points)

@ Statistical theory only guarantees consistency of global optima
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Local vs. global optima

@ Optimization algorithms only guaranteed to find local optima
(stationary points)

@ Statistical theory only guarantees consistency of global optima

()

|

—— >

BB B

o L. & Wainwright '13: All stationary points of £,(3) 4+ px(/3) close
when nonconvexity smaller than curvature
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Measures of closeness

@ Various measures of statistical consistency

Be argmln Z«” (Bi xi, yi) + pa(B)
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Measures of closeness

@ Various measures of statistical consistency

Be argmm{ Z«” (B xi, yi *l-P/\(ﬁ)}

e Estimation: HB— B*|| — 0
e Prediction: Y7 0B xi yi) — 0
e Variable selection: supp(g) — supp(5*)
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Measures of closeness

@ Various measures of statistical consistency

Be argmm{ Zﬁ (B xi, yi *l-P/\(ﬁ)}

Estimation: HE— B*|| — 0
Prediction: 157 | ﬁ(g; X, ¥i) = 0
e Variable selection: supp(B) — supp(3*)

Interested in cases where ¢ and p) possibly nonconvex
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Estimation /prediction consistency

o Composite objective function

IBll.<R

B earg min {cn(ﬁ>+zm(ﬁj)}
j=1
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Estimation /prediction consistency

o Composite objective function

IBll.<R

B earg min {cn(ﬁ>+zm(ﬁj)}
j=1

e L, satisfies restricted strong convexity with curvature «

@ py has bounded subgradient at 0, and py(t) + ut? convex
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Estimation /prediction consistency
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Composite objective function

B €arg min {En(ﬁ) + ZPA(BJ)}
=1

IBll.<R

L, satisfies restricted strong convexity with curvature «
px has bounded subgradient at 0, and py(t) + ut? convex

L. & Wainwright '13: All stationary points of £,(/3) 4+ pa(B) close
when a > p



More formally

BB
@ Stationary points statistically indistinguishable from global optima
<V£n(§) + VP/\(E)a B - 5) >0, V3 feasible
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More formally

} >

BB*B

@ Stationary points statistically indistinguishable from global optima

(VL(B) + Vpr(B), B—B) >0, V[ feasible

@ Nonasymptotic rates: For A =< \/"’% and R =< %

klo o
gp ~ statistical error

1B =82 <c
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Geometric intuition

o Population-level convexity, finite-sample nonconvexity

function view gradient view
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Geometric intuition

o Population-level convexity, finite-sample nonconvexity

function view gradient view

@ Population-level objective L strongly convex, oo > p
@ RSC quantifies convergence rate of VL, — VL
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Technical conditions

@ Requirements on loss and regularizer to ensure consistency of
stationary points
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Technical conditions

@ Requirements on loss and regularizer to ensure consistency of
stationary points
o Restricted strong convexity of L,
e Bound on nonconvexity of py
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Conditions on L,

o Restricted strong convexity (Negahban et al. '12):
ol A3~ TeER AR, VA2 < r

n

VL, (B*+A)=VL,(B"), A) >
< (/8 ) (ﬂ ) > CM”AHZ_T\/@HAHI’ O.W.

RN
\\\x\\\\\:\\\ N

KX

N
N
AR
NANutees
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Conditions on L,

o Restricted strong convexity (Negahban et al. '12):

|
allAlf — 722 AR, V[All <r

n

VL, (B*+A)=VL,(B"), A) >
< (/8 ) (B ) ) CMHAHZ_T\/@HAHI’ O.W.

