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Where Do We Stand?

• Exciting Time in ν Physics: recent hints of large θ13 from T2K, MINOS, Double Chooz, 
and Daya Bay

• Latest 3 neutrino global analysis (including recent results from reactor experiments):
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TABLE I: Results of the global 3ν oscillation analysis, in terms of best-fit values and allowed 1, 2 and 3σ ranges for the 3ν
mass-mixing parameters. We remind that ∆m2 is defined herein as m2

3 − (m2
1 +m2

2)/2, with +∆m2 for NH and −∆m2 for IH.

Parameter Best fit 1σ range 2σ range 3σ range

δm2/10−5 eV2 (NH or IH) 7.54 7.32 – 7.80 7.15 – 8.00 6.99 – 8.18

sin2 θ12/10−1 (NH or IH) 3.07 2.91 – 3.25 2.75 – 3.42 2.59 – 3.59

∆m2/10−3 eV2 (NH) 2.43 2.33 – 2.49 2.27 – 2.55 2.19 – 2.62

∆m2/10−3 eV2 (IH) 2.42 2.31 – 2.49 2.26 – 2.53 2.17 – 2.61

sin2 θ13/10
−2 (NH) 2.41 2.16 – 2.66 1.93 – 2.90 1.69 – 3.13

sin2 θ13/10−2 (IH) 2.44 2.19 – 2.67 1.94 – 2.91 1.71 – 3.15

sin2 θ23/10−1 (NH) 3.86 3.65 – 4.10 3.48 – 4.48 3.31 – 6.37

sin2 θ23/10
−1 (IH) 3.92 3.70 – 4.31 3.53 – 4.84 ⊕ 5.43 – 6.41 3.35 – 6.63

δ/π (NH) 1.08 0.77 – 1.36 — —

δ/π (IH) 1.09 0.83 – 1.47 — —

Table I reports the bounds shown in Fig. 3 in numerical form. Except for δ, the oscillation parameters are constrained
with significant accuracy. If we define the average 1σ fractional accuracy as 1/6th of the ±3σ variations around the
best fit, then the parameters are globally determined with the following relative precision (in percent): δm2 (2.6%),
∆m2 (3.0%), sin2 θ12 (5.4%), sin2 θ13 (10%), and sin2 θ23 (14%).
A final remark is in order. As noted in Sec. II B, two alternative choices were used in [5] for the absolute reactor flux

normalization, named as “old” and “new,” the latter being motivated by revised flux calculations. Constraints were
shown in [5] for both old and new normalization, resulting in somewhat different values of θ12 and θ13. The precise
near/far data ratio constraints from Daya Bay [6, 8] and RENO [7, 9] are largely independent of such normalization
issues, which persists only for the reactor data without near detector (i.e., KamLAND, CHOOZ and Double Chooz
data in this work), with very small effects on the global fit. For the sake of precision, we remark that the values
in Table I refer to our fit using the “old” normalization for KamLAND, CHOOZ and Double Chooz. By using the
“new” normalization, the only noticeable effects would be the following overall shifts, with respect to the numbers in
Table I: ∆ sin2 θ12/10−1 ! +0.05 and ∆ sin2 θ13/10−2 ! +0.08 (i.e., at the level of ∼ 1/3 of a standard deviation).
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FIG. 4: Constraints induced by oscillation data (at 2σ level) in the planes charted by any two among the absolute mass
observables mβ (effective electron neutrino mass), mββ (effective Majorana mass), and Σ (sum of neutrino masses). Blue (red)
bands refer to normal (inverted) hierarchy.



Origin of Mass Hierarchy and Mixing

• Several models have been constructed based on 
• GUT Symmetry [SU(5), SO(10)] ⊕ Family Symmetry GF   

• Family Symmetries GF based on continuous groups:
• U(1) 
• SU(2) 
• SU(3) 

• Recently, models based on discrete family symmetry groups have been constructed 
• A4 (tetrahedron)
• T´ (double tetrahedron) 
• S3 (equilateral triangle)
• S4 (octahedron, cube)
• A5 (icosahedron, dodecahedron)
• ∆27 
• Q4 
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The Horizontal Symmetry

• Three families are the

same under vertical

symmetry; yet

different under

horizontal symmetry

• Zeros in the mass

matrices are protected

by a family symmetry
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SU(10)GUT Symmetry
SU(5), SO(10), ...

family symmetry 
(T′, SU(2), ...)

  Motivation:  Tri-bimaximal 
(TBM) neutrino mixing

Discrete gauge anomaly constraints: 
Araki, Kobayashi, Kubo, Ramos-Sanchez, 

Ratz, Vaudrevange (2008)



Tri-bimaximal Neutrino Mixing

• Neutrino Oscillation Parameters

• Latest Global Fit (3σ)

• Tri-bimaximal Mixing Pattern 

• Leading Order: TBM (from symmetry) + Corrections (dictated by symmetry)

Harrison, Perkins, Scott (1999)

I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇧

limits for the mixing parameters [1],

sin2 ⇤12 = 0.30 (0.25� 0.34), sin2 ⇤23 = 0.5 (0.38� 0.64), sin2 ⇤13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],
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which predicts sin2 ⇤atm, TBM = 1/2 and sin ⇤13,TBM = 0. In addition, it predicts sin2 ⇤⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted ⇤⇥,TBM is currently still allowed by the

experimental data at 2⇧, as it is very close to the upper bound at the 2⇧ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1⇤, 1⇤⇤ and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di⇥erent finite group, the double tetrahedral group, (d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)T has three in-equivalent

doublets, 2, 2⇤, and 2⇤⇤, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇤ 1 representation assignments under (d)T , and the

prediction for the solar mixing angle is ⌅ 10�3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)T to
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Group Theory of T´

• 
Smallest Symmetry to realize TBM ⇒ Tetrahedral group A4

• tetrahedral group A4: 
• even permutations of four objects: S: (1234) → (4321),   T: (1234) → (2314)
• geometrically -- invariant group of tetrahedron
• does NOT give rise to CKM mixing:    Vckm = 1
• all CG coefficients real

• Double covering of tetrahedral group A4:
• in-equivalent representations: 

• generators: 

5

Frampton & Kephart, (1994)

A4:  1,  1′,  1″, 3
other:   2,  2′,  2″

TBM for neutrinos

2 +1 assignments for quarks
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(vectorial)
(spinorial)

Ma, Rajasekaran (2001); Babu, Ma, Valle (2003)

The vertices of a cube can be grouped into

two groups of four, each forming a regular

tetrahedron (see above, and also animation,

showing one of the two tetrahedra in the

cube). The symmetries of a regular

tetrahedron correspond to half of those of a

cube: those which map the tetrahedrons to

themselves, and not to each other.

The tetrahedron is the only Platonic solid

that is not mapped to itself by point

inversion.

The regular tetrahedron has 24 isometries,

forming the symmetry group Td,

isomorphic to S4. They can be categorized

as follows:

T, isomorphic to alternating group A4 (the identity and 11 proper rotations) with the following conjugacy

classes (in parentheses are given the permutations of the vertices, or correspondingly, the faces, and the
unit quaternion representation):

identity (identity; 1)
rotation about an axis through a vertex, perpendicular to the opposite plane, by an angle of ±120°:
4 axes, 2 per axis, together 8 ((1 2 3), etc.; (1±i±j±k)/2)
rotation by an angle of 180° such that an edge maps to the opposite edge: 3 ((1 2)(3 4), etc.; i,j,k)

reflections in a plane perpendicular to an edge: 6
reflections in a plane combined with 90° rotation about an axis perpendicular to the plane: 3 axes, 2 per
axis, together 6; equivalently, they are 90° rotations combined with inversion (x is mapped to !x): the
rotations correspond to those of the cube about face-to-face axes

The isometries of irregular tetrahedra

The isometries of an irregular tetrahedron depend on the geometry of the tetrahedron, with 7 cases possible. In

each case a 3-dimensional point group is formed.

An equilateral triangle base and isosceles (and non-equilateral) triangle sides gives 6 isometries,
corresponding to the 6 isometries of the base. As permutations of the vertices, these 6 isometries are the
identity 1, (123), (132), (12), (13) and (23), forming the symmetry group C3v, isomorphic to S3.

Four congruent isosceles (non-equilateral) triangles gives 8 isometries. If edges (1,2) and (3,4) are of
different length to the other 4 then the 8 isometries are the identity 1, reflections (12) and (34), and 180°
rotations (12)(34), (13)(24), (14)(23) and improper 90° rotations (1234) and (1432) forming the
symmetry group D2d.

Four congruent scalene triangles gives 4 isometries. The isometries are 1 and the 180° rotations (12)(34),

(13)(24), (14)(23). This is the Klein four-group V4 ! Z2
2, present as the point group D2.

Two pairs of isomorphic isosceles (non-equilateral) triangles. This gives two opposite edges (1,2) and
(3,4) that are perpendicular but different lengths, and then the 4 isometries are 1, reflections (12) and
(34) and the 180° rotation (12)(34). The symmetry group is C2v, isomorphic to V4.

Two pairs of isomorphic scalene triangles. This has two pairs of equal edges (1,3), (2,4) and (1,4), (2,3)
but otherwise no edges equal. The only two isometries are 1 and the rotation (12)(34), giving the group

The proper rotations and reflections in the symmetry group of the

regular tetrahedron



Group Theory of T´

• generators:  in 3-dim representations, T-diagonal basis

• product rules:
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A Novel Origin of CP Violation

Mu-Chun Chen1, ∗ and K.T. Mahanthappa2, †

1Department of Physics & Astronomy, University of California, Irvine, CA 92697-4575, USA
2Department of Physics, University of Colorado at Boulder, Boulder, CO 80309-0390, USA

(Dated: April 9, 2009)

We propose the complex group theoretical Clebsch-Gordon coefficients as a novel origin of CP
violation. This is manifest in our model based on SU(5) combined with the double tetrahedral group
T ′ as the family symmetry. Due to the presence of the doublet representations in T ′, there exist
complex CG coefficients, leading to explicit CP violation in the model, while the Yukawa couplings
and the vacuum expectation values of the scalar fields remain real. The predicted CP violation
measures in the quark sector are consistent with the current experimental data. The leptonic Dirac
CP violating phase, δ!, is predicted to be ∼ − cos−1(2/3), which turns out to be the value needed
to account for the difference between the experimental best fit value for the solar mixing angle and
the tri-bimaximal mixing matrix prediction. The existence of a non-vanishing leptonic Dirac CP
phase may be relevant for the generation of the baryonic asymmetry in the universe.

