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Electrons (waves, ...) in a random potential
[E-H,—U(r) £io/l2]GRA (r; r; E) =6(r-r")
VZ

Ho==0—  <UMUE)=p(r-r) L 2mv (B )y
m T

G RA (r; r*; E) — amplitude of electron propagation:

I 7@ n
w mean free path

| =v.T << A

Exact eigenstates:

[HO +U (r)]¢m(r) = Em¢m(r)



Spectral representation:

R(A) ey ¢m(r)¢r:1(r')
G ’E)_; E-E_=i6

Physical guantities:
Global density of states (DOS):

W(E) =LY 6(E-E,)=i/(2rxLY)Tr{[GR(E) - GA(E)]}

Conductance: G =1/V = oL%2 = (e?/h)g
g = Gy = - V(2 LA Tr{v,[GR -GA]v,[GR -GA]};

(E = E, =k2-/2m)



Diffusion propagation

L
Fast relaxation of momentum: | =VT << L
|° |2
Diffusion coefficient D=—  “Diffusion time” E

“Thouless energy” E_ = %

Conductance: § = 2nE_/A >>1 (A -mean level spacing)



Some physical results
Averaged DOS - no change:  <v(E) >= v, (E)

(V4o (E) =m/2m)

Averaged conductance: <g>=0+0g

I _1d-2-2 4 Jlogt
0 0 I

Scaling hypothesis: Abrahams, et al. (1979)



One-parameter scaling hypothesis
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dg/dInL=gld -2 -a/g+...). (9)
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FIG. 1. Plot of 2ig) va Ing for =2, d=2, d<2, giL)
is the normalized “loeal conductance.” The approxima-
tion @ =5 Inl{g/g.) iz shown for g> 2 as the solid-circled
line; this unphysical behavior necessary for a conduc-
tance jump ind =2 iz shown dashed.



Mesoscopics
Sample to sample variations

o €
Conductance: < (c‘Sg)2 >~1 Inunits —

of h

“Universal Conductance

e aHEHNE (1985): Lee & Stone (1985)]

Density of states variations (d=2): < (0v /v ) >~1/T"
[Altshuler & Shklovskii (1986)]



Beyond diagrams

Averaging over disorder — field-theoretical problem

Powerful tool for calculation of averaged quantities
— nonlinear sigma-model (reduction to slow degrees
of freedom)

Mesoscopic fluctuations - a need for distribution
functions of physical guantities

Field theory for distribution functions?



“Gang of 4”: Scaling hypothesis no interaction

Gor’kov, Larkin, Khmelnitskii
(renormalizability) 2=<d=<4

Wegner: (bosonic) nonlinear c-model

r Efetov, Larkin, Khmelnitskii: fermionic o-model
1979 Efetov: supersymmetric s-model (for <g >) 5006
@1980 1990 2000 L5
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Altshuler; Stone & ' Wegner

ee (mesoscopics) (n-vector) Muzykantskii & Khmelnitskii
Kravtsov, Lerner, Yudson: anomalous (secondary saddle-point;
dimensions of vertices in extended c-model tails of g(t); ballistic effects)

Altshuler, Kravtsov, Lerner: log-normal tails of
distribution functions P(g), P(v), g(t) <-> P(t,)



Content

Averaged guantities and nonlinear s-model

[Instabilities in 6-model, averaged moments, and log-
normal tails of P(g), P(v), and P(t,) — sketch]

[Secondary saddle-point approach and log-normal tails of
P(t,) - sketch]

Field theory for P(v)



Field theory and nonlinear c-model
Basic object: Green’s function

Primary representation:

A ) x / AWdV™ V()W (") exp [£iV(E — Hy— U £i0/2)V]

Primary variable: local field W(r)

Averaging over the Gaussian disorder is elementary!

Price for the absence of the denominator:
(Replica trick OR Shwinger-Keldysh contour, OR ...)

“Supersymmetry” (Efetov):. ¥ = (S, n); n - Grassmann variables:



dedS* exp[xiS* (M =i8)S] « [det(M =id)]™

erndn* exp[xin® (M =id)n] < det(M =id)

[dWdw” expl£iw (M =i8)W] -1

GRAN(r,r';E) ocfD[‘P,‘P*]‘IJ(r)‘P*(r')exp[iilP*(E ~H,-U =is)¥]

§ _ o i 1 0
U a=R.A): V" =V =RKU": K =(\N.T):\= ((l) —l) A,



w+10

§() o« [DWDWL...Jexp[iW(E - H, U + AW

Averaging over disorder <UAU@) =y o(r - 1) 1/t =2mvyy

T LONTTS N\ RGN Av PR PN PR
< exp [—iW(r)U(r)P(r)] >= exp [—31‘. W(r)W(r))

Hubbard-Stratonovich decoupling

Q(r) ~<¥(N®W(r) > /'I‘J/\

< g(w) >OCfDQD@D‘PeXp{i@[E +(w+id)A,/2-H, +iQ/(27)]¥ - v /(87)StrQ*}
StrM =TrM™ -TrM *
“Primary” saddle-point: Q>=1; Q=V A,V
< glw) > DQ(r) [...Jexp|[=Strin (E + (w+id)\/2 — Hy+i(Q)/27)]

2 N J
. Q [ Y

symmetry breaking term




“Hydrodynamic” expansion (wt, /L <<1):

StrIn {...} = —(rwvy D/4) Str{ (VQ)? + 2iw/D A,Q < usual c-model

+ ¢, 12 (VQ)* + ¢,l? C;t w?/D (AQ)? + ...} <«
y sq”

av,D Y,
< g(w) >=f...expl . fStr{(VQ) +2|BAZQ}dr]DQ(r)
vadD=2n£=2nE=g>>l



Moments <g">, <v"> (modifications: ¥ — ¥;;Q —= Q;;; 1] =1, ...

