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Reduced two-matrix integrals in 2V variables:
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where du(z,y) is some two-variable measure, e.g.

k l
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Examples:

e T'wo-matrix partition function:
k:lzl, 211:1, X1:X2:1

with, e.g.

~

flx)y =" fy) =¥, h(zy) ="

e Generating function for (k,[) point correlators (marginal dis-

tributions) of eigenvalues
Xa =0(x = Xa), xp=0(y—Yp)

e Generating function for point (k,l) gap probabilities

~

Xa = X[O‘Qa—laaQa](x) Xb = X[ﬂ%—l,ﬁzb](x)

e Generating function for point (k,l) Janossy distributions

(Combine the above two.)

e Correlator for ratios and products of characteristic

polynomials (see below)



Motivation: Two matrix models
Most statistical properties of the spectrum are expressible as

expectation values

1
< F >= F F(Ml,MQ)dQ(Ml,MQ)
N

where the Partition function is

A /dQ(Ml,MQ)

For some conjugation invariant F'’s, unitarily diagonalizable
matrices My, Mo, and certain matrix measures d€2(M;, Ms) this

reduces to:

< F > f[//w dp(zs, yi) An () AN (y)

XF($1,.--,CI3N7?/17---?/N)

for a reduced 2D measure du(x,y) and suitable support.
Example: (Itzykson-Zuber (1980)

dQ(My, M) = dpo(My)dpo(My)e Vi M)+Va(Mz)+ My Mz)

In particular, determinantal correlators:

(@ . <ﬂ [Ty det(€aT — M) [T52, det(pT — Mo) >
N 1 2
oo T2 det(nT — M) T2, det(upX — M)




For suitable measures, this reduces to Integrals of rational

symmetric functions in 2N variables:

N
12 (6, ¢ n 1) = — ] dp(s, yi) An (2) An (y)
N (2) ;[1 //J Y Y

" a :—[Ll— (o — Ta) Héil(Cg — Ya)
1;[1 12 (15 — @a) TRy (15 — Ya)

Zg\?) — 1. // dp(wi, yi)An (z)An(y)

This may be expressed in terms of Biorthogonal polynomials

// du(x,y)P;(z)Sk(y) =k, Vj,keN

and their Hilbert transforms
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Assuming generic conditions on the matrix of bimoments:
Bjj = // dp(z,y)x/y® < 0o, 0, VjkeN
kI
det(Bjk:)Ogj,ng =0, VN eN

implies the existence of a unique sequence of

Biorthogonal polynomials

/AF dp(z,y)P;(x)Sk(y) = 1,

normalized to have leading coefficients that are equal:

Pi(x) = o 1 0@, Si(a) = L=+ O Y.

Vhi h;

Also, assume existence of their Hilbert transforms

Pj(p) = /LF dp(z,y) F3(@) :

Si(n) = /LF dp(z, y)
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Relation to integrable systems:

Deform the measure

UMy, M) —dQ( My, My)e" 2aiota M+ M3)

= dQ(M;, My, t,t)

The deformed partition function
72 (6,1) = /dQ(Ml,Mz,t,E)

is a 2-Toda 7 function.

The biorthogonal polynomials and the Hilbert transforms

{P;(z,t,t), Pj(y,t,t)}, {Sj(z,t,¢),5; (¥, t,£) } jen

are Baker-Akhiezer and dual Baker-Akhiezer functions.

Moreover, these satisfy dual systems of differential equa-
tions (in z and y) and recursion relations (in j) for which the
deformations are isomonodromic

M. Bertola, B. Eynard and J. Harnad, “Duality, Biorthogonal Polynomials
and Multi-Matrix Models”, Commun. Math. Phys. 229, 73-120 (2002).

M. Bertola, B. Eynard and J. Harnad, “Differential systems for biorthogonal
polynomials appearing in 2-matrix models and the associated Riemann-
Hilbert problem”, Commun. Math. Phys. 243, 193—240 (2003)



First result: Double Schur function perturbation expansion
Z (6,8) = N> Byusa(t)s,(t)
A,
where s (t), s,(t) are Schur functions corresponding to
partitions A := (A1,... Agn)), = (1, .- - fhe(y)) of lengths
(A),€(n) < N, and

By, = det(Bx,—it Ny, —j+N)|ij=1...N;
J

Second result: Evaluation of symmetric rational integrals (As-
sume N + Lo — My > N + Ly — My > 0)
[ T T,
[n=0 fon
Tt T2 o — ) T2 T2 (G — i)
ALl(f)ALQ(C)AMl( ) A, (1)

15\27) — 6([417 L27 MQ? MZ)

detG,
where
€(L17L27M27M2) = (—1)%(M1+M2)(M1+M2—1)(_1)L1M2

and G is the <L2 + Ml) X (L2 + Ml) matrix

N+4Lq—M; N+4Lq—Mq
K11 (a,m;) K12 (§a)(s) \
N+Lq—M; N+Lj—M;
~ K21 (Mkan]) K22 (:UJ]ﬁCB)
G = SN—|—L1—M1 (773') SN+L1—M1 (Cﬂ)