The origin of the cosmological matter antimatter
asymmetry in the universe is one of the fundamental
questions that still remain to be answered. It has long
been known that in order to generate the baryonic asym-
metry, three conditions [1] must be satisfied, i.e. baryon
and lepton number violations, CP violation and out-
of-equilibrium decay. Given the evidence that our uni-
verse is expanding, the out-of-equilibrium condition can
be simply satisfied. In most extensions of the Standard
Model, such as grand unified theories, there naturally ex-
ist processes that violate baryon and/or lepton numbers.
Due to the small quark mixing, the complex phase in
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
generate a baryonic asymmetry that is roughly 18 orders
of magnitude smaller than the observed value [2]. The ob-
servation of neutrino oscillation, on the other hand, opens
up the possibility of generating the baryonic asymmetry
through leptogenesis [3]. The success of leptogenesis cru-
cially depends on the existence of CP violating phases in
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
that describes the neutrino mixing [4].

Generally, CP violation can arise either explicitly
through complex Yukawa coupling constants, or sponta-
neously through the complex vacuum expectation values
(VEVs) of the Higgs fields, or a combination of both.
In these two scenarios, the complex phases appear to be
free parameters, adding to the list of parameters in the
Yukawa sector that accommodate the observed fermion
masses, mixing angles and CP violation measures.

In this letter, we propose the complex Clebsch-Gordon
(CG) coefficients as a new origin of CP violation. Such
complex CG coefficients exist in the double tetrahedral
group, T ′. In this scenario, CP violation occurs explicitly
from the CG coefficients of the T ′ group theory, while the
Yukawa coupling constants and the VEVs of the scalar
fields remain real. As a result, the amount of CP vio-
lation in our model is determined entirely by the group
theory, unlike in the usual scenarios.

Experimentally, the best fit values for the neutrino

mixing angles are very close to the prediction of the tri-
bimaximal mixing (TBM) matrix [5],

UTBM =





√

2/3
√

1/3 0
−

√

1/6
√

1/3 −
√

1/2
−

√

1/6
√

1/3
√

1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ# = 1/2 and
sin θ13 = 0. It has been realized the the TBM matrix
can arise from an underlying A4 symmetry [6]. Never-
theless, A4 does not give rise to quark mixing [7]. Even
though the exact TBM matrix does not give rise to CP
violation, due to the correction from the charged lepton
sector in our model, as we will show, leptonic CP viola-
tion can still arise.

Group Theory of T ′.—The finite group T ′ is the double
covering group of the tetrahedral group, A4. It has 24
elements, and is generated by two generators, S and T .
In the T diagonal basis, these two generators in the triplet
representation are given by,

S =
1

3





−1 2ω 2ω2

2ω2 −1 2ω
2ω 2ω2 −1



 , T =





1 0 0
0 ω 0
0 0 ω2



 , (2)

with ω = e2iπ/3. While all CG coefficients can be chosen
to be real in A4, this is not the case in T ′, which has
three doublet representations, 2, 2′, 2′′, in addition to
the triplet, 3, and three singlet representations, 1, 1′, 1′′,
that exist in A4. In the basis of Eq. 2, the complex CG
coefficients appear in the products of the doublets with
the triplet representations, 2 ⊗ 3, 2′ ⊗ 3 and 2′′ ⊗ 3 [8].

The Model.—In Ref. [9], we have constructed a SU(5)
model combined with a family symmetry based on T ′,
which simultaneously gives rise to the tri-bimaximal neu-
trino mixing and realistic CKM quark mixing [10]. (T ′

has also been utilized by others [11].) The field content
of our model is summarized in Table I. Note that since
all fields in a full SU(5) multiplet transform in the same
way under the T ′ symmetry, our model is free of discrete
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We propose the complex group theoretical Clebsch-Gordon coefficients as a novel origin of CP
violation. This is manifest in our model based on SU(5) combined with the double tetrahedral group
T ′ as the family symmetry. Due to the presence of the doublet representations in T ′, there exist
complex CG coefficients, leading to explicit CP violation in the model, while the Yukawa couplings
and the vacuum expectation values of the scalar fields remain real. The predicted CP violation
measures in the quark sector are consistent with the current experimental data. The leptonic Dirac
CP violating phase, δ!, is predicted to be ∼ − cos−1(2/3), which turns out to be the value needed
to account for the difference between the experimental best fit value for the solar mixing angle and
the tri-bimaximal mixing matrix prediction. The existence of a non-vanishing leptonic Dirac CP
phase may be relevant for the generation of the baryonic asymmetry in the universe.

The origin of the cosmological matter antimatter
asymmetry in the universe is one of the fundamental
questions that still remain to be answered. It has long
been known that in order to generate the baryonic asym-
metry, three conditions [1] must be satisfied, i.e. baryon
and lepton number violations, CP violation and out-
of-equilibrium decay. Given the evidence that our uni-
verse is expanding, the out-of-equilibrium condition can
be simply satisfied. In most extensions of the Standard
Model, such as grand unified theories, there naturally ex-
ist processes that violate baryon and/or lepton numbers.
Due to the small quark mixing, the complex phase in
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
generate a baryonic asymmetry that is roughly 18 orders
of magnitude smaller than the observed value [2]. The ob-
servation of neutrino oscillation, on the other hand, opens
up the possibility of generating the baryonic asymmetry
through leptogenesis [3]. The success of leptogenesis cru-
cially depends on the existence of CP violating phases in
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
that describes the neutrino mixing [4].

Generally, CP violation can arise either explicitly
through complex Yukawa coupling constants, or sponta-
neously through the complex vacuum expectation values
(VEVs) of the Higgs fields, or a combination of both.
In these two scenarios, the complex phases appear to be
free parameters, adding to the list of parameters in the
Yukawa sector that accommodate the observed fermion
masses, mixing angles and CP violation measures.

In this letter, we propose the complex Clebsch-Gordon
(CG) coefficients as a new origin of CP violation. Such
complex CG coefficients exist in the double tetrahedral
group, T ′. In this scenario, CP violation occurs explicitly
from the CG coefficients of the T ′ group theory, while the
Yukawa coupling constants and the VEVs of the scalar
fields remain real. As a result, the amount of CP vio-
lation in our model is determined entirely by the group
theory, unlike in the usual scenarios.

Experimentally, the best fit values for the neutrino

mixing angles are very close to the prediction of the tri-
bimaximal mixing (TBM) matrix [5],

UTBM =





√

2/3
√

1/3 0
−

√

1/6
√

1/3 −
√

1/2
−

√

1/6
√

1/3
√

1/2



 (1)

which predicts sin2 θatm = 1/2, tan2 θ# = 1/2 and
sin θ13 = 0. It has been realized the the TBM matrix
can arise from an underlying A4 symmetry [6]. Never-
theless, A4 does not give rise to quark mixing [7]. Even
though the exact TBM matrix does not give rise to CP
violation, due to the correction from the charged lepton
sector in our model, as we will show, leptonic CP viola-
tion can still arise.

Group Theory of T ′.—The finite group T ′ is the double
covering group of the tetrahedral group, A4. It has 24
elements, and is generated by two generators, S and T .
In the T diagonal basis, these two generators in the triplet
representation are given by,

S =
1

3





−1 2ω 2ω2

2ω2 −1 2ω
2ω 2ω2 −1



 , T =





1 0 0
0 ω 0
0 0 ω2



 , (2)

with ω = e2iπ/3. While all CG coefficients can be chosen
to be real in A4, this is not the case in T ′, which has
three doublet representations, 2, 2′, 2′′, in addition to
the triplet, 3, and three singlet representations, 1, 1′, 1′′,
that exist in A4. In the basis of Eq. 2, the complex CG
coefficients appear in the products of the doublets with
the triplet representations, 2 ⊗ 3, 2′ ⊗ 3 and 2′′ ⊗ 3 [8].

The Model.—In Ref. [9], we have constructed a SU(5)
model combined with a family symmetry based on T ′,
which simultaneously gives rise to the tri-bimaximal neu-
trino mixing and realistic CKM quark mixing [10]. (T ′

has also been utilized by others [11].) The field content
of our model is summarized in Table I. Note that since
all fields in a full SU(5) multiplet transform in the same
way under the T ′ symmetry, our model is free of discrete

center of the group, generated by the elements E and , there are other abelian subgroups:

Z3, Z4 and Z6. In particular, there is a Z4 subgroup here denoted by GS, generated by the
element TST 2 and a Z3 subgroup here called GT , generated by the element T . As we will

see GS and GT are of great importance for the structure of our model. Realizations of S
and T for 2, 2′, 2′ ′ and 3 can be found in the appendix A and are taken from [13].

The multiplication rules of the representations are as follows:

1a ⊗ rb = rb ⊗ 1a = ra+b for r = 1, 2

1a ⊗ 3 = 3 ⊗ 1a = 3
2a ⊗ 2b = 3 ⊕ 1a+b

2a ⊗ 3 = 3 ⊗ 2a = 2 ⊕ 2′ ⊕ 2′′

3 ⊗ 3 = 3 ⊕ 3 ⊕ 1 ⊕ 1′ ⊕ 1′′

(6)

where a, b = 0,±1 and we have denoted 10 ≡ 1, 11 ≡ 1′, 1−1 ≡ 1′′ and similarly for
the doublet representations. On the right-hand-side the sum a + b is modulo 3. The

Clebsch-Gordan coefficients for the decomposition of product representations are shown
in the appendix A and were already calculated in [13]. Further synonyms of T ′ are Type
24/13 [17] and SL2(F3) [15].

3 Outline of the model

In this section we introduce our model and we illustrate its main features. We choose the
model to be supersymmetric, which would help us when discussing the vacuum selection
and the symmetry breaking pattern of T ′. The model is required to be invariant under a

flavour symmetry group F = T ′ ⊗ Z3 ⊗ U(1)FN . The group factor T ′ is the one responsi-
ble for the TB lepton mixing. The group T ′ is unable to produce all the necessary mass

suppressions for the fermions of the first and second generations. These suppressions orig-
inate in part from a spontaneously broken U(1)FN , according to the original FN proposal.
Finally, the Z3 factor helps in keeping separate the contributions to neutrino masses and

to charged fermion masses, and it is an important ingredient in the vacuum alignment
analysis. The fields of the model, together with their transformation properties under the

flavour group, are listed in Table 2.