\

< g" > DQ(r) [.. Jexp |[=Strin (E + (w+id)\/2 — Hy + Q) /27)]
Jo2-1

“Hydrodynamic” expansion (wt, /L <<1):

Strin{...} = =(mwvy D/4) Str{ (VQ)? + 2w/D A,Q + < usual c-

model
+ ¢, 12 (VQ)*+ ¢,12 (V2 Q)? + ¢t w?/D (A,Q)° +... } <

“extended”

Anomalies (KLY)

RG transformation of additional scalar vertices

AQ
O = O-0O



RG transformation of additional vector vertices (KLY 1988-89)

\%

YR v.0
+

+
_/
+

Conformal structure: V,Q =V,Q £1V,Q @ d=2

Gradient vertex:  z Str{(V,QV_Q)"}

Growth of charges: | z, ~ z, (0) exp [u (n®—=n)]

u = (Ling) In(L/) << 1



AKL: Growth of cumulant moments:
<(dg/g)" >, ~ <(dviv)">c ~ g (I/L)2Dexp [u (n2 - n)],
n>ng ~ utin(L/)~g;

—_~ 92—2n ’ n < nO

Log-normal asymptotics of distribution functions:

P(x) ~ exp[- (1/4u) In?(x/tA)], x=08viv>0 OR -8g/g>0

A =1/(vy LY - mean level spacing

u = (1/=xg) In(L/I)



AKL.: Long-time current relaxation - distribution of relaxation times

Anomalous contribution to <g(w)> —

log-normal asymptotics of <g(t)>

<g(t)> - geexp[-t/t] ~ exp[- (1/4u) InX(t/eg) ]|~ ! exp[- t/t, 1 P(t,) dt,

Distribution of relaxation times:  P(t,, ) ~ exp[- (1/4u) In“(t, /) ]



Muzykantskili & Khmelnitskii: Secondary saddle-point approach

<g(t)> = gpexp(-t/r) + ! dw/2r exp(-iot) ! DQ [...] exp (- S[Q]) .
S[Q] = nv/4 ! dr Str{ D(VQ)? + 2iwAQ }

g(t) — geexp[-tit] ~ exp[- (1/4u) In2(tkg)] - 7

Q2=

wAQ




<g(t)> = gpexp(-t/r) + ! dw/2r exp(-iot) ! DQ [...] exp (- S[Q]) .
S[Q] = wv/4 ! dr Str{ D(VQ)? + 2imAQ }
Saddle-point equation:

2DV(QVQ) +iw[A,Q]=0

Parametrization: Q =VHV-1; H=H(0, 6¢)

Saddle-point equation for (r): V20 +x2%sinh® =0; «2=iw/D
Boundary conditions:  0|ja39s =0 5 VOlinsutator = O

Integration over w — self-consistency equation:

1 dr/L9 [cosh 6 — 1] = tA/n (A - mean level spacing)



d=2, disk geometry (Mirlin):

0=0(r) - singular at r— 0 atvery large t
(breakdown of the diffusion approximation!)

Requirement: [6°(r)| < 1/

Cutoff r.< r: 0(r.)=

0 i
Mx ~ C I

Solution: B=1,2 4)

g(t) ~ (tA)= 29 | 1 <<tA<<(R/MN)? (MK)
g(t) ~ exp[= 7pg In2(txg)/aInRM]|, tA >> (R/1)2

Coincides with the RG result of AKL




However, no alternative way for P(v) and P(Q)

(no field theory for P(v) and P(g) !)

Wanted:
Field theory for distribution function
Requirements:
disorder averaging
slow functional description
RG analysis

non-perturbative solutions



Not every representation Is suitable!

