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Challenges of Relating d!1 and “Real” Glasses
around the dynamical transition.

In addition, some of the critical exponents are not universal even in MFT.
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Method Cryst. Nucl. Complex Struct. Comp. Act. d < du RFOT Nucl. Hopping Facilitation
HS in d = 2 and 3 3 3 3 3 3 3 3
HS in 4  d < 6 small small small 3 small small small
HS in 6  d < 8 small small small 3 small small small

HS in d � 8 small small small 7 small small small

HS/MK in d ! 1 7 7 7 7 7 7 7

MK in d = 3 7 7 3 7 7 3 small

System Glass Nucl. Comp. Struct. d < du
HS in d = 2 and 3 3 3 3
HS in 4  d < 6 small small 3
HS in 6  d < 8 small small 3
HS in d � 8 small small 7

HS/MK in d ! 1 7 7 7

MK in d = 3 7 7 7



Upon increasing d, q approaches
MF prediction, q =1/2
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FIG. 2. Left: Effective three-body correlation in a finite-dimensional hard-
sphere system (with no random shifts), leading to corrections beyond the first
virial term. Center: Same situation in the random shift model, from the point
of view of particle 1. Particle 1 sees particles 2 and 3 nearby. Right: From the
point of view of particle 2, there is no effective three-body interaction, as the
random shifts displace particle 3 very far from particle 2.

goes from a finite dimensional system (λ = 0) to a mean-field
realization of the same system (λ → ∞).

In the liquid phase, the mean-field limit of the model has
an entropy of an ideal gas plus only the first virial correction,
just like a van der Waals gas. Physically, this comes from the
fact that it is very unlikely that three (or more) spheres effec-
tively interact simultaneously with one another, as is sketched
in Fig. 2. For instance, in the hard-sphere case, one would
need to have, for particles i, j, and k (having a diameter D),

|xi −xj −Aij | ∼D,

|xj −xk −Ajk | ∼D,

|xk −xi −Aki | ∼D,
(4)

which requires that the random shifts satisfy |Aij + Ajk

+ Aki | ∼D. This, of course, is very unlikely for shifts |A|
∼L, where L is the linear size of the system.

In this work, we will concentrate mostly on the hard-
sphere potential, but the procedure is a very generic way to
obtain a mean-field limit, and can even be generalized to ob-
jects with rotational degrees of freedom, where one can in-
troduce a rotational disorder. We studied both a monodisperse
system, for conceptual simplicity; and a bidisperse one, to be
able to work with arbitrary small λ without having to deal
with crystallisation.

From now on, we set the diameter D of a sphere (in the
monodisperse case) to D = 1, which will be used as length
scale. The temperature T is set to 1 almost everywhere, as it
is irrelevant for hard spheres. The only part where we keep
it explicit is in the section dealing with the dynamics of the
model. For simplicity, we introduce the following notations:
a sphere with diameter 1 in dimension d has a volume 2−dvd

and a surface sd.

II. STATICS OF THE LIQUID PHASE

A. Grand-canonical formalism and Mayer expansion

In this section, we work with a monodisperse system. We
note V (u) the interaction potential,

V (u) =
∣∣∣∣
∞, if u > 1,

0, otherwise.
(5)

The canonical partition function of the system reads

Z{A} =
∫ ∏

k

dxk exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (6)

One would like to study the entropy of the system averaged
over disorder,

S = −ln Z{A}. (7)

In the liquid phase and for large λ, we can treat this average
as an annealed average over the disorder,

S = San = −ln Z{A}. (8)

So the problem reduces to the study of

Z{A} = 1
N !