Field l ec µc τ c Dq Dc
u Dc

d q3 tc bc hu,d ϕT ϕS ξ, ξ̃ η ξ′′

T ′ 3 1 1′′ 1′ 2′′ 2′′ 2′′ 1 1 1 1 3 3 1 2′ 1′′

Z3 ω ω2 ω2 ω2 ω ω2 ω2 ω ω2 ω2 1 1 ω ω 1 1

U(1)FN 0 2n n 0 0 n 0 0 0 0 0 0 0 0 0 0

Table 2: The transformation rules of the fields under the symmetries associated to the groups T ′, Z3 and
U(1)FN . We denote Dq = (q1, q2)t where q1 = (u, d)t and q2 = (c, s)t are the electroweak SU(2)-doublets of
the first two generations, Dc

u = (uc, cc)t and Dc
d = (dc, sc)t. Dq, Dc

u and Dc
d are doublets of T ′. q3 = (t, b)t

is the electroweak SU(2)-doublet of the third generation. q3, tc and bc are all singlets under T ′.

center of the group, generated by the elements E and , there are other abelian subgroups:

Z3, Z4 and Z6. In particular, there is a Z4 subgroup here denoted by GS, generated by the
element TST 2 and a Z3 subgroup here called GT , generated by the element T . As we will

see GS and GT are of great importance for the structure of our model. Realizations of S
and T for 2, 2′, 2′ ′ and 3 can be found in the appendix A and are taken from [13].

The multiplication rules of the representations are as follows:

1a ⊗ rb = rb ⊗ 1a = ra+b for r = 1, 2

1a ⊗ 3 = 3 ⊗ 1a = 3
2a ⊗ 2b = 3 ⊕ 1a+b

2a ⊗ 3 = 3 ⊗ 2a = 2 ⊕ 2′ ⊕ 2′′

3 ⊗ 3 = 3 ⊕ 3 ⊕ 1 ⊕ 1′ ⊕ 1′′

(6)

where a, b = 0,±1 and we have denoted 10 ≡ 1, 11 ≡ 1′, 1−1 ≡ 1′′ and similarly for
the doublet representations. On the right-hand-side the sum a + b is modulo 3. The

Clebsch-Gordan coefficients for the decomposition of product representations are shown
in the appendix A and were already calculated in [13]. Further synonyms of T ′ are Type
24/13 [17] and SL2(F3) [15].

3 Outline of the model

In this section we introduce our model and we illustrate its main features. We choose the
model to be supersymmetric, which would help us when discussing the vacuum selection
and the symmetry breaking pattern of T ′. The model is required to be invariant under a

flavour symmetry group F = T ′ ⊗ Z3 ⊗ U(1)FN . The group factor T ′ is the one responsi-
ble for the TB lepton mixing. The group T ′ is unable to produce all the necessary mass

suppressions for the fermions of the first and second generations. These suppressions orig-
inate in part from a spontaneously broken U(1)FN , according to the original FN proposal.
Finally, the Z3 factor helps in keeping separate the contributions to neutrino masses and

to charged fermion masses, and it is an important ingredient in the vacuum alignment
analysis. The fields of the model, together with their transformation properties under the

flavour group, are listed in Table 2.

Field l ec µc τ c Dq Dc
u Dc

d q3 tc bc hu,d ϕT ϕS ξ, ξ̃ η ξ′′

T ′ 3 1 1′′ 1′ 2′′ 2′′ 2′′ 1 1 1 1 3 3 1 2′ 1′′

Z3 ω ω2 ω2 ω2 ω ω2 ω2 ω ω2 ω2 1 1 ω ω 1 1

U(1)FN 0 2n n 0 0 n 0 0 0 0 0 0 0 0 0 0

Table 2: The transformation rules of the fields under the symmetries associated to the groups T ′, Z3 and
U(1)FN . We denote Dq = (q1, q2)t where q1 = (u, d)t and q2 = (c, s)t are the electroweak SU(2)-doublets of
the first two generations, Dc

u = (uc, cc)t and Dc
d = (dc, sc)t. Dq, Dc

u and Dc
d are doublets of T ′. q3 = (t, b)t

is the electroweak SU(2)-doublet of the third generation. q3, tc and bc are all singlets under T ′.

center of the group, generated by the elements E and , there are other abelian subgroups:

Z3, Z4 and Z6. In particular, there is a Z4 subgroup here denoted by GS, generated by the
element TST 2 and a Z3 subgroup here called GT , generated by the element T . As we will

see GS and GT are of great importance for the structure of our model. Realizations of S
and T for 2, 2′, 2′ ′ and 3 can be found in the appendix A and are taken from [13].

The multiplication rules of the representations are as follows:

1a ⊗ rb = rb ⊗ 1a = ra+b for r = 1, 2

1a ⊗ 3 = 3 ⊗ 1a = 3
2a ⊗ 2b = 3 ⊕ 1a+b

2a ⊗ 3 = 3 ⊗ 2a = 2 ⊕ 2′ ⊕ 2′′

3 ⊗ 3 = 3 ⊕ 3 ⊕ 1 ⊕ 1′ ⊕ 1′′

(6)

where a, b = 0,±1 and we have denoted 10 ≡ 1, 11 ≡ 1′, 1−1 ≡ 1′′ and similarly for
the doublet representations. On the right-hand-side the sum a + b is modulo 3. The

Clebsch-Gordan coefficients for the decomposition of product representations are shown
in the appendix A and were already calculated in [13]. Further synonyms of T ′ are Type
24/13 [17] and SL2(F3) [15].

3 Outline of the model

In this section we introduce our model and we illustrate its main features. We choose the
model to be supersymmetric, which would help us when discussing the vacuum selection
and the symmetry breaking pattern of T ′. The model is required to be invariant under a

flavour symmetry group F = T ′ ⊗ Z3 ⊗ U(1)FN . The group factor T ′ is the one responsi-
ble for the TB lepton mixing. The group T ′ is unable to produce all the necessary mass

suppressions for the fermions of the first and second generations. These suppressions orig-
inate in part from a spontaneously broken U(1)FN , according to the original FN proposal.
Finally, the Z3 factor helps in keeping separate the contributions to neutrino masses and

to charged fermion masses, and it is an important ingredient in the vacuum alignment
analysis. The fields of the model, together with their transformation properties under the

flavour group, are listed in Table 2.

Field l ec µc τ c Dq Dc
u Dc

d q3 tc bc hu,d ϕT ϕS ξ, ξ̃ η ξ′′

T ′ 3 1 1′′ 1′ 2′′ 2′′ 2′′ 1 1 1 1 3 3 1 2′ 1′′

Z3 ω ω2 ω2 ω2 ω ω2 ω2 ω ω2 ω2 1 1 ω ω 1 1

U(1)FN 0 2n n 0 0 n 0 0 0 0 0 0 0 0 0 0

Table 2: The transformation rules of the fields under the symmetries associated to the groups T ′, Z3 and
U(1)FN . We denote Dq = (q1, q2)t where q1 = (u, d)t and q2 = (c, s)t are the electroweak SU(2)-doublets of
the first two generations, Dc

u = (uc, cc)t and Dc
d = (dc, sc)t. Dq, Dc

u and Dc
d are doublets of T ′. q3 = (t, b)t

is the electroweak SU(2)-doublet of the third generation. q3, tc and bc are all singlets under T ′.



Group Theory of T´

• intrinsic complex CG coefficients in T′ (complexity independent of choice of basis for 
generators)           

• spinorial x spinorial ⊃ vector:

• spinorial x vector ⊃ spinorial:
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A Novel Origin of CP Violation

• Conventionally:
• explicit CP violation: complex Yukawa couplings
• spontaneous CP violation: complex Higgs VEVs

• Complex CG coefficients in T′ ⇒  explicit CP violation

• real Yukawa couplings, real Higgs VEVs
• CP violation determined entirely by complex CG coefficients
• no additional parameters needed ⇒ extremely predictive 

model!
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Tri-bimaximal Neutrino Mixing

• fermion charge assignments:

• SM Higgs ~ singlet under T′
• operators for neutrino masses:

• two scalar (flavon) fields for neutrino sector:

• product rules:
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Tri-bimaximal Neutrino Mixing

• fermion charge assignments:

• SM Higgs ~ singlet under T!

• operator for neutrino masses: 

• two scalar (flavon) fields for neutrino sector: 

• product rules:
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation
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presented in a future publication.
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Tri-bimaximal Neutrino Mixing

• Neutrino Masses: triplet flavon contribution

• Neutrino Masses: singlet flavon contribution
• resulting mass matrix:
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9 Appendix B

In this appendix we discuss the subleading terms of the superpotential wd and how they

correct the VEV alignment. We work along the lines of the appendix B of [6].
The VEVs are shifted from the values

〈ϕS〉 = (vS, vS, vS) , 〈ϕT 〉 = (vT , 0, 0) , 〈η〉 = (v1, 0) , 〈ξ〉 = u , 〈ξ̃〉 = 0 , 〈ξ′ ′〉 = 0

to the values
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〈η〉 = (v1 + δv1, δv2) , 〈ξ〉 = u , 〈ξ̃〉 = δũ , 〈ξ′ ′〉 = δu′ ′

where the corrections δvT i, δvS i, δvi, δũ and δu′ ′ are independent of each other. Note
that there also might be a correction to the VEV u, but we do not have to indicate this
explicitly by the addition of a term δu, since u is undetermined at tree-level anyway.

We change the notation in eq. (31) a bit by defining

g3 ≡ 3 g̃2
3 , g4 ≡ −g̃2

4 and g8 ≡ i g̃2
8

such that the VEVs read

vS =
g̃4

3 g̃3
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1√
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2 g M2
η + 3 g9 M Mη
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the new fields η1,2, ξ′ ′, η0

1,2 and ξ′ 0:

∆wd 2 =
1

Λ

(

18
∑

i=14

ti I
T
i +

15
∑

i=13

si I
S
i + x4 IX

4 +
4

∑

i=1

ni I
N
i +

4
∑

i=1

yi I
Y
i

)

where

3S =
1

3





2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1



 3A =
1

2





α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3





1 = α1β1 + α2β3 + α3β2

1′ = α3β3 + α1β2 + α2β1

1′′ = α2β2 + α1β3 + α3β1 .

9 Appendix B

In this appendix we discuss the subleading terms of the superpotential wd and how they

correct the VEV alignment. We work along the lines of the appendix B of [6].
The VEVs are shifted from the values

〈ϕS〉 = (vS, vS, vS) , 〈ϕT 〉 = (vT , 0, 0) , 〈η〉 = (v1, 0) , 〈ξ〉 = u , 〈ξ̃〉 = 0 , 〈ξ′ ′〉 = 0

to the values

〈ϕS〉 = (vS + δvS 1, vS + δvS 2, vS + δvS 3) , 〈ϕT 〉 = (vT + δvT 1, δvT 2, δvT 3) ,

〈η〉 = (v1 + δv1, δv2) , 〈ξ〉 = u , 〈ξ̃〉 = δũ , 〈ξ′ ′〉 = δu′ ′
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under which the transformation properties of various fields are summarized in Table I, the above

Lagrangian is the most general one. Here the operators that couple to H5T3T3 are not shown in the

above Lagrangian as their contributions can be absorbed into a redefinition of the coupling constant

yt. In addition, we neglect the operator H5FT3�⌥⌥� in LTF since its contribution is negligible.