For Instance:

Pv)=<6(v-v(E)) >

WE) =LY J6(E-E,)=i/2rL)Tr{[GR(E) - GAE)]}

/

GRAr ) x / AUV U (r) U (') exp iV (E - Hy—U +i0/2)V]



Primary representation for the characteristic function

< exp[_SV /:‘7] >S= I/ /D \I] \Ij i P M — \/_[)\Il+\llb)] >

‘T’rlr._> and Wy r, - bi-local primary superfields; 5= s7A/(27)

U= (S, S ¢l gy U = UrK  K=diag{A, I}

Explicitly: VMY =W e, Meiroirary Weyrs

My iryirars = Orors T — H +i0A. /2]1 v,

B(l

rro

= Boy,p,00 (and similarly for B)

BoB=Q =A; +iA
We choose B = diag(1, 1) and B = diag(1, —1)"



P.(s) = / D[V, U] < /MMU=VIBIHIE)]

Integrating Uy Shiftt W — ¥ +./SMB
"Y°P (s) =< exp[-Str{M}-iSBM 'B] >
H_/

=0, due to supersymmetry
BM™B=Tr{[t(E-H +idA,/2)]" (A, +iA,)}=7"Tr{G"(E)-G*(E)}

W(E) = i/(2nL9) Tr{[GR(E) - GAE)]}
§=sTA/(27) A=1/(vL")

=g ST 1 sv(E)
iSBM B = Tr{G*(E)-G*(E)} =
T {G"(E)-G"(E)} =

Finally: P.(s) =< exp[—sv/p] >



“Physical sense” of the integration over bi-local variables [
“Averaged” V.

<W,, >= [D[W, W], exp{i[¥M¥-5(BW+VB)]}

Shift: W — W ++/SMB

R R
<¥ >xM'B« Gl 0 )1 _ (Gl
112 O G Arlr2 _ 1 _ G Ar1r2

Resume:
Integration runs over “Green’s functions space™;

“Classical trajectory” is the physical Green’s function



Using the Primary Representation:

Po(s) = / D[, 0] < ¢/ MHMY=VaBTIE)]

My iryirsry = Oror, TIE — H +10M. /2]1 .,
H=H,+U

Averaging over Gaussian disorder U and H-S decoupling of
(q]rqujrrl )(qugrqur-_)) by a matrix field Qr1r2 (I‘)
As a result, M —= M(Q)=My+iQ/2

Ql‘] roirary — 51‘11‘ IQI'QI‘:B (rl)



“Primary” saddle-point approximation
Saddle-point: QQ(I‘) =

Slow functional: P, (s /D | exp [Fy + F.]

TV

Fo=— drStr{D(VQ(r))? — 26A.0(r))

F.=— /a’rSH{O“” JALKQ(r)}

s =sTA/(27) k = diag{1, -1} in “superspace”

O£7|/1)3< ) = Cy >1|O[r — (r + I‘))/)] C=[l +472(H0 _EF)Z]_l



Correspondence with the perturbation theory

In P(s) = — s + (SA/2m)? 3.0 (DY2)2 + ...

<dviv>=0 ; < (dvIv)? >, = A%/(2n?) Yq=0 (Dg?)-2

Non-trivial “accidental” cancellation of
two-loop contributions to < (dv/v)* >,



Beyond the perturbation theory

Secondary saddle-point equation:

~

S

T

VIQ(r)VQ(r)] = ——[AkO" (r).Q(r)

Ey - asub-manifold of the saddle-point manifold &

Qriry(r) € & <= smooth dependence on (ry +r,)/2

small difference |r; —ry| ~ |

M
o) O

r )



Wigner ' = (ry +12)/2
renresentation:
Aries = (1/L7) 32, A(x'; p) exp[—ip(r1 — r2)]

_ L | N
Fo — % drdr,ﬁ St.r{D[V(P)Q(r;rl;p)]z}
' p

- . / ]- '
FS, — — S / drdr Ld Z Cp Str{A:Q(r* I, p) k ’}
' P

Co=[+(p-p)I’]”

In the considered hydrodynamical approximation
(non-extended c-model): Q(r: r/;p)z 7



Long-tail asymptotics of P(v)

Inverse transformation:

P(v/v) = /0DC ds/(2mi) explsv/v|P,(s)

— 200

Parametrization of the bosonic sector:

sinh@ -coshé

Qb"s"’“c(r ) = (cosh@ -sinhd )



Bosonic action:

,.D Ird
Fb % Z/(r(rVerp)]

+7sZ( /dr lcosh@(r;r:p) —1].

Self-consistency equation

O_V = /” Z( /dr lcosh@(r;r:p) — 1]



Saddle-point equation for boson action

V%F)Q(r; r';p) — Ky sinhO(r;r;p)d(r — ') =0

K, =SC,/(zvD)

MK equation, for
comparison:

Va0 (r) + k%sinh 6(r) =0; «x?=iw/D

Formal solution
O(r;rv' p) = —r,D(r;r")sinh 6(r"; r"; p)

Green’s function of Laplace operator




Self-consistency at r = r’ — O(r;r;p)
Trivial solution: O(r;r;p) = 0

Non-trivial solution for small kK,

fsign[Re(0)] ~ In[~1/(k,D(r;r))

Saddle-point action leads to:

g

) B . 9 ov
P(r) o< exp ( S In [1/7’A}>




Conclusions (DOS)

A working field-theoretical representation has been
developed for DOS distribution functions.

The basic element — integration over bi-local primary
superfields.

Slow functional (in the spirit of a non-extended
nonlinear oc-model) has been derived.
Non-perturbative secondary saddle-point approach has
led to a log-normal asymptotics of distribution
functions.

The formalism opens a way to study the complete
statistics of fluctuations in disordered conductors