∫ ∏

lm

P (Alm)dAlm

∫ ∏

k

dxk

× exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (9)

We introduced a 1/N ! prefactor to be able to perform the next
step, a Mayer expansion. We just have to remember to com-
pensate this factor at the end of the computation. To do the
Mayer expansion, we have to translate our problem in a grand-
canonical formalism. We introduce the grand-canonical parti-
tion function,

" =
∑

N

zNZ{A}, (10)

where z is the activity, related to the chemical potential µ by
z = eµ, and we rewrite Eq. (9) as

Z{A} =
∫ ∏

k

dxk

∏

ij

[
f (xi −xj ) + 1

]
, (11)

where f is an annealed Mayer function,

f (x−y) =
∫

dAP (A)
[
exp (−V (x−y−A)) −1

]

= −
∫

dAP (A)χ (|x−y−A|), (12)

with χ (r) the step function such that χ (r) = 1 if r < 1
and χ (r) = 0 otherwise. We can then introduce a diagram-
matic representation to express the grand-canonical potential
G = ln" as usual,27

(13)

where the diagram vertices represent a factor z while the
bonds represent the Mayer function f .

B. Mean-field equation of state

As already noted by Kraichnan,3 only the first virial cor-
rection survives in the mean-field limit. The entropy can then
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FIG. 2. Left: Effective three-body correlation in a finite-dimensional hard-
sphere system (with no random shifts), leading to corrections beyond the first
virial term. Center: Same situation in the random shift model, from the point
of view of particle 1. Particle 1 sees particles 2 and 3 nearby. Right: From the
point of view of particle 2, there is no effective three-body interaction, as the
random shifts displace particle 3 very far from particle 2.
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able to work with arbitrary small λ without having to deal
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step, a Mayer expansion. We just have to remember to com-
pensate this factor at the end of the computation. To do the
Mayer expansion, we have to translate our problem in a grand-
canonical formalism. We introduce the grand-canonical parti-
tion function,

" =
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FIG. 7: (Left) E↵ective three-body correlation in a finite-dimensional hard- sphere system

(with no random shifts), leading to corrections beyond the first virial term. (Center) Same

situation in the random shift model, from the point of view of particle 1. Particle 1 sees

particles 2 and 3 nearby. (Right) From the point of view of particle 2, there is no e↵ective

three-body interaction, as the random shifts displace particle 3 very far from particle 2 [17].

dependence is rather exponential, which makes tuning d a particularly productive way to

distinguish these processes from the perturbative ones. Tuning d, however, does not allow to

distinguish easily between di↵erent nonperturbative processes, if more than one type exists.

VII. MARI-KURCHAN MODEL

One of the epistemological challenges of assessing the validity of the d ! 1 description

is the absence of a finite-dimensional model for which the dynamical transition exists. In

their hope of defining such a model, however, Mari and Kurchan (MK) have paved the way

for profound novel insight into the nature of activated processes to emerge.

The MK model modifies the hard sphere Hamiltonian as

H{~⇤} =
NX

i

|~pi|2
2m

+
NX

i<j

u(|~rij + ~⇤ij|), (16)

where u(x) is the standard hard sphere interaction potential and with uniform random shift

variables ~⇤ij 2 [0, L]d. Because ~⇤ is selected randomly and independently for each pair of

particles, two particles in contact with a third are very unlikely to be also in contact with

each another (see Fig. 7). As a result, only pair correlations are non trivial in this model.

As we discussed above, this absence of correlation results in the radial distribution function
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MK(K): structureless and interfaceless

Mari, Kurchan, J. Chem. Phys. (2011)



Challenges of Relating d!1 and “Real” Glasses
around the dynamical transition.
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sponding particle as a reversible jumper for the entire time
window.

IV. NUMBER OF JUMPING PARTICLES

We apply now the above definitions to identify all jumps
occurring in our simulations. The number of identified jumps
depends on the time interval of the production runs and,
since the system is out of equilibrium, also on the waiting
time before the production runs. The straightforward count-
ing of jump events would give reversible jumpers !which
sometimes jump many times" a larger weight. We therefore
present the number of jumping particles. Figure 3 shows the
number of jumping particles normalized by the number N#
of particles in the system of type #!$A ,B%. With increasing
temperature T the number of jumping particles increases
consistent with an increasing number of relaxation processes.
A similar temperature dependence has been found indirectly
via the participation ratio in the work.3,72,73 More surpris-
ingly, we find that not only the small B particles are jumping
but also a considerable fraction of A particles. However, the
fraction of jumping B particles is larger than the fraction of
jumping A particles due to the smaller size and therefore
higher mobility of the B particles. Furthermore, both irre-
versible and reversible jumps are not only occurring in a
certain temperature range but at all temperatures.