Also not shown are those that contribute to LFF which can be absorbed into a redefinition of the

parameter u and ⌃0. Note that in principle, viable phenomenology may still be obtained when

more operators are allowed, The additional discrete symmetry that is needed in that case would be

smaller. Nevertheless, more Yukawa coupling constants will be present and the model would not

be as predictive. The Z12 ⇥ Z �
12 symmetry also forbids proton and other nucleon decay operators

to very high orders; it is likely this symmetry might be linked to orbifold compactification in extra

dimensions. Note that, the Z12 ⇥ Z �
12 symmetry also separates the neutrino and charged fermion

sectors, so that the neutrinos only couple to the GTST2 breaking sector. Furthermore, it allows the

45-dim Higgs, �45, to appear only in the operator shown above, and thus is crucial for obtaining

the Georgi-Jarlskog (GJ) relations.

The interactions in L⇥ give the following neutrino mass matrix [3], which is invariant under

GTST2 [9],

M⇥ =
⇤v2

Mx

�

⇧⇧⇧⇤

2⌅0 + u �⌅0 �⌅0

�⌅0 2⌅0 u� ⌅0

�⌅0 u� ⌅0 2⌅0

⇥

⌃⌃⌃⌅
, (13)

and we have absorbed the Yukawa coupling constants by rescaling the VEV’s. This mass matrix

M⇥ is form diagonalizable, i.e. the orthogonal matrix that diagonzlizes it does not depend on the

eigenvalues. Its diagonal form is,

V T
⇥ M⇥V⇥ = diag(u + 3⌅0, u, �u + 3⌅0)

v2
u

Mx
, (14)

where the diagonalization matrix V⇥ is the tri-bimaximal mixing matrix, V⇥ = UTBM given in Eq. 2.

This tri-bimaximal mixing pattern and the mass eigenvalues in the neutrino sector are thus the

same as in all previous analyses in models based on A4 and (d)T , which has been shown to be

consistent with experimental data.

The down type quark and charged lepton masses are generated by LTF . Because the renormal-

izable operator H5FT3 is forbidden by the (d)T symmetry, the generation of b quark mass requires

the breaking of (d)T , which naturally explains the hierarchy between mt and mb. The b quark mass,

and thus the ⇧ mass, is generated upon the breaking of (d)T ⇤ GT and (d)T ⇤ GS. As mb and m⇤

are generated by the same operator, H5FT3⌃�, we obtain the successful b� ⇧ unification relation.
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I. INTRODUCTION

The measurements of neutrino oscillation parameters have entered a precision era. The global

fit to current data from neutrino oscillation experiments give the following best fit values and 2⇥

limits for the mixing parameters [1],

sin2 �12 = 0.30 (0.25� 0.34), sin2 �23 = 0.5 (0.38� 0.64), sin2 �13 = 0 (< 0.028) . (1)

These values for the mixing parameters are very close to the values arising from the so-called

“tri-bimaximal” mixing (TBM) matrix [2],

UTBM =

�

⇧⇧⇧⇤

⌥
2/3 1/

⌅
3 0

�
⌥

1/6 1/
⌅

3 �1/
⌅

2

�
⌥

1/6 1/
⌅

3 1/
⌅

2

⇥

⌃⌃⌃⌅
, (2)

which predicts sin2 �atm, TBM = 1/2 and sin �13,TBM = 0. In addition, it predicts sin2 �⇥,TBM = 1/3

for the solar mixing angle. Even though the predicted �⇥,TBM is currently still allowed by the

experimental data at 2⇥, as it is very close to the upper bound at the 2⇥ limit, it may be ruled out

once more precise measurements are made in the upcoming experiments.

It has been pointed out that the tri-bimaximal mixing matrix can arise from a family symmetry

in the lepton sector based on A4 [3] , which is a group that describes the even permutations of

four objects and it has four in-equivalent representations, 1, 1⇤, 1⇤⇤ and 3. However, due to its lack

of doublet representations, CKM matrix is an identity in most A4 models. In addition, to explain

the mass hierarchy among the charged fermions, one needs to resort to additional symmetry. It is

hence not easy to implement A4 as a family symmetry for both quarks and leptons [4].

In this letter, we consider a di�erent finite group, the double tetrahedral group, (d)T , which is a

double covering of A4. (For a classification of all finite groups up to order 32 that can potentially

be a family symmetry, see [5]). Because it has the same four in-equivalent representations as in

A4, the tri-bimaximal mixing pattern can be reproduced. In addition, (d)T has three in-equivalent

doublets, 2, 2⇤, and 2⇤⇤, which can be utilized to give the 2 + 1 representation assignments for the

quarks [6]. In the context of SU(2) flavor group, this assignment has been known to give realistic

quark mixing matrix and mass hierarchy [7]. Utilizing (d)T as a family symmetry for both quarks

and leptons has been considered before in non-unified models [8, 9]. In Ref. [8], both quarks

and leptons (including the neutrinos) have 2 ⇥ 1 representation assignments under (d)T , and the

prediction for the solar mixing angle is ⇤ 10�3, which is in the region of small mixing angle solution

that has been ruled out by SNO and KamLAND. A recent attempt in [9] generalizes the (d)T to

2

Form diagonalizable: 
-- no adjustable parameters
-- neutrino mixing from CG coefficients!



Tri-bimaximal Neutrino Mixing

• charged lepton sector -- without quarks
• operators for charged lepton masses

• scalar sector: flavon triplet for charged lepton masses

• resulting charged lepton mass matrix = I
• leptonic mixing matrix = tri-bimaximal

• in our model: SU(5) GUT corrections from charged lepton sector
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where

3S =
1

3





2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1



 3A =
1

2





α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3





1 = α1β1 + α2β3 + α3β2

1′ = α3β3 + α1β2 + α2β1

1′′ = α2β2 + α1β3 + α3β1 .

9 Appendix B

In this appendix we discuss the subleading terms of the superpotential wd and how they

correct the VEV alignment. We work along the lines of the appendix B of [6].
The VEVs are shifted from the values

〈ϕS〉 = (vS, vS, vS) , 〈ϕT 〉 = (vT , 0, 0) , 〈η〉 = (v1, 0) , 〈ξ〉 = u , 〈ξ̃〉 = 0 , 〈ξ′ ′〉 = 0

to the values

〈ϕS〉 = (vS + δvS 1, vS + δvS 2, vS + δvS 3) , 〈ϕT 〉 = (vT + δvT 1, δvT 2, δvT 3) ,

〈η〉 = (v1 + δv1, δv2) , 〈ξ〉 = u , 〈ξ̃〉 = δũ , 〈ξ′ ′〉 = δu′ ′

where the corrections δvT i, δvS i, δvi, δũ and δu′ ′ are independent of each other. Note
that there also might be a correction to the VEV u, but we do not have to indicate this
explicitly by the addition of a term δu, since u is undetermined at tree-level anyway.

We change the notation in eq. (31) a bit by defining

g3 ≡ 3 g̃2
3 , g4 ≡ −g̃2

4 and g8 ≡ i g̃2
8

such that the VEVs read

vS =
g̃4

3 g̃3
u , vT =

Mη

g9
and v1 =

1√
3 g̃8 g9

√

2 g M2
η + 3 g9 M Mη

where we have chosen the “+” sign for the VEV v1. Apart from the subleading terms

which are already presented in [6] we get 17 other invariants which involve at least one of
the new fields η1,2, ξ′ ′, η0

1,2 and ξ′ 0:
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VCKM =
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T ⇥ � invariant:

T ⇥ ⌅ GT :

1

Tri-bimaximal Neutrino Mixing

• charged lepton sector -- non-GUT models

• operators for charged fermion masses:

• scalar sector: flavon triplet for charged lepton sector

• resulting charged lepton mass matrix: diagonal

• leptonic mixing matrix = tri-bimaximal

• in our model:  SU(5) GUT ⇒ corrections from charged lepton sector
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where the corrections δvT i, δvS i, δvi, δũ and δu′ ′ are independent of each other. Note
that there also might be a correction to the VEV u, but we do not have to indicate this
explicitly by the addition of a term δu, since u is undetermined at tree-level anyway.

We change the notation in eq. (31) a bit by defining
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,
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VCKM =

T ⇤ ⌃ GTST 2 :

T ⇤ � invariant:

T ⇤ ⌃ GT :

T ⇤ ⌃ nothing:

T ⇤ ⌃ GS :

m1 = u0 + 3⇤0

m2 = u0

m3 = �u0 + 3⇤0

�m2
atm ⇧ |m3|2 � |m2|2 = �12u0⇤0
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VCKM = V †
u,LVd,L

VMNS = V †
e,LV� = I · UTBM = UTBM

1



The Model

• Symmetry: SUSY SU(5) x T′
• Particle Content	

• additional               symmetry:   
• predictive model: only 11 operators allowed up to at least dim-7
• vacuum misalignment: neutrino sector vs charged fermion sector
• mass hierarchy: lighter generation masses allowed only at higher dim
• forbids Higgsino mediated proton decay
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌥� +
1
⇥2

ycH5TaTa⌃
2 +

1
⇥3

yuH5TaTa⌃
�3 (4)

LTF =
1
⇥2

ybH5FT3⌃� +
1
⇥3

⇤
ys�45FTa⌃⌥N + ydH5FTa⌃

2⌥�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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, (7)
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�
⌃
⇥

= ⌃0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌥
⇥

= ⌥0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌥�⇥ = ⌥�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
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where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3
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   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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T3 Ta F H5 �45 ⇧ ⇧� ⌃ ⌃� � N ⌅ ⇥

SU(5) 10 10 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1� 3 3 2� 2 1�� 1� 3 1

Z12 ⌥5 ⌥2 ⌥5 ⌥2 ⌥5 ⌥3 ⌥2 ⌥6 ⌥9 ⌥9 ⌥3 ⌥10 ⌥10

Z �
12 ⌥ ⌥4 ⌥8 ⌥10 ⌥3 ⌥3 ⌥6 ⌥7 ⌥8 ⌥2 ⌥11 1 1

TABLE I: Charge assignments. Here the parameter ⌥ = ei�/6.

the quark sector while maintaining near TBM pattern. However, in order to explain the mass

hierarchy, the model has to resort to an additional U(1) symmetry. Furthermore, a large number

of operators are present in this model, making it less predictive. Here we consider an SU(5) model

combined with (d)T symmetry, which successfully accommodates the mass hierarchy as well as the

mixing matrices in both quark and lepton sectors. With an additional Z12 ⇥ Z �
12 symmetry, only

“good” operators are allowed up to at least dimension seven, making the model very predictive.

In addition, the mass hierarchy is naturally explained without having hierarchy in the vacuum

expectation values (VEV’s) of the scalar fields, the reason being that the mass operators for the

lighter generation are allowed to appear only at higher order compared to those for the heavy

generation. Thus we have a dynamical explanation for the mass hierarchy.