@ Holds for various convex/nonconvex losses:
e OLS & corrected OLS for linear regression, log likelihood for GLMs
e Huber loss for robust regression
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Conditions on p)

e Focus on amenable regularizers p)(3) = ZJ'-’ZI pA(B;) satisfying:
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Conditions on p)

e Focus on amenable regularizers p)(3) = Zj'):l pA(B;) satisfying:
px(0) = 0, symmetric around 0

Nondecreasing on R

t— p*—t(t) nonincreasing on R™

ga(t) := A|t| — pa(t) differentiable everywhere

pa(t) + pt? convex for some > 0
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Alternative regularizers

@ Various nonconvex regularizers in literature (Fan & Li '01, Zhang '10, etc.)

4 :
—SCAD
3.5} —MCP 1
_Iq
3r capped I1 1
2.5¢ _|1 1
2
e N e
1k i
0.51 ]
-4 -2 0 2 4
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Statistical consistency

® Regularized M-estimator

~

pearg min {L£,(5)+pa(P)},

IBIl<R

loss function satisfies (v, 7)-RSC and regularizer is ;-amenable
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Statistical consistency

® Regularized M-estimator

Bearg min {L,(B)+ pr(8)},

Bl <R
loss function satisfies (v, 7)-RSC and regularizer is ;-amenable

Theorem (L. & Wainwright '13)

Suppose R is chosen s.t. 3* is feasible, and \ satisfies

max{HVE,,(B*)HOO, a,/"’%} <232

v
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Statistical consistency

® Regularized M-estimator

Bearg min {L,(B)+ pr(8)},

Bl <R
loss function satisfies (v, 7)-RSC and regularizer is ;-amenable

Theorem (L. & Wainwright '13)

Suppose R is chosen s.t. 3* is feasible, and \ satisfies

max{HVE,,(B*)HOO, a,/"’%} <232

For n > i—fRz log p, any stationary point E satisfies

MWk

||§— B2 3 a——u where k = ||5%||o-

v

Po-Ling Loh (UW-Madison) Landscape of nonconvex M-estimators Jan 7, 2019

20 / 35



Insights

@ Convexity of population-level objective = tractable landscape of
empirical loss
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Robust regression

@ Robust statistics introduced in 1960s (Huber, Tukey, Hampel, et al.)
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Robust regression

@ Robust statistics introduced in 1960s (Huber, Tukey, Hampel, et al.)
e Goals:

@ Develop estimators T(-) that are reliable under deviations from model
assumptions
@ Quantify performance with respect to deviations
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Robust regression

@ Robust statistics introduced in 1960s (Huber, Tukey, Hampel, et al.)
e Goals:

@ Develop estimators T(-) that are reliable under deviations from model
assumptions
@ Quantify performance with respect to deviations

@ Local stability captured by influence function

G T F) — tim TUL=OF + 16 = T(F)

t—0 t

Po-Ling Loh (UW-Madison) Landscape of nonconvex M-estimators Jan 7, 2019 22 /35



Robust regression

Robust statistics introduced in 1960s (Huber, Tukey, Hampel, et al.)
Goals:

@ Develop estimators T(-) that are reliable under deviations from model
assumptions
@ Quantify performance with respect to deviations

@ Local stability captured by influence function

G T F) — tim TUL=OF + 16 = T(F)

t—0 t

Global stability captured by breakdown point

(T X1, .., Xn) = min {’;’ ssup | T(X™) — T(X)|| = oo}
Xm
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“Robust” M-estimators

@ Generalization of OLS suitable for heavy-tailed/contaminated errors:

ﬁeargmm Z[(x B — i)

— Least squares .
g | — Huber
&7 — Tukey
w .
.
<o g4
- .
3 .
2 4 5
3 ° £ 3
s 27
H
o
— Least squares
—— Absolute value O
— Huber
o o — Tokey
T T T T T T T ° = T T T T
-6 -4 -2 o 2 4 6 1950 1985 1960 1965 1970
Residual Year
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“Robust” M-estimators