Figure 4 illustrates the fraction of these jumping par-
ticles that are irreversible jumpers. At low to intermediate
temperatures this ratio is, within the large error bars, roughly
constant. At intermediate to larger temperatures irreversible
jumpers become more likely than reversible jumpers with
increasing temperature. This increase is even more pro-
nounced for all temperatures if one considers the number of
irreversible jump events !instead of jumping particles" di-
vided by the number of all jump events !see inset of Fig. 4".
Gaukel et al.6,8,21 come to a similar conclusion via a model
for their simulation data. Their irreversible jumps become
more likely with increasing temperature. We interpret this

increase in the fraction of irreversible jumps as sketched in
Fig. 5. Both irreversible and reversible jumps start out the
same, with the jumping particle leaving the cage !formed by
the neighboring particles" possibly through an opening in the
cage. In the case of the irreversible jump, the entrance of the
cage gets meanwhile blocked by a particle, loosely speaking
the door gets closed, and the jumping particle can no longer
return and has successfully escaped its cage. With increasing
temperature all particles become more mobile, which in-
creases the likelihood of the blockage of the entrance back
into the cage which in turn leads to an increase in the fraction
of irreversible jumps as shown in Fig. 4. We do not intend to
make here a statement about the exact geometric process, for
example, that a door made up of a single particle gets open
and closed, but more generally the process of rearrangement
of the cage. Interestingly enough, this blockage happens
more often in the case of the larger A than the smaller B
particles which leads to larger ratios for A than B particles in
Fig. 4.

V. NUMBER OF AVERAGE POSITIONS

With each jump a particle either returns to one of its
former average positions within a cage or to a new overall
average position. We call the average positions before and
after a jump &ri'i and &ri'f !for details about the time aver-
ages &•'i,f see Fig. 11 and Sec. VII". We use as criterion for
two average positions to be the same that the distance be-
tween them (&ri'!!&ri'f"&ri'i! and the average fluctuations
before the jump &) i

2'i !for the definition of ) i
2 see Ref. 70"

satisfy ((&ri')2*5&) i
2'i . Figure 6!a" shows an average of

FIG. 3. Number of jumping particles normalized by the number of corre-
sponding particle type as a function of temperature T . Irreversible and re-
versible jumpers are distinguished.

FIG. 4. Number of irreversible jumping particles divided by the number of
both reversible and irreversible jumping particles. The inset shows the num-
ber of irreversible jump events divided by the number of jump events.

FIG. 5. This picture illustrates our interpretation of irreversible and revers-
ible jumps and Fig. 4.
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Hopping Is the Unifying Hypothesis

MF-like 
dynamics

But hopping is completely absent 
from HS description in d!1



Minimal Model for Caging vs Hopping?

Jin and Charbonneau (2015); Franosch et al. (2008)

Freezing the obstacles in MK makes the problem equivalent to RLG and Void Percolation 



which in this context has also been termed the ‘‘Swiss
cheese’’ model [20]. These authors conjectured that the
transport properties close to the percolation threshold can
be obtained by analyzing an equivalent random resistor
network. The equivalence, however, has been shown only
for geometric properties close to the percolation point [23].
As a peculiarity of continuum percolation, differences to
lattice percolation may arise due to power-law tails in the
probability distribution of the conductances (‘‘narrow
gaps’’). Such random resistor networks have been inves-
tigated extensively by means of Monte Carlo simulations
[24,25] and renormalization group techniques [26,27],
providing reliable numeric and analytic results for the
critical behavior [28].