II. THE MODEL

In SU(5), all matter fields are unified into a 10(Q, uc, ec)L and a 5(dc, ◆)L dimensional repre-

sentations. The three generations of 5 are assigned into a triplet of (d)T , in order to generate the

tri-bimaximal mixing pattern in the lepton sector, and it is denoted by F . On the other hand, to

obtain realistic quark sector, the third generation of the 10-dim representation transforms as a sin-

glet, so that the top quark mass is allowed by the family symmetry, while the first and the second

generations form a doublet of (d)T . These 10-dim representations are denoted by, respectively, T3

and Ta, where a = 1, 2. The Yukawa interactions are mediated by a 5-dim Higgs, H5 as well as a

45-dim Higgs, �45, which is required for the Georgi-Jarlskog relations. We have summarized these

quantum number assignment in Table I.
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TABLE I: Charge assignments. Here the parameter ⌥ = ei�/6.
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Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],
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which predicts sin2 ⇤atm = 1/2, tan2 ⇤� = 1/2 and sin ⇤13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +W� , (2)

where

WTT = ytH5T3T3 +
1

⇥2
H5


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which is invariant under SU(5) ⇥ T ⇥ and it is CP non-invariant. Here the
parameter ⇥ is the cuto⇤ scale of the T ⇥ symmetry while MX is the scale where
lepton number violating operators are generated. Note that all Yukawa coupling
constants, yx, in the Lagrangian are real parameters. Even if they are made
complex, their phases can be absorbed by redefinition of the Higgs and flavon
fields. The T ⇥ flavon fields acquire vacuum expectation values along the following
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Neutrino Sector

• Operators:

• symmetry breaking

• resulting mass matrices

The Model

• (d)T breaking:

! charged fermion sector

The Lagrangian of the model is given as follows,
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where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,
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Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
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⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator
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where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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The Lagrangian of the model is given as follows,
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1
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2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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   ⌥
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(d)T � invariant :
�
⇥
⇥
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1
3
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   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH
�
5FT3⇧� +

1
⇥3

⇤
ys�45FTa⇧⌃N + ydH

�
5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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corrections to TBM

Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =
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0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo

7

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo

7

The Lagrangian of the model is given as follows,
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where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.
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⇧⌅N,⇧⌅�N, ⇧�⌅N,⇧�⌅�N
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TABLE II: Additional operators that are allowed by the SU(5) � (d)T symmetry up to dim-7. For each

operator shown above, there is a corresponding one with H5 ⇤ �45.

Upon the breaking of (d)T ⇥ GT, the operator �45FTa⌅N contributes to the (22) element in Md, e,

and thus gives rise to ms and mµ. As this operator involves �45, the GJ relation for the second

family, mµ ⌅ 3ms is obtained. If no further symmetry breaking takes place, the first generation

masses, md and me vanishes. At this stage, the diagonalization mass matrix for the charged leptons

(and down type quark) is identity, and hence the the tri-bimaximal mixing matrix is exact.

To obtain the correct mass relation for the first generation, it inevitably calls for flavor mixing

in the down quark sector, which then leads to corrections to the tri-bimaximal mixing pattern.
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The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo

7

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH
�
5FT3⇧� +

1
⇥3

⇤
ys�45FTa⇧⌃N + ydH

�
5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

corrections to TBM

2

T3 Ta F H5 H ′
5 ∆45 φ φ′ ψ ψ′ ζ N ξ η

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1

Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10

Z′
12 ω ω4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1

TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ω = eiπ/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)×T ′ symmetry, we further impose a Z12×Z ′

12

symmetry. Due to the Z12×Z ′
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

−LTT = ytH5T3T3 +
1

Λ2
H5

[

ytsT3Taψζ

+ycTaTbφ
2

]

+
1

Λ3
yuH5TaTbφ

′3 , (4)

−LTF =
1

Λ2
ybH

′
5
FT3φζ +

1

Λ3

[

ys∆45FTaφψN

+ydH5
′FTaφ

2ψ′

]

, (5)

−LFF =
1

ΛMX

[

λ1H5H5FF ξ + λ2H5H5FFη

]

, (6)

which is invariant under SU(5) × T ′ and it is CP non-
invariant. Here the parameter Λ is the cutoff scale of
the T ′ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ′ flavon fields acquire vacuum
expectation values along the following direction,

〈ξ〉 =





1
1
1



 ξ0Λ , 〈φ′〉 =





1
1
1



 φ′
0Λ , (7)

〈φ〉 =





0
0
1



φ0Λ , 〈ψ〉 =

(

1
0

)

ψ′
0Λ , (8)

〈ψ′〉 =

(

1
1

)

ψ′
0Λ , (9)

〈ζ〉 = ζ0Λ , 〈N〉 = N0Λ , 〈η〉 = u0Λ . (10)

Note that all the expectation values are real.
In terms of the T ′ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

− LYuk ⊃ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij'L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, 'L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ′ and the electroweak symmetry, are given
in terms of seven parameters by

Mu =







iφ′3
0 (1−i

2
)φ′3

0 0

(1−i
2

)φ′3
0 φ′3

0 + (1 − i
2
)φ2

0 y′ψ0ζ0

0 y′ψ0ζ0 1






ytvu, (12)

Md =







0 (1 + i)φ0ψ′
0 0

−(1 − i)φ0ψ′
0 ψ0N0 0

φ0ψ′
0 φ0ψ′

0 ζ0






ydvdφ0 , (13)

Me =







0 −(1 − i)φ0ψ′
0 φ0ψ′

0

(1 + i)φ0ψ′
0 −3ψ0N0 φ0ψ′

0

0 0 ζ0






ydvdφ0 ,

(14)

which manifest the SU(5) relation, Md = MT
e , except for

the factor of −3 in the (22) entry of Me, due to the SU(5)
CG coefficient through the coupling to ∆45. In addition
to this −3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coefficients
in the above mass matrices arise entirely from the CG
coefficients of the T ′ group theory. More precisely, these
complex CG coefficients appear in couplings that involve
the doublet representations of T ′.

The mass matrices Mu,d are diagonalized by,

V †
u,RMuVu,L = diag(mu, mc, mt) and V †

d,RMdVd,L =
diag(md, ms, mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,

Lcc =
g

2
√

2

[

Wµ
+((x, t)J−

µ ((x, t) + Wµ
−((x, t)J+

µ ((x, t)

]

,

J−
µ = (u′, c′, t

′
)LγµVCKM







d′

s′

b′







L

. (15)

The complex mass matrices Mu,d lead to a complex quark

mixing matrix, VCKM = V †
u,LVd,L.

The interactions in LFF lead to the following neutrino
mass matrix,

Mν =







2ξ0 + u0 −ξ0 −ξ0

−ξ0 2ξ0 −ξ0 + u0

−ξ0 −ξ0 + u0 2ξ0







λv2

Mx
, (16)
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TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ⌃ = ei�/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)⇥T ⇤ symmetry, we further impose a Z12 ⇥Z ⇤

12

symmetry. Due to the Z12⇥Z ⇤
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

�LTT = ytH5T3T3 +
1
⇥2

H5

⇤
ytsT3Ta↵⇧

+ycTaTb⌦
2

⌅
+

1
⇥3

yuH5TaTb⌦
⇤3 , (4)

�LTF =
1
⇥2

ybH
⇤
5FT3⌦⇧ +

1
⇥3

⇤
ys�45FTa⌦↵N

+ydH5
�FTa⌦

2↵⇤
⌅

, (5)

�LFF =
1

⇥MX

⇤
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⌅
, (6)

which is invariant under SU(5) ⇥ T ⇤ and it is CP non-
invariant. Here the parameter ⇥ is the cuto⇤ scale of
the T ⇤ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ⇤ flavon fields acquire vacuum
expectation values along the following direction,
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1
1
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�⇧ = ⇧0⇥ , �N = N0⇥ , �⌃ = u0⇥ . (10)

Note that all the expectation values are real.
In terms of the T ⇤ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

�LYuk ⇧ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij�L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, �L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ⇤ and the electroweak symmetry, are given
in terms of seven parameters by
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which manifest the SU(5) relation, Md = MT
e , except for

the factor of �3 in the (22) entry of Me, due to the SU(5)
CG coe⌃cient through the coupling to �45. In addition
to this �3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coe⌃cients
in the above mass matrices arise entirely from the CG
coe⌃cients of the T ⇤ group theory. More precisely, these
complex CG coe⌃cients appear in couplings that involve
the doublet representations of T ⇤.

The mass matrices Mu,d are diagonalized by,
V †

u,RMuVu,L = diag(mu,mc,mt) and V †
d,RMdVd,L =

diag(md,ms,mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,
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L
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The complex mass matrices Mu,d lead to a complex quark
mixing matrix, VCKM = V †

u,LVd,L.
The interactions in LFF lead to the following neutrino

mass matrix,

M⇥ =
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 ⌥
2 0 + u0 � 0 � 0

� 0 2 0 � 0 + u0

� 0 � 0 + u0 2 0
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Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],
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which predicts sin2 ⇤atm = 1/2, tan2 ⇤� = 1/2 and sin ⇤13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,
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where

WTT = ytH5T3T3 +
1

⇥2
H5


ytsT3Ta⌥� + ycTaTb⌃

2

�
+

1

⇥3
yuH5TaTb⌃

⇥3 (3)

WTF =
1

⇥2
ybH

⇥
5FT3⌃� +

1

⇥3


ys�45FTa⌃⌥N + ydH5

0FTa⌃
2⌥⇥

�
(4)

W� = ⌅1NNS +
1

⇥3


H5FN�� ⇥

✓
⌅2⇧ + ⌅3⇥

◆�
(5)

⇥ : scale above which T ⇥ is exact

⇤S⌅ = s0⇥

⇤⇥⌅ = ⇥0⇥

which is invariant under SU(5) ⇥ T ⇥ and it is CP non-invariant. Here the
parameter ⇥ is the cuto⇤ scale of the T ⇥ symmetry while MX is the scale where
lepton number violating operators are generated. Note that all Yukawa coupling
constants, yx, in the Lagrangian are real parameters. Even if they are made
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• Operators:

• top mass: allowed by T′

• lighter family acquire masses thru operators with higher dimensionality

• dynamical origin of mass hierarchy

• symmetry breaking:

• Mass matrix:

Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 14, 2010

Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =

0

@

p
2/3

p
1/3 0

�
p
1/6

p
1/3 �

p
1/2

�
p
1/6

p
1/3

p
1/2

1

A (1)

which predicts sin2 ⇤atm = 1/2, tan2 ⇤� = 1/2 and sin ⇤13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +W� , (2)

where

WTT = ytH5T3T3 +
1

⇥2
H5


ytsT3Ta⌥� + ycTaTb⌃

2

�
+

1

⇥3
yuH5TaTb⌃

⇥3 (3)