\SN+L2—J;42—1(77j) SN+L2—.M2—1(Cﬁ))
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J—1

Ki(€n) =3 Pa(©)8n(n) + ——
For(1,¢) = 3 Pu()Su(C) + ——

K]zl(u, n) = Y Po()Sn(n) — H(p,m)

Kia(6,0) 1= - Pa©)Sa(0) Hlum) = [ [ Y

f—y)
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Two methods of derivation:

1. Direct method

J. Harnad and A.Yu. Orlov, “Scalar products of symmetric functions and
matrix integrals”, Theor. Math. Phys. 137, 16761690 (2003).

J. Harnad and A. Yu. Orlov, “Matrix integrals as Borel sums of Schur
function expansions”, In: Symmetries and Perturbation theory SPT2002,
eds. S. Abenda and G. Gaeta, World Scientific, Singapore, (2003).

J. Harnad and A. Yu. Orlov, “Integrals of rational symmetric functions,
two-matrix models and biorthogonal polynomials”, J. Math. Phys. 47 (in
press, Nov. 2006)

2. Fermionic vacuum state expectation values

J. Harnad and A. Yu. Orlov, “Fermionic construction of partition functions
for two-matrix models and double Schur function expansions”, J. Phys. A
39, 87838809 (July 2006) math-phys/0512056

J. Harnad and A.Yu. Orlov, “Fermionic approach to the evaluation of
integrals of rational symmetric functions”, preprint CRM-(2006)

1. Direct method:

The key tools for the Schur function expansion are:

1.1. Cauchy Littlewood identity:
6221 ititi _ Z SA(t)S)\(E)
A

2. Andreief identity:

1 /] dnteasvoyiets.a)aeninton

— Nldet (//du ,y)pi ()5 (y ))

(1<i,5,k,l <N)



For the integral of rational symmetric functions:

1.3. Multivariable partial fraction expansions:
For N > M:

An(@)Au(n)
Hivzl H;‘il(m — Tg)

NN . S o An_u(za))
—1 sgn(o —1)4wi=1
(—=1) GEES:M gn( )a1<;aM( ) Hj-\il(naj o)
For N < M:
An(z)An(n)

[Tos [T (n; — )
(_1)%N(N—1)
(M — N)!

Sgn(a) AM_N(TIO'N—i—l? s ﬂ?ch)

N
oES Ha:1(770a - xa)

1.4. Cauchy-Binet identity

If V' is an oriented Euclidean vector space with volume form ()
and (PL,...,PL), (S%,...,S%) are two sets of L vectors, then
the scalar product of their exterior products (AL_, P, /\52155 )

is equal to the determinant of the matrix formed from the scalar

products:
(Ne_ P NGy S7) = detG
G .= (P*,8"), 1<i,j<L
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2) Fermionic vacuum state expectation values
Two-component fermions
£ F5D) e = R D) = o,

3, FST 4 = 6a,p6mm. a=1,2

Fermionic fields

+oo 400
f(a)(z) — Z Zk:f]ga) ’ f(a)(Z) — Z Z_k_l ]ia)
k=—o0 k= —00

Right and left vacuum vectors: |0,0), (0,0|

££90,00=0  (m<0),  f20,00=0 (m>0),
0,017 =0  (m>0), (0,0[f{” =0 (m<0)

Wick’s theorem implies, for linear elements of the Clifford

algebra

<0, O]wl W NWN - 1171\0, O> — det (<0, Ol’wiU_Jj‘O, O>) ’i,jzl,._,,N

Remark: This is just the Cauchy-Binet identity!
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Charged vacuum states

(n(l), n(2)| — <0, O’Cnu)Cn@),

where
C ) 1= _(a) f((a) . if n(® >0
Cpie) 1= f(a) f((a) if nl® <0
C o) =1 if n =0
and
nM n®) =C = C, 1|0,0)
where @ @ @
n(a) =f w_ 1 Jo it n'% >0
Cpie) 1= fﬁ?& --ffoi) if n®<o
C =1 if n® =0
Let

gi= et A= / / FO @) F (y)dulr, y).

Define two sequences of commuting operators

—+00
Z fr(ba>qu,i)ka k#+0, a=1,2.