In this Letter, we present a direct numerical analysis of
the dynamic properties of the Lorentz model without re-
sorting to random resistor networks. By means of extensive
MD simulations, we obtain a quantitative description of the
dynamic properties over the full density range, in particu-
lar, focusing on both sides of the critical region. This
allows for a quantitative test of the conjectured mappings
to continuum percolation theory. Furthermore, we explore
the range of validity of the dynamic scaling hypothesis for
the Lorentz model [29]. The probability distribution of
particle displacements, i.e., the van Hove self-correlation
function, G!r; t" :# h!!r $ !R!t""i, and its second mo-
ment, the mean-square displacement (MSD), !r2!t" :#
hj!R!t"j2i, are the appropriate quantities for this purpose;
!R!t" # R!t" $ R!0" denotes the displacement of the test
particle at time t.

Over a wide range of obstacle densities, we have simu-
lated several hundred trajectories in three dimensions,
employing an event-oriented MD algorithm. For each of
Nr different realizations of the obstacle disorder, a set ofNt
trajectories with different initial conditions is simulated.
Below the critical density, we have chosen Nr % 25 and
Nt % 4. At very high densities, where the phase space is
highly decomposed, these values have been increased up to
Nr & Nt # 600. In order to minimize finite-size effects,
the size of the simulation box, Lbox , has been chosen
significantly larger than the correlation length ", Lbox #
200#' " [30].

The results for the MSD cover a nontrivial time window
of more than seven decades for densities close to the
transition, see Fig. 2(a). At low densities, one observes
only a trivial crossover from ballistic motion, !r2!t" #
v2t2, to diffusion, !r2!t" (t, near the mean collision
time $ # 1=%nv#2 as expected from Boltzmann theory.
With increasing density, an intermediate time window
opens where motion becomes subdiffusive, !r2!t" (t2=z
with z > 2. This time window extends to larger and larger
times upon approaching a certain critical density n)c. For
the density n) # 0:84, the subdiffusive behavior is obeyed
over more than five decades and is compatible with a value
of z * 6:25. The power law, !r2!t" (t2=z, indicated in
Fig. 2(a), nicely discriminates trajectories above and below

n)c. One also observes a density-dependent length scale l
characterizing the end of the subdiffusive regime by
!r2!t" ’ l2; upon approaching n)c this crossover length
scale l is found to diverge. For long times, the dynamics
eventually becomes either diffusive or localized for den-
sities below or above n)c, respectively.

The diffusion coefficient D has been extracted from the
long-time limit of !r2!t"=6t; in Fig. 3, D is shown in units
of the Boltzmann result, D0 # $v2=3. With increasing
density, D is more and more suppressed until it vanishes
at n)c as a power law, D(j"j&, where " :# !n) $ n)c"=n)c
defines the separation parameter. Anticipating the expo-
nent & from percolation theory, a fit to our data yields the
critical density, n)c # 0:839!4" [31], and the power-law
behavior is confirmed over five decades in D. Above the
critical density, the long-time limit of the MSD is compat-
ible with a power law over more than one decade, l(
"$ '+ (=2, where ' $ (=2 * 0:68 (bottom inset in Fig. 3).
Our finding of n)c coincides with the percolation point of
the void space [18,19,32]. This provides clear evidence for
the intimate connection between continuum percolation

FIG. 2 (color). (a) MSD !r2!t" for various obstacle densities
n) varying from 0.30 (top) to 1.10 (bottom). The thick black line
represents a power law, !r2!t" (t2=z with z # 6:25. (b) Scaling
functions !r̂2

, !t̂" for the MSD. Right panels include corrections
to scaling at leading order. Units are chosen such that v # # #
1; color key as in Fig. 2(a).
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Finite-d RLG Localizes But Doesn’t Cage.