WTF =
1

⇥2
ybH

⇥
5FT3⌃� +

1

⇥3


ys�45FTa⌃⌥N + ydH5

0FTa⌃
2⌥⇥

�
(4)

W� = ⌅1NNS +
1

⇥3


H5FN�� ⇥

✓
⌅2⇧ + ⌅3⇥

◆�
(5)

⇥ : scale above which T ⇥ is exact
which is invariant under SU(5) ⇥ T ⇥ and it is CP non-invariant. Here the

parameter ⇥ is the cuto⇤ scale of the T ⇥ symmetry while MX is the scale where
lepton number violating operators are generated. Note that all Yukawa coupling
constants, yx, in the Lagrangian are real parameters. Even if they are made
complex, their phases can be absorbed by redefinition of the Higgs and flavon
fields. The T ⇥ flavon fields acquire vacuum expectation values along the following

2

no contributions to 
elements involving 

1st family; true to all 
levels 

both vector and spinorial  
reps involved
     ⇒ complex CG

T � � GT

1

2

T3 Ta F H5 H �
5 �45 ⌅ ⌅� ⇧ ⇧� � N ⇤ ⇥

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1� 3 3 2� 2 1�� 1� 3 1

Z12 ⌃5 ⌃2 ⌃5 ⌃2 ⌃2 ⌃5 ⌃3 ⌃2 ⌃6 ⌃9 ⌃9 ⌃3 ⌃10 ⌃10

Z�
12 ⌃ ⌃4 ⌃8 ⌃10 ⌃10 ⌃3 ⌃3 ⌃6 ⌃7 ⌃8 ⌃2 ⌃11 1 1

TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ⌃ = ei�/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)⇥T ⇤ symmetry, we further impose a Z12 ⇥Z ⇤

12

symmetry. Due to the Z12⇥Z ⇤
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

�LTT = ytH5T3T3 +
1
⇥2

H5

⇤
ytsT3Ta↵⇧

+ycTaTb⌦
2

⌅
+

1
⇥3

yuH5TaTb⌦
⇤3 , (4)

�LTF =
1
⇥2

ybH
⇤
5FT3⌦⇧ +

1
⇥3

⇤
ys�45FTa⌦↵N

+ydH5
�FTa⌦

2↵⇤
⌅

, (5)

�LFF =
1

⇥MX

⇤
�1H5H5FF  + �2H5H5FF⌃

⌅
, (6)

which is invariant under SU(5) ⇥ T ⇤ and it is CP non-
invariant. Here the parameter ⇥ is the cuto⇤ scale of
the T ⇤ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ⇤ flavon fields acquire vacuum
expectation values along the following direction,

�  =

⇧

⌥
1
1
1

⌃

�  0⇥ , �⌦⇤ =

⇧

⌥
1
1
1

⌃

�⌦⇤0⇥ , (7)

�⌦ =

⇧

⌥
0
0
1

⌃

�⌦0⇥ , �↵ =
�

1
0

⇥
↵0⇥ , (8)

�↵⇤ =
�

1
1

⇥
↵⇤

0⇥ , (9)

�⇧ = ⇧0⇥ , �N = N0⇥ , �⌃ = u0⇥ . (10)

Note that all the expectation values are real.
In terms of the T ⇤ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

�LYuk ⇧ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij�L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, �L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ⇤ and the electroweak symmetry, are given
in terms of seven parameters by

Mu =

⇧

 ⌥
i⌦⇤30 ( 1�i

2 )⌦⇤30 0
( 1�i

2 )⌦⇤30 ⌦⇤30 + (1 � i
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0 y⇤↵0⇧0 1
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⇧
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(14)

which manifest the SU(5) relation, Md = MT
e , except for

the factor of �3 in the (22) entry of Me, due to the SU(5)
CG coe⌃cient through the coupling to �45. In addition
to this �3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coe⌃cients
in the above mass matrices arise entirely from the CG
coe⌃cients of the T ⇤ group theory. More precisely, these
complex CG coe⌃cients appear in couplings that involve
the doublet representations of T ⇤.

The mass matrices Mu,d are diagonalized by,
V †

u,RMuVu,L = diag(mu,mc,mt) and V †
d,RMdVd,L =

diag(md,ms,mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,

Lcc =
g

2
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⌅
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⌃

⌦�

L

. (15)

The complex mass matrices Mu,d lead to a complex quark
mixing matrix, VCKM = V †

u,LVd,L.
The interactions in LFF lead to the following neutrino

mass matrix,

M⇥ =

⇧
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� 0 2 0 � 0 + u0

� 0 � 0 + u0 2 0
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, (16)
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)
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⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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�
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= N0 (10)

(d)T � invariant :
�
⇥
⇥
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where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

dim-7

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,
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where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,
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where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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Down Quark & Charged Lepton Sectors

• operators:

• generation of b-quark mass: breaking of  T′ : dynamical origin for hierarchy 
between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The Model

• (d)T breaking:

! charged fermion sector

The Lagrangian of the model is given as follows,
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, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.
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• (d)T breaking:

! charged fermion sector
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Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥
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The Lagrangian of the model is given as follows,
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, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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corrections to TBM

Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:
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explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.
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mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
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Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
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The Lagrangian of the model is given as follows,
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where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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6

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo

7

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)
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, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH
�
5FT3⇧� +

1
⇥3

⇤
ys�45FTa⇧⌃N + ydH

�
5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

corrections to TBM

2

T3 Ta F H5 H ′
5 ∆45 φ φ′ ψ ψ′ ζ N ξ η

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1

Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10

Z′
12 ω ω4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1

TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ω = eiπ/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)×T ′ symmetry, we further impose a Z12×Z ′

12

symmetry. Due to the Z12×Z ′
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

−LTT = ytH5T3T3 +
1

Λ2
H5

[

ytsT3Taψζ

+ycTaTbφ
2

]

+
1

Λ3
yuH5TaTbφ

′3 , (4)

−LTF =
1

Λ2
ybH

′
5
FT3φζ +

1

Λ3

[

ys∆45FTaφψN

+ydH5
′FTaφ

2ψ′

]

, (5)

−LFF =
1

ΛMX

[

λ1H5H5FF ξ + λ2H5H5FFη

]

, (6)

which is invariant under SU(5) × T ′ and it is CP non-
invariant. Here the parameter Λ is the cutoff scale of
the T ′ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ′ flavon fields acquire vacuum
expectation values along the following direction,

〈ξ〉 =





1
1
1



 ξ0Λ , 〈φ′〉 =





1
1
1



 φ′
0Λ , (7)

〈φ〉 =





0
0
1



φ0Λ , 〈ψ〉 =

(

1
0

)

ψ′
0Λ , (8)

〈ψ′〉 =

(

1
1

)

ψ′
0Λ , (9)

〈ζ〉 = ζ0Λ , 〈N〉 = N0Λ , 〈η〉 = u0Λ . (10)

Note that all the expectation values are real.
In terms of the T ′ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

− LYuk ⊃ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij'L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, 'L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ′ and the electroweak symmetry, are given
in terms of seven parameters by

Mu =







iφ′3
0 (1−i

2
)φ′3

0 0

(1−i
2

)φ′3
0 φ′3

0 + (1 − i
2
)φ2

0 y′ψ0ζ0

0 y′ψ0ζ0 1






ytvu, (12)

Md =







0 (1 + i)φ0ψ′
0 0

−(1 − i)φ0ψ′
0 ψ0N0 0

φ0ψ′
0 φ0ψ′

0 ζ0






ydvdφ0 , (13)

Me =







0 −(1 − i)φ0ψ′
0 φ0ψ′

0

(1 + i)φ0ψ′
0 −3ψ0N0 φ0ψ′

0

0 0 ζ0






ydvdφ0 ,

(14)

which manifest the SU(5) relation, Md = MT
e , except for

the factor of −3 in the (22) entry of Me, due to the SU(5)
CG coefficient through the coupling to ∆45. In addition
to this −3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coefficients
in the above mass matrices arise entirely from the CG
coefficients of the T ′ group theory. More precisely, these
complex CG coefficients appear in couplings that involve
the doublet representations of T ′.

The mass matrices Mu,d are diagonalized by,

V †
u,RMuVu,L = diag(mu, mc, mt) and V †

d,RMdVd,L =
diag(md, ms, mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,

Lcc =
g

2
√

2

[

Wµ
+((x, t)J−

µ ((x, t) + Wµ
−((x, t)J+

µ ((x, t)

]

,

J−
µ = (u′, c′, t

′
)LγµVCKM







d′

s′

b′







L

. (15)

The complex mass matrices Mu,d lead to a complex quark

mixing matrix, VCKM = V †
u,LVd,L.

The interactions in LFF lead to the following neutrino
mass matrix,

Mν =







2ξ0 + u0 −ξ0 −ξ0

−ξ0 2ξ0 −ξ0 + u0

−ξ0 −ξ0 + u0 2ξ0







λv2

Mx
, (16)
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T ⇥ ⌅ GTST 2 :

T ⇥ � invariant:

T ⇥ ⌅ GT :

T ⇥ ⌅ nothing:
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1

2

T3 Ta F H5 H �
5 �45 ⌅ ⌅� ⇧ ⇧� � N ⇤ ⇥

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1� 3 3 2� 2 1�� 1� 3 1

Z12 ⌃5 ⌃2 ⌃5 ⌃2 ⌃2 ⌃5 ⌃3 ⌃2 ⌃6 ⌃9 ⌃9 ⌃3 ⌃10 ⌃10

Z�
12 ⌃ ⌃4 ⌃8 ⌃10 ⌃10 ⌃3 ⌃3 ⌃6 ⌃7 ⌃8 ⌃2 ⌃11 1 1

TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ⌃ = ei�/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)⇥T ⇤ symmetry, we further impose a Z12 ⇥Z ⇤

12

symmetry. Due to the Z12⇥Z ⇤
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

�LTT = ytH5T3T3 +
1
⇥2

H5

⇤
ytsT3Ta↵⇧

+ycTaTb⌦
2

⌅
+

1
⇥3

yuH5TaTb⌦
⇤3 , (4)

�LTF =
1
⇥2

ybH
⇤
5FT3⌦⇧ +

1
⇥3

⇤
ys�45FTa⌦↵N

+ydH5
�FTa⌦

2↵⇤
⌅

, (5)

�LFF =
1

⇥MX

⇤
�1H5H5FF  + �2H5H5FF⌃

⌅
, (6)

which is invariant under SU(5) ⇥ T ⇤ and it is CP non-
invariant. Here the parameter ⇥ is the cuto⇤ scale of
the T ⇤ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ⇤ flavon fields acquire vacuum
expectation values along the following direction,