@ Generalization of OLS suitable for heavy-tailed/contaminated errors:
ﬁ € arg m|n Z[(XTB i)

e Extensive theory (consistency, asymptotic normality) for p fixed,

o
— Least squares .
g | — Huber
&7 — Tukey
w .
.
<o g4
- .
3 .
2 4 5
3 ° £ 3
s 27
H
o
— Least squares
—— Absolute value .
— Huber
o o — Tukey
T T T T T T T ° = T T T T
-6 -4 -2 o 2 4 6 1950 1985 1960 1965 1970
Residual Year
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Classes of loss functions

e Bounded ¢’ limits influence of outliers:
T((1—t)F + td(x,)) — T(F
(o) T F) = tim L0 D) = T(F)
t—0+ t
X eI(XT/B _y)X

where F ~ Fg and T minimizes M-estimator
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Classes of loss functions

e Bounded /' limits influence of outliers:
T((1—t)F+tdy,)— T(F
F((x,y); T, F) = lim L—1) ) = T(F)
t—0t t
o L(xT 8 —y)x
where F ~ Fg and T minimizes M-estimator
@ Redescending M-estimators have finite rejection point:

!'(u) =0, for |u| > ¢

U(x)
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Classes of loss functions

e Bounded /' limits influence of outliers:
T((1—t)F+tdy,)— T(F
F((x,y); T, F) = lim L—1) ) = T(F)
t—0t t
o L(xT 8 —y)x
where F ~ Fg and T minimizes M-estimator
@ Redescending M-estimators have finite rejection point:

!'(u) =0, for |u| > ¢

U(x)

@ But bad for optimization!!
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High-dimensional M-estimators

o Natural idea: For p > n, use regularized version:

ﬂeargmm{ Zf X B — y,)+>\HBH1}
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High-dimensional M-estimators

o Natural idea: For p > n, use regularized version:

ﬁeargmm{ Zf X B — y,)+>\HBH1}

Complications:
@ Optimization for nonconvex £7

@ Statistical theory? Are certain losses provably better than others?
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High-dimensional M-estimators

o Natural idea: For p > n, use regularized version:

ﬁEargmln ZE X' B = yi) + AlBl

Complications:

Optimization for nonconvex £7

@ Statistical theory? Are certain losses provably better than others?

Population-level convexity no longer satisfied
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Main results (L. '17)

@ When |||« < C, global optima of high-dimensional M-estimator
satisfy

= kl
1B -8l < ¢\ —=2F,

regardless of distribution of ¢;
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Main results (L. '17)

@ When |||« < C, global optima of high-dimensional M-estimator
satisfy

= kl
1B -8l < ¢\ —=2F,

regardless of distribution of ¢;

o Compare to Lasso theory: Requires sub-Gaussian ¢;'s
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Main results (L. '17)

@ When |||« < C, global optima of high-dimensional M-estimator
satisfy

~ k|
1B — B*ll2 < Cy) —2B,

n

regardless of distribution of ¢;
o Compare to Lasso theory: Requires sub-Gaussian ¢;'s

o If ¢(u) is locally convex/smooth for |u| < r, any local optima within
radius cr of 5* satisfy

15— 57l < €'y <182
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Some optimization theory (L. '17)

@ Local optima may be obtained via two-step algorithm (L. '17)
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Some optimization theory (L. '17)

@ Local optima may be obtained via two-step algorithm (L. '17)

Algorithm

© Run composite gradient descent on convex, robust loss + ¢1-penalty
until convergence, output By

@ Run composite gradient descent on nonconvex, robust loss -+
p-amenable penalty, input 3° = By
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Motivating calculation

@ Lasso analysis (e.g., van de Geer '07, Bickel et al. '08):

~ . 1
< argmin { ~lly = XBI3 -+ Alal }
F(8)
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Motivating calculation

@ Lasso analysis (e.g., van de Geer '07, Bickel et al. '08):

~

(1
< argmin { ~lly = XBI3 -+ Alal }
F(8)

o Rearranging basic inequality F(B) < F(3*) and assuming
Az 2 X

, obtain
o0

1B = B7[l2 < exVk
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Motivating calculation