Localization transition is continuous…



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Lorentz gas in high d

Three assumptions:

1 Dynamics of the particle can be described by a generalized
Langevin equation with Gaussian noise:

�ṙ(t) = �
Z t

0
Mirr(t � t0)ṙ(t0)dt0 + ⌘(t) + ⇠(t)

� - single-particle friction coefficient;
Mirr(t) - irreducible memory function (internal friction kernel);
⌘i(t) - Gaussian colored noise describing the fluctuating force due
to the obstacles,

⌦
⌘i(t)⌘j(t0)

↵
= T�ijIMirr(t � t0);

⇠i(t) - Gaussian white noise,
⌦
⇠i(t)⇠j(t0)

↵
= 2�T�ijI�(t � t0).



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Three assumptions (cont.)

2 Approximate expression for the irreducible memory function:

Mirr(t) = �

*
X

i

k̂ · Fi(tirr)
X

j

k̂ · Fj(0)

+

⇡ �
X

i

D
k̂ · Fi(t)k̂ · Fi(0)

E

k̂ - unit vector
Fi(tirr) - force acting on the moving particle due to obstacle i, at
time t, evolving with irreducible dynamics
Fi(t) - force acting on the moving particle due to obstacle i, at time
t, evolving with normal dynamics.



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Three assumptions (cont.)

3 The last assumption was based on the absence of the correlations
between forces due to different obstacles; this is consistent with
the following equation of motion of the particle with respect to the
obstacle:

�ṙi(t) = F(ri(t))�
Z t

0
Mirr(t � t0)ṙi(t0)dt0 + ⌘(t) + ⇠(t)

ri ⌘ r � Ri, where Ri is the position of obstacle i

Noises ⌘(t) and ⌘(t) are independent realizations of the noises in
the equation of motion for the particle.



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Self-consistent equation for the Lorentz gas memory
function

The distance between the particle and the obstacle,
r1(t) ⌘ r(t)� R1, evolves according to:

�ṙ1(t) = F(r1(t))�
Z t

0
Mirr(t � t0)ṙ1(t0)dt0 + ⌘(t) + ⇠(t)

h⌘(t)⌘(t0)i = TIMirr(t � t0) & h⇠(t)⇠(t0)i = 2�TI�(t � t0)

where the memory function is determined by the process itself

Mirr(t) = n�
Z

dr1

D
k̂ · F(r1(t)) k̂ · F(r1)

E
g(r1).

Having found the memory function, we can study the motion of the
particle,

�ṙ(t) = �
Z t

0
Mirr(t � t0)ṙ(t0)dt0 + ⌘(t) + ⇠(t).



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Localization transition

The theory predicts a localization transition; at the transition the
memory function develops a non-decaying component,
limt!1 Mirr(t) = MEA,

MEA = n�
Z

ds Pslow(s)
D

k̂ · F(r)
E2

s

h· · · is =
R

dre��(V(r)+MEAr2/2�s·r)···
R

dre��(V(r)+MEAr2/2�s·r) Pslow(s) =
R

dr e
��V(r)� (s�MEAr)2

2TMEA

(2⇡TMEA)d/2

The self-consistent equation for the localization transition is
equivalent to the equation derived from the replica approach:

1 = �2
nA
d

Z
dr

@qA/2(r)
@A

ln qA/2(r) Ikeda & Zamponi, unpublished

qA(r) =
Z

dr0f G
2A(r0)e��V(|r�r0|) f G

2A(r) =
e�r2/4A

(4⇡A)d/2 A = T/MEA



Random Lorentz gas Mean-field description of the random Lorentz gas dynamics

Equation for the localization transition is almost
identical to the equation for the dynamic HS transition

Both the dynamic theory and the replica theory predict a
localization transition at the (rescaled) volume fraction equal to
one half of the volume fraction at the dynamic transition of the
hard sphere system: at the localization transition 2d�/d ⇡ 2.403.

Jin & Charbonneau, PRE 91, 042313 (2015)

This result is not inconsistent with numerical results (red circles).