�  =

⇧

⌥
1
1
1

⌃

�  0⇥ , �⌦⇤ =

⇧

⌥
1
1
1

⌃

�⌦⇤0⇥ , (7)

�⌦ =

⇧

⌥
0
0
1

⌃

�⌦0⇥ , �↵ =
�

1
0

⇥
↵0⇥ , (8)

�↵⇤ =
�

1
1

⇥
↵⇤

0⇥ , (9)

�⇧ = ⇧0⇥ , �N = N0⇥ , �⌃ = u0⇥ . (10)

Note that all the expectation values are real.
In terms of the T ⇤ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

�LYuk ⇧ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij�L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, �L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ⇤ and the electroweak symmetry, are given
in terms of seven parameters by

Mu =

⇧

 ⌥
i⌦⇤30 ( 1�i

2 )⌦⇤30 0
( 1�i

2 )⌦⇤30 ⌦⇤30 + (1 � i
2 )⌦2

0 y⇤↵0⇧0
0 y⇤↵0⇧0 1

⌃

⌦� ytvu, (12)

Md =

⇧

 ⌥
0 (1 + i)⌦0↵⇤

0 0
�(1 � i)⌦0↵⇤

0 ↵0N0 0
⌦0↵⇤

0 ⌦0↵⇤
0 ⇧0

⌃

⌦� ydvd⌦0 , (13)

Me =

⇧

 ⌥
0 �(1 � i)⌦0↵⇤

0 ⌦0↵⇤
0

(1 + i)⌦0↵⇤
0 �3↵0N0 ⌦0↵⇤

0

0 0 ⇧0

⌃

⌦� ydvd⌦0 ,

(14)

which manifest the SU(5) relation, Md = MT
e , except for

the factor of �3 in the (22) entry of Me, due to the SU(5)
CG coe⌃cient through the coupling to �45. In addition
to this �3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coe⌃cients
in the above mass matrices arise entirely from the CG
coe⌃cients of the T ⇤ group theory. More precisely, these
complex CG coe⌃cients appear in couplings that involve
the doublet representations of T ⇤.

The mass matrices Mu,d are diagonalized by,
V †

u,RMuVu,L = diag(mu,mc,mt) and V †
d,RMdVd,L =

diag(md,ms,mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,

Lcc =
g

2
↵

2

⇤
Wµ

+(.x, t)J�
µ (.x, t) + Wµ

�(.x, t)J+
µ (.x, t)

⌅
,

J�
µ = (u⇤, c⇤, t⇤)L⇤µVCKM

⇧

 ⌥
d⇤

s⇤

b⇤

⌃

⌦�

L

. (15)

The complex mass matrices Mu,d lead to a complex quark
mixing matrix, VCKM = V †

u,LVd,L.
The interactions in LFF lead to the following neutrino

mass matrix,

M⇥ =

⇧

 ⌥
2 0 + u0 � 0 � 0

� 0 2 0 � 0 + u0

� 0 � 0 + u0 2 0

⌃

⌦�
�v2

Mx
, (16)

The Model

• (d)T breaking:

! charged fermion sector

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,
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The Lagrangian of the model is given as follows,
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where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar
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(d)T − invariant :
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sentation is given by [10],
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while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)
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are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,

4

19

2⇤ 2 = 2⇥ ⇤ 2⇥⇥ = 2⇥⇥ ⇤ 2⇥ = 3⇥ 1

3 =

⇧

⌥

�
1�i
2

⇥
(�1⇥2 + �2⇥1)
i�1⇥1

�2⇥2

⌃

�

2⇤ 3 = 2⇥ 2⇥ ⇥ 2⇥⇥

2 =
⇤

(1 + i)�2⇥2 + �1⇥1

(1� i)�1⇥3 � �2⇥1

⌅

VCKM =

T ⇥ ⌅ GTST 2 :

T ⇥ � invariant:

T ⇥ ⌅ GT :

1

2⇤ 2 = 2⇥ ⇤ 2⇥⇥ = 2⇥⇥ ⇤ 2⇥ = 3⇥ 1

3 =

⇧

⌥

�
1�i
2

⇥
(�1⇥2 + �2⇥1)
i�1⇥1

�2⇥2

⌃

�

2⇤ 3 = 2⇥ 2⇥ ⇥ 2⇥⇥

2 =
⇤

(1 + i)�2⇥2 + �1⇥1

(1� i)�1⇥3 � �2⇥1

⌅

VCKM =

T ⇥ ⌅ GTST 2 :

T ⇥ � invariant:

T ⇥ ⌅ GT :

T ⇥ ⌅ nothing:

T ⇥ ⌅ GS :

1

2⇤ 2 = 2⇥ ⇤ 2⇥⇥ = 2⇥⇥ ⇤ 2⇥ = 3⇥ 1

3 =

⇧

⌥

�
1�i
2

⇥
(�1⇥2 + �2⇥1)
i�1⇥1

�2⇥2

⌃

�

2⇤ 3 = 2⇥ 2⇥ ⇥ 2⇥⇥

2 =
⇤

(1 + i)�2⇥2 + �1⇥1

(1� i)�1⇥3 � �2⇥1

⌅

VCKM =

T ⇥ ⌅ GTST 2 :

T ⇥ � invariant:

T ⇥ ⌅ GT :

T ⇥ ⌅ nothing:

T ⇥ ⌅ GS :

1

The Model

• (d)T breaking:

! charged fermion sector

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,

4

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
〈

ξ
〉

= ξ0Λ











1

1

1











,
〈

φ′
〉

= φ′
0Λ











1

1

1











, (7)

(d)T −→ GT :
〈

φ
〉

= φ0Λ











1

0

0











,
〈

ψ
〉

= ψ0Λ





1

0



 (8)

(d)T −→ nothing :
〈

ψ′
〉

= ψ′
0Λ





1

1



 (9)

(d)T −→ GS :
〈

ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3











−1 2 2

2 −1 2

2 2 −1











, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,

4

Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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H5T3Ta ⇧�, ⇧

⇧⌅, ⇧⌅�, ⇧�⌅, ⇧�⌅�, ⇧��, ⇧�N, ⇧N

⇧3, ⇧⇧�2, ⇧⌅2, ⇧⌅�2, ⇧⌅�, ⇧⌅��, ⇧�3, ⇧�⇧2, ⇧�⌅2, ⇧�⌅�2, ⇧�⌅�, ⇧�⌅��,

⇧⌅N,⇧⌅�N, ⇧�⌅N,⇧�⌅�N
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H5FT3 ⌅, ⌅�

⇧2, ⌅2, ⌅�2, ⌅�⌅, ⇧�2, ⇧⇧�, ⌅��, ⌅�N, ⌅N

⌅3, ⌅�3, ⌅2⌅�, ⌅⌅�2, ⌅�2, ⌅��2,⌅⇧2, ⌅�⇧�2, �⇧2, �⇧�2, ⌅�⇧2, ⌅⇧2,

⌅N2, ⌅�N2, ⌅N�, ⌅�N�, N⇧2, �⇧2, �⇧⇧�, N⇧⇧�

⇤, ⇤2, ⇤N, ⇤�, ⇤⇥, ⇤⌅, ⇤⌅�, ⇤3, ⇤2N, ⇤2�, ⇤2⇥, ⇤2⌅, ⇤2⌅�, ⇤⌅2,

⇤⌅�2, ⇤⌅⌅�, ⇤⌅N, ⇤⌅�, ⇤⌅⇥, ⇤⌅�N, ⇤⌅��, ⇤⌅�⇥, ⌅�⇥, ⌅⇥2, ⌅⇥N, ⌅⇥�, ⌅�⇥2, ⌅�⇥N, ⌅�⇥�, ⇥⇧2,

⇥⇧�2, ⌅⇥, ⌅⇥N, ⌅⇥�, ⌅�⇥2, ⌅�⇥N, ⇥⇧⇧�

H5FTa ⇧, ⇧�

⇧⌅�, ⇧�⌅, ⇧�⌅�, ⌅⇧

⇧⌅2, ⇧⌅�, ⇧�⌅�, ⇧⌅�2, ⇧�⌅�2, ⇧⌅⌅�, ⇧�⌅⌅�, ⇧⌅��, ⇧�⌅��, ⇧⌅N, ⇧�⌅N, ⇧⌅�N, ⇧�⌅�N

⇧⇤, ⇧�⇤, ⇧⇤2, ⇧�⇤2, ⇧⇤⌅, ⇧⇤⌅�, ⇧�⇤⌅, ⇧�⇤⌅�,

⇧⇤N, ⇧⇤⇥,⇧⇤�, ⇧�⇤�, ⇧�⇤⇥, ⇧�⇤N, ⇧⌅⇥, ⇧�⌅⇥, ⇧�⌅�⇥, ⇧⌅�⇥, ⇧�⌅�⇥, ⇧⌅⇥, ⇧�⌅⇥
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where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,
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ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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The Lagrangian of the model is given as follows,
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1
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ytsH5T3Ta⌃� +
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⇥2
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2 +

1
⇥3
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�3 (4)

LTF =
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⇥2
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1
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2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
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= ⌅0⇥
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   ⌥
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�
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⇥
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where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],
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1
3
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�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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corrections to TBM

Down Quark Sector

• operators:

• generation of b-quark mass: breaking of  (d)T : dynamical origin for 
hierarchy between mb and mt 

• lighter family acquire masses thru operators with higher dimensionality

! dynamical origin of mass hierarchy

• symmetry breaking:

• mass matrix:

• consider 2nd, 3rd families only:   TBM exact

• Georgi-Jarlskog relations:

The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,
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�
⌃
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⌃
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sentation is given by [9],
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1
3
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   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.
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allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,
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H5T3Ta ⇧�, ⇧
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⌅�⇥�,⌅⇥, ⌅�⇥, ⇤N2, ⇤⇥2, ⇤�2

H5FT3 ⌅, ⌅�

⇧2, ⌅2, ⌅�2, ⌅�⌅, ⇧�2, ⇧⇧�, ⌅��, ⌅�N, ⌅N

⌅3, ⌅�3, ⌅2⌅�, ⌅⌅�2, ⌅�2, ⌅��2,⌅⇧2, ⌅�⇧�2, �⇧2, �⇧�2, ⌅�⇧2, ⌅⇧2,
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TABLE II: Additional operators that are allowed by the SU(5) � (d)T symmetry up to dim-7. For each

operator shown above, there is a corresponding one with H5 ⇤ �45.

Upon the breaking of (d)T ⇥ GT, the operator �45FTa⌅N contributes to the (22) element in Md, e,

and thus gives rise to ms and mµ. As this operator involves �45, the GJ relation for the second

family, mµ ⌅ 3ms is obtained. If no further symmetry breaking takes place, the first generation

masses, md and me vanishes. At this stage, the diagonalization mass matrix for the charged leptons

(and down type quark) is identity, and hence the the tri-bimaximal mixing matrix is exact.