H(t,t) =Y Bt - B2,
k=1 k=1
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Zﬁ-) (t,t) as a 2-Toda 7 function

v (t,1) = (N, =N|e7 0 g|0, 0)

= (N, —N\eH(t’E)eA\O,@

1 1 2),, =
_ L ppegi g

To prove this, we use:
(N,~N]| H FO () @ (5:)]0,0) = (~1) 2N VDA (2) An (y)
(N, N|Hf<1> ) (:)]0,0)=0 if k#N

and

(N,—N|A*|0,0) =0 if k#N
and

(N, =Nt OV, f PR, 410,0)
= (—1)2VN Vg, (t)s,(F)

h;, =Xi—1+ N, h;-I:,LLj—j—I—N
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For the rational integrals, define:

F(D(g) - f(l)(ng) e f(1)<€1)

FO () = £ (uas,) - £ ()
FO () —f(”(an) O (m)
FO(C) = FD () FPG)

Then
Iy = en (N, =Ne| F? () P (€) g FO () F) ()]0, 0)
where N1 := N + L1 — M, Ny := N + Ly — Ms
&(Ly, Lo, My, M) TTZ5 TIE (6o — )
[Toco hn TI52a TTR21(Cs — )
X Ar, ()AL, (Q)Am, (M)A (1),
E(Ll,Lg,Ml,Mg)) — (_1)%N(N—|—1)—|—L2(L1—|—M1)—|—N(L1—|—M1)—|—M2L2

CN (57 Ca 7, :LL) =

Introduce the “Dressed” fermionic field operators:

+00 —1

dV(z) = Z FOK, ™+ Z fllgn
n>m>0 n=-—00

d(l) Z pme= 1 )mnf(1)+ Z f(l) —n—1
m>n>0 n=-—o0o
+o00 —1

d(2)(y) = Z f(—2n),—1f(nmy_m_1+ Z f£273,—1y_n_1
m>n>0 n=-—0o0

—1

d(2) Z y mnf —|_ Z Jng—Ly

n>m>0 n=-—o0o
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Here K and K are semi-infinite lower triangular matrices defined

by

n—1
1 n m
P,(z) = Jh_<x + > Knyma™),
n m=0
1 n—1 ~
Suly) = ="+ ) Kyny™), n20
n m=0

This can be achieved by a dressing transformation

AV (z) == QW FO ()M~
dD (z) == QW FO ()M~
4P (y) := Q@ FO (@ ™!
d? (y) := Q@ FO (o~

where
ey

Q(l) — ezn>m20 nme(Ll)ﬁg’%)

(2) £(2) 7(2)
Q(Q) — ezn>m20 wnm‘f—n—lf—m—l

(2

(1) ) o
=K, e =K

ew
Notice that, for any Ny and N,

(N1, —No|Q¥) = (N7, —=No| ,  Q10,0) =0,0), a=1,2
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It follows that

(N1, —No| FA () FW (&) g FO () F P (¢)]0,0)
= (N1, —N2|D® (n) DM (&) DM () D (¢)Q|0, 0)

where
DW (&) :==dM(&g,) - dV (&)
D (p) :=d® (g, - - - dP (p1)
DW(n) :=dM (npg,) -+ dD (my)
DP(¢) = dP(Cr,) -+ dP ()
(1) £(2)
0 :nl;[()e ha FOFE
Now define
a1(§) == BEQdW (§)Q~ B!
a2(¢) == EQdP(O)Q'E™!
a(n) == EQdM (n)Q "B
az(p) = EQd® (n)Q ' E~!
where
_ Nﬁle htFED )
n=0
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Since

(0,0lQ = (0,0],  E[0,0) =0
Nao—1
2 2
<N1,—N2|Q :( ) N1(N1+1) H h 0 O’f( ) fi]z&E
n=0
we have

(N1, =No| F2 () FU () g FU (1) FP(()]0,0)
No—1

=(-1)2M DT o)

n=0
x 0,01/ - FB Aa(p) Ar(€) A1 (n) A2(€)[0, 0)

where

) (Ery) - a1(&)
Az(p) = az(pns,) - - - az2(p)
(n) (7)) -+ - @ (m)

) (Cry) - a2(Gr)
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Finally, applying Wick’s theorem gives

(N1, =No| FP () F(€) g FM (n) FP)(¢)[0,0)
(a1(&a)ar(n;)) < 1(€a)az(¢p))
= det (a2 (pr)ar (n;)) (a1(pr)az(Cp))
UNA L2401 ) (N2, —ana2(Go)s
where < .. >:=<0,0] .. |0,0 > denotes a vacuum expectation

value. Evaluating the pair-wise vacuum expectation values gives

(a1 (€a)ar (n)) = gaim + ) PalE)Salny)
{az(pr)az(Cp)) = Cﬁ—uk - Z Sn(Co)P

(01 (E)a2(Co)) = S Pal€0)SnlCo)

()i (1)) = — 3 Sulny)Paliae) + H(jreoy)

, i i
<f](\f—>|—L1 w2101 (15)) = AN+ Ly — My +i SN+ Ly — My +i (1)

<fN+L1—M1—|—z'C_L?(Cﬁ)> = V/AN+L -y SN+ Ly -0+ (Cp)
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