RLG in finite d vs in the limit d!1
• In finite d, localization is continuous and therefore distinct from caging.
• In the limit ! → ∞, caging is perfect and appears discontinuously (Charbonneau, Hu, Ikeda, 

Szamel, and Zamponi, unpublished). 
• Two possibilities:

• Discontinuity is a general property of high-d percolation
• High d discontinuity is specific to off-lattice models.

22
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FIG. 8: (a) Original and (b) rescaled time and MSD for d = 3, 4, 5. The percolation threshold pc is referred from
Ref. [12]. The dashed-line in (b) indicates the scaling of subdi↵usion D̃ ⇠ t̃

2/d0
w .PC: in b please add a dashed

line to denote the expected subdi↵usion scaling that overlaps with that regime in the rescaled form.
If needed for clarity, please include additional p and/or remove very early time results that might

obscure the scalings.YH: One di�culty of presenting closer p to pc in panel (b) is that the rescaled t̃

becomes too small. See the yellow line of (5D) plot: it is already far from the plateau regime within
t = 230.
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The ant-in-a-labyrinth 
localization is not cage-like 
in finite d.

But for d>du=6, 
(sub)subdiffusion is 
logarithmic.

La transition sol-gel du latex
permet aux Indiens d'Amazonie
de se faire des bottes ä peu de frais.

3A
in.‘ 6 t ‘Ô 3-

äîäîäâ‘
i

z J»

4-

;} "15 t

4- 4-+ +
4p a»

4- +oèt

changent de facon spectaculaire quand
le taux de réaction p traverse la valeur
critique pc. Pour p < pc. on a une
solution qui est un liquide tout â fait
usuel (sol). Pour p > pc, on obtient une
sorte de gelée. qui résiste si on la
soumet â une traction : un gel.
Ces transitions sol-gel ne se ren-

contrent pas seulement au cours d'une
polymérisation. Ainsi la gélatine uti-
iisée en cuisine et en photographie est
â haute température une solution de
chaînes de collagène. Mais par refroi-
dissement ces chaînes s'associent en-
tre elles, et l'on aboutit â un gel. En
chimie minérale aussi, les gels iouent
un rôle important : de nombreux cata-
lyseurs industriels, par exemple, sont
formés sur des gels d'alumine.
Dans tous ces cas, en faisant varier

un paramètre physique comme la tem-
pérature ou le taux de réaction, on
rencontre une transition sol-gel très
analogue dans son principe au seuil ._

de percolation. Cette similarité a été
notée récemment par plusieurs au-‘
teurs et notamment par D. Stauffer è
Saarbruck. Les principales mesures
que l'on peut effectuer sont ici d'ordre
ræécanique :

Quand on approche la transition du
côté sol, la viscosité croît et devient
infiniment grande au seuil.
Quand on dépasse le seuil, on peut

mesurer le module d'élasticité G de
la phase gel : il part de zéro et croît
avec le taux de réaction.
Nous allons maintenant décrire une

situation physique apparemment com-
plexe, mais finalement assez simple,
où apparaît un autre seuil de perco-
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Au voisinage
du seuil
de percolation

I L'étude des amas au voisinage du seuil
a été faite grâce è des calculs
statistiques rigoureux; par exemple par
Domb, Sykse et Essam en Grande-Bretagne.
La méthode consiste a décrire
exactement les petits amas. iusqu'è
environ une dlzalne de sites, puis è
extrapoler cette description aux amas
plus grands qui apparaissent au voisinage
de la transition.
Pour discuter des résultats. prenons

pour fixer les idées. l'exemple de la
figure 2 : percolation des‘ liaisons. è deux
dimensions sur un réseau carré. On trouve
que i'amas infini apparaît lorsque le
pourcentage des liaisons actives est
p = p‘ = 1/2. Ce résultat très simple est
spécifique du réseau carré. SI l'on prend
(touiours a deux dimensions) un réseau
hexagonal où chaque nœud est entouré
de six autres. on trouve une valeur plus
faible du seuil (D. = 0,35). D'une facon
générale, plus le nombre de voisins d'un
site est élevé, plus p, est faible.
Une quantité particulièrement intéres-

sante est ia probabilité pour un site donné
d'appartenir è i'amas Infini : nous
appellerons cette probabilité Soc (pi.
Evldemment, pour p < p, elle est
identiquement nulle. Mais pour p > p0