To obtain the correct mass relation for the first generation, it inevitably calls for flavor mixing

in the down quark sector, which then leads to corrections to the tri-bimaximal mixing pattern.
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The correction to the ⇤12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇤12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇤12 = 0.3. The GJ relation for the first family, md ⌅ 3me, is obtained due to the

operator H5FTa⌅2⇧⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌅0⇧⇥
0 0

�(1� i)⌅0⇧⇥
0 ⇧0N0 0

⌅0⇧⇥
0 ⌅0⇧⇥

0 ⇥0

⇧

   ⌥
ybvd⌅0, (15)

Me =

⌅

���⌃

0 �(1� i)⌅0⇧⇥
0 ⌅0⇧⇥

0

(1 + i)⌅0⇧⇥
0 �3⇧0N0 ⌅0⇧⇥

0

0 0 ⇥0

⇧

   ⌥
ybvd⌅0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌅0 and ⇧⇥
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌅0⇧⇥
0, they are naturally

smaller compared to ⇧0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇤12 and ⇤13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⇧
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌅⇥

and H5TaTa⌅2. The breaking of (d)T ⇤ GTST2 gives rise the up quark mass through the operator

H5TaTb⌅⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌅⇥3
0

1�i
2 ⌅⇥3

0 0
1�i
2 ⌅⇥3

0 ⌅⇥3
0 + (1� i

2)⌅2
0 y⇥⇧0⇥0

0 y⇥⇧0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⇧0 and ⌅⇥
0, and y⇥ = yts/

⇧
ycyt.

The mixing angel ⇤u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇤u
12 ⌅

⌦
mu/mc, while the mixing angle ⇤d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇤d
12 ⌅

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇤c, is therefore given by ⇤c ⌅
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇥
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇤d
12 is of the size of the Cabibbo
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧

   ⌥

1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.
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We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

corrections to TBM

2

T3 Ta F H5 H ′
5 ∆45 φ φ′ ψ ψ′ ζ N ξ η

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
(d)T 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1

Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10

Z′
12 ω ω4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1

TABLE I: Field content of our model. The Z12 charges are
given in terms of the parameter ω = eiπ/6.

gauge anomalies automatically [12, 13]. In addition to
the SU(5)×T ′ symmetry, we further impose a Z12×Z ′

12

symmetry. Due to the Z12×Z ′
12 symmetry, only nine op-

erators are allowed in our model up to mass dimension-7
in the Yukawa sector. The discrete symmetries of our
model allow the lighter generation masses to arise only
at higher mass dimensionality, and thus providing a dy-
namical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is
given by,

LYuk = LTT + LTF + LFF + h.c. , (3)

−LTT = ytH5T3T3 +
1

Λ2
H5

[

ytsT3Taψζ

+ycTaTbφ
2

]

+
1

Λ3
yuH5TaTbφ

′3 , (4)

−LTF =
1

Λ2
ybH

′
5
FT3φζ +

1

Λ3

[

ys∆45FTaφψN

+ydH5
′FTaφ

2ψ′

]

, (5)

−LFF =
1

ΛMX

[

λ1H5H5FF ξ + λ2H5H5FFη

]

, (6)

which is invariant under SU(5) × T ′ and it is CP non-
invariant. Here the parameter Λ is the cutoff scale of
the T ′ symmetry while MX is the scale where lepton
number violating operators are generated. Note that all
Yukawa coupling constants, yx, in the Lagrangian are
real parameters. The T ′ flavon fields acquire vacuum
expectation values along the following direction,

〈ξ〉 =





1
1
1



 ξ0Λ , 〈φ′〉 =





1
1
1



 φ′
0Λ , (7)

〈φ〉 =





0
0
1



φ0Λ , 〈ψ〉 =

(

1
0

)

ψ′
0Λ , (8)

〈ψ′〉 =

(

1
1

)

ψ′
0Λ , (9)

〈ζ〉 = ζ0Λ , 〈N〉 = N0Λ , 〈η〉 = u0Λ . (10)

Note that all the expectation values are real.
In terms of the T ′ and SU(5) component fields, the

above Lagrangian gives the following Yukawa interactions

for the charged fermions in the weak charged current in-
teraction eigenstates,

− LYuk ⊃ UR,i(Mu)ijQL,j + DR,i(Md)ijQL,j

+ER,i(Me)ij'L,j + h.c. , (11)

where QL denotes the quark doublets while UR and DR

denotes the iso-singet up- and down-type quarks, with
i and j being the generation indices. Similarly, 'L and
ER denote the iso-doublet and singlet charged leptons,
respectively. The matrices Mu, Md and Me, upon the
breaking of T ′ and the electroweak symmetry, are given
in terms of seven parameters by

Mu =







iφ′3
0 (1−i

2
)φ′3

0 0

(1−i
2

)φ′3
0 φ′3

0 + (1 − i
2
)φ2

0 y′ψ0ζ0

0 y′ψ0ζ0 1






ytvu, (12)

Md =







0 (1 + i)φ0ψ′
0 0

−(1 − i)φ0ψ′
0 ψ0N0 0

φ0ψ′
0 φ0ψ′

0 ζ0






ydvdφ0 , (13)

Me =







0 −(1 − i)φ0ψ′
0 φ0ψ′

0

(1 + i)φ0ψ′
0 −3ψ0N0 φ0ψ′

0

0 0 ζ0






ydvdφ0 ,

(14)

which manifest the SU(5) relation, Md = MT
e , except for

the factor of −3 in the (22) entry of Me, due to the SU(5)
CG coefficient through the coupling to ∆45. In addition
to this −3 factor, the Georgi-Jarlskog (GJ) relations also
require Me,d being non-diagonal, leading to corrections to
the TBM pattern [9]. Note that the complex coefficients
in the above mass matrices arise entirely from the CG
coefficients of the T ′ group theory. More precisely, these
complex CG coefficients appear in couplings that involve
the doublet representations of T ′.

The mass matrices Mu,d are diagonalized by,

V †
u,RMuVu,L = diag(mu, mc, mt) and V †

d,RMdVd,L =
diag(md, ms, mb), where the mass eigenvalues on the
right-hand side of the equations are real and positive.
This gives the following weak charged current interaction
in the mass eigenstates of the fermions,

Lcc =
g

2
√

2

[

Wµ
+((x, t)J−

µ ((x, t) + Wµ
−((x, t)J+

µ ((x, t)

]

,

J−
µ = (u′, c′, t

′
)LγµVCKM







d′

s′

b′







L

. (15)

The complex mass matrices Mu,d lead to a complex quark

mixing matrix, VCKM = V †
u,LVd,L.

The interactions in LFF lead to the following neutrino
mass matrix,

Mν =







2ξ0 + u0 −ξ0 −ξ0

−ξ0 2ξ0 −ξ0 + u0

−ξ0 −ξ0 + u0 2ξ0







λv2

Mx
, (16)
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The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1
⇥2

ytsH5T3Ta⌃� +
1
⇥2

ycH5TaTa⇧
2 +

1
⇥3

yuH5TaTa⇧
�3 (4)

LTF =
1
⇥2

ybH5FT3⇧� +
1
⇥3

⇤
ys�45FTa⇧⌃N + ydH5FTa⇧

2⌃�
⌅

(5)

LFF =
1

Mx⇥

⇤
⇤1H5H5F F ⌅ + ⇤2H5H5F F⇥

⌅
, (6)

where Mx is the cuto⇤ scale at which the lepton number violation operator HHF F is generated,

while ⇥ is the cuto⇤ scale, above which the (d)T symmetry is exact. The parameters y’s and ⇤’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T �⇤ GTST2 :
�
⌅
⇥

= ⌅0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
,
�
⇧�⇥ = ⇧�

0⇥

⇧

   ⌥

1

1

1

⌃

⌦⌦⌦�
, (7)

(d)T �⇤ GT :
�
⇧
⇥

= ⇧0⇥

⇧
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1

0

0

⌃

⌦⌦⌦�
,
�
⌃
⇥

= ⌃0⇥

⇧

⌥ 1

0

⌃

� (8)

(d)T �⇤ nothing :
�
⌃�⇥ = ⌃�

0⇥

⇧

⌥ 1

1

⌃

� (9)

(d)T �⇤ GS :
�
�
⇥

= �0,
�
N
⇥

= N0 (10)

(d)T � invariant :
�
⇥
⇥

= u (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [9],

TST 2 =
1
3

⇧

   ⌥

�1 2 2

2 �1 2

2 2 �1

⌃

⌦⌦⌦�
, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [9].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)⇥ (d)T symmetry in Table II. By imposing an additional Z12⇥Z �
12 symmetry,

4

complex CG

The correction to the ⌅12 due to mixing in the charged lepton sector can account for the di⇥erence

between sin2 ⌅12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⌅12 = 0.3. The GJ relation for the first family, md ⌃ 3me, is obtained due to the

operator H5FTa⌃2⌥⇥, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅
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   ⌥
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0

0 0 ⇥0
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   ⌥
ybvd⌃0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌃0 and ⌥⇥
0.

Since the o⇥ diagonal elements in these mass matrices involve two VEV’s, ⌃0⌥⇥
0, they are naturally

smaller compared to ⌥0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⌅12 and ⌅13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⌥
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌃⇥

and H5TaTa⌃2. The breaking of (d)T ⌅ GTST2 gives rise the up quark mass through the operator

H5TaTb⌃⇥3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌃⇥3
0

1�i
2 ⌃⇥3

0 0
1�i
2 ⌃⇥3

0 ⌃⇥3
0 + (1� i

2)⌃2
0 y⇥⌥0⇥0

0 y⇥⌥0⇥0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⌥0 and ⌃⇥
0, and y⇥ = yts/

⌥
ycyt.

The mixing angel ⌅u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⌅u
12 ⌃

⌦
mu/mc, while the mixing angle ⌅d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⌅d
12 ⌃

⌦
md/ms, to the leading order. The

Cabibbo angle, ⌅c, is therefore given by ⌅c ⌃
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇤
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⌅d
12 is of the size of the Cabibbo
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⇧, ⇧2, ⇧N, ⇧⇥, ⇧⇤, ⇧⌃, ⇧⌃�, ⇧3, ⇧2N, ⇧2⇥, ⇧2⇤, ⇧2⌃, ⇧2⌃�, ⇧⌃2,

⇧⌃�2, ⇧⌃⌃�, ⇧⌃N, ⇧⌃⇥, ⇧⌃⇤, ⇧⌃�N, ⇧⌃�⇥, ⇧⌃�⇤, ⌃�⇤, ⌃⇤2, ⌃⇤N, ⌃⇤⇥, ⌃�⇤2, ⌃�⇤N, ⌃�⇤⇥, ⇤⌥2,

⇤⌥�2, ⌃