@ Lasso analysis (e.g., van de Geer '07, Bickel et al. '08):

~ . 1
< argmin { ~lly = XBI3 -+ Alal }
F(8)

o Rearranging basic inequality F(B) < F(3*) and assuming

A= 2| x| obtain

o0

1B = B7[l2 < exVk

@ Sub-Gaussian assumptions on x;'s and ¢;'s provide O ( k'°gp>

bounds, minimax optimal
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Motivating calculation

. . . X7 ()
e Key observation: For general loss function, if A > 2 ||=———

..
obtain

18 = B7ll> < eAVk
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Motivating calculation

. . . X7 ()
e Key observation: For general loss function, if A > 2 ||=———

..
obtain

18 = B7ll> < eAVk

@ /() sub-Gaussian whenever ¢’ bounded
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Motivating calculation

. . . X7 ()
e Key observation: For general loss function, if A > 2 ||=———

..
obtain

18 = B7ll> < eAVk

@ /() sub-Gaussian whenever ¢’ bounded
= can achieve estimation error

~ kl
1B = B7]la < ¢y —22,

n

without assuming €; is sub-Gaussian
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Technical challenges

@ Lasso analysis also requires verifying restricted eigenvalue (RE)
condition on design matrix, more complicated for general ¢
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Technical challenges

@ Lasso analysis also requires verifying restricted eigenvalue (RE)
condition on design matrix, more complicated for general ¢

@ Addressed by local curvature of robust losses around origin

Residual
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Technical challenges

@ Lasso analysis also requires verifying restricted eigenvalue (RE)
condition on design matrix, more complicated for general ¢

@ Addressed by local curvature of robust losses around origin

Residual

@ When /¢ is nonconvex, local optima 5 may exist that are not global
optima
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Technical challenges

@ Lasso analysis also requires verifying restricted eigenvalue (RE)
condition on design matrix, more complicated for general ¢

@ Addressed by local curvature of robust losses around origin

@ When /¢ is nonconvex, local optima 5 may exist that are not global
optima

o Addressed by theoretical analysis of ||3 — 3*||2 and derivation of
suitable optimization algorithms
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Local statistical consistency

o
— Least squares .
8 | — Huber
&7 — Tukey
w .
.
3
<o 8
.
E .
g o z
| 2 g
s =7
3
— Least squares
——  Absolute value -
— Huber
o o — Tukey
o
T T T T T T T T T T T T
- -4 -2 0 2 4 6 1950 1955 1960 1965 1970
Residual Year

@ Challenge in robust statistics: Population-level nonconvexity of loss
—> need for local optimization theory
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Local RSC condition

o Local restricted strong convexity: For A := 81 — (o,

|
(VLA(B1) = VLa(Ba), A) > ol AZ— 722 A3, V8= B2 < r

n

S
NN

S

R
Nntenessgetes’
S

W / N 3!
o Wi ) S
< Wiy
. i 1

Qi 7
il

05

h (UW-Madison)
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Local RSC condition

o Local restricted strong convexity: For A := 81 — (o,

(VLo(B1) ~ VLa(B2), A) > al|A3—7
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@ Only requires restricted curvature within constant-radius region

around 3*
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Consistency of local stationary points

Theorem (L. '17)
Suppose L,, satisfies a-local RSC and p), is p-amenable, with o > .

Suppose ||['||coc < C and X\ < \/"’%. For n z ;= klog p, any stationary
point [ s.t. || — 8*||2 < r satisfies

MWk

18 =82 3 :
a—p
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@ Convexity of population-level objective = tractable landscape of
empirical loss

@ Local convexity of population-level objective = empirical loss
landscape locally well-behaved
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@ Convexity of population-level objective = tractable landscape of
empirical loss

@ Local convexity of population-level objective = empirical loss
landscape locally well-behaved

© Global optimum of convex surrogate may provide appropriate initial
point
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