Soo (p) croît rapidement avec p. On
trouve que S oo (D) = const. (p—p,iB
(p voisin de p,).
L'exposant p est le même pour tous les

réseaux a deux dimensions. et pour tous

les types de percolation (des sites. des
liaisons, etc.). On trouve fi, a: 0.14.
Pour tous les réseaux è trois dimensions
on a aussi. sembie-t-il. une seule valeur

B; s 0,40.
Une autre propriété très intéressante

est la conductance macroscopique î 5€

réseaux électriques. Pour p < p‘, elle
est nulle. Pour p > p.. on trouve
E = const. (p-pclu
où p, est un autre exposant critique. nul

lui aussi, paraît ne dépendre que de la

dimension spatiale. A deux dimensions.
p, a 1,1. è trois dimensions p, u 1&4!
valeurs de p. sont encore assez L’

imprécises, mais une méthode nùlinbfili“
nouvelle. due è l'Anglais Stinchoombe.‘
peut-être permettre de les affiner.‘
il est intéressant de comparer il

croissance de Z s: celle de la fractiiifl
Soc de sites qui participent a i'amas
lnflnl. z croît bien moins vite quejSqo
(fig. A). Cela a été observé et int ;
premier par Thouless et Last. Si" '

regarde l'aspect de i'amas Infini
peu supérieur è p; on voit qu'il
une sorte de filet lâche. Aux brirlîüfi‘
sont en plus attachés des cbrim"
pendants D (fig. B). Seul le filet en uni
dans la conduction : les brins pendait!
sont des cuis-de-sac. ils participent au

décompte de Soc mais représentsntdi
bras morts pour l'écoulement du coure‘
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Figure 3. Sur ce réseau carre. chaque
site est soit libre, soit occupé par un

Ce calcul statistique sur ordinateur
permet de décrire schématiquement la

sites) qui a lieu par exemple dans un

d'atomes métalliques. Au-deia d'une
concentration seuil p... l'alliage devient

infini d'atomes métalliques.

des amas petits. certains amas ont été
entourés de couleur pour être rendus
-plus visibles.

critique p,= 59 %. On voit apparaître

de la figure, utilisent uniquement des
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(Clerc, Giraud et Roussenq,
communication privée.)
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Donc Z est très inférieur a Soc.
Une expérience apparemment très

différente, que nous avons citée. consiste
a mesurer ie module d'élasticité G du gel
au-dessus du seuil. Mais, en fait, on peut
démontrer - au moins sur des modèles
simples - que le comportement de G
dans un gel doit être du même type que
le comportement de la conductance 2
dans un réseau partiellement conducteur :

tousdeux sont régis par le même
exposant u. Nous rencontrons Ici un
rapprochement Instructif entre des
domaines d'études qui paraissent éloignés
au premier abord z nous aurons encore
l'occasion d'en voir d'autres.
Les exposants (3 et p, caractérisent le

comportement un peu au-dessus du seuil.
il y a aussi des propriétés intéressantes è
déterminer au-deasous du seuil, où l'on a
des amas finie. mais grande. Cela peut
être caractérisé de deux facons :

— Le nombre moyen de sites connectés a
un site N diverge lorsque p tend vers p,
comme une certaine puissance de
i/lpc-Dl : N in) =_-= i/lm-Dl?
- La distance moyenne g entre deux
nœuds quelconques d'un même amas
diverge avec un autre exposant :

E (p) = Vina-piv-
A deux dimensions. on estime y, u 2.4
et v, a 1,3. A trois dimensions, y, a 1,7
et v, æ 0.8. On volt apparaître toute une
floraison d'exposants critiques. Certains
d'entre eux sont heureusement liés par des
relations, et il suffit en pratique de
connaître trois exposants critiques pour
pouvoir déterminer tous les autres.

7
‘>

amas finis
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atome, symbolisé ici par une petite croix.

transition de percolation (percolation de

alliage contenant un certain pourcentage

conducteur par la formation d'un amas

3A. Le pourcentage de sites actifs p
est faible (40 %). Les sites actifs forment

3B. La valeur de p est iuste la valeur

des amas grands. En particulier, il existe
un chemin s. nectant le haut et le bas

atomes «actifs», et marqué en couleur.
3C. Pour p nettement au-dessus de p_

(ici p = 70 %), on voit nettement un amas
infini et encore un certain nombre d'amas

Transitions de phases

Iation. Il s'agit ici de la fabrication du
caoutchouc.
Les indiens de i'Amazonie utilisaient

la sève de i’hévéa _(latex) pour se faire
des bottes. assez rustiques, de la facon
suivante. Le pied que l'on veut chaus-
ser est recouvert d'une couche de latex
liquide. Au bout d'un moment celle-ci
durcit â l'air, et le pied est chaussé.
il s'agit d'une transition sol-gel. au
cours de laquelle de longues chaînes
d'isoprène sont attachées les unes aux
autres par des ponts oxygène (fig. 5).
La méthode amazonienne n'est pas

très efficace : l'oxygène poursuit son
action au-delè du stade de la figure 5
et finit par détruire les chaînes : la
botte est fragile. C'est le grand mérite
de Goodyear, en 1839, d'avoir remar-
qué que le soufre était capable de
ponter les chaînes sans ensuite les
détruire. Le traitement au soufre des
latex constitue ce qu'on appelle la vul-
canisation. De notre point de vue géo-
métrique, il s'agit encore d'une tran-
sition de percolation, mais ici les
éléments de construction sont de très
longues chaînes flexibles.
On peut citer encore une illustration

biologique du concept de percoiation.
Pour se défendre contre une bactérie
B, notre organisme synthétise un anti-
corps spécifique An : c'est une molé-
cule protéique complexe. Sa propriété
essentielle est de s'attacher (forte-
ment) par deux extrémités aux bacté-
ries B qu'elle est chargée de combattre.
L'anticorps An îoue ici un rôle ana-
logue au biacide de l'exemple cité
plus haut. La bactérie B, elle. peut
s'attacher séparément â de nombreu-
ses molécules d'anticorps : elle ioue
un rôle analogue au triaicooi de
l'exemple précédent (qui pouvait, lui.
s'attacher ä trois fonctions acide).
Lorsqu'on aioute une concentration

très faible d'anticorps â une suspen-
sion de la bactérie B correspondante.
on obtient ainsi des amas de bactéries
soudées entre elles par des molécules
An. Très vite on parvient è un amas
«infini» qui se signale par l'apparition
d'un trouble dans la solution. Ce mé-
canisme dit de séro-agglutination est
très important en pratique, par exem-
ple pour l'identification des souches
microbiennes. Nous voyons que, lui
aussi, il fait intervenir un seuil de per-
colation.

Uapproxlmatlon des arbres
et l'analogie avec le magnétisme.

Du point de vue théorique comme
du point de vue expérimental, on s'in-
téresse particulièrement au voisinage
du seuil de percolation, ou les amas
sont grands. Nous avons déia cité quel-
ques méthodes expérimentales (mesu- _

res électriques sur des réseaux. méca-
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Wikipedia; De Gennes (1976); Biroli, Charbonneau, Hu (2018)

Simpler Analysis: Ant-in-a-labyrinth



Ant-in-a-labyrinth Analysis in d!1
• Bethe Lattice for connectivity z:

Δ" ≈ − %
% − 2 ln|* − *+|

• The (sub)subdiffusive prefactor does not vanish in the , → ∞ limit; localization and caging never 

coexist on a lattice.

• Distinction between caging and hopping might be a feature of off-lattice models!

• How to reconcile RLG results?

• To be continued…
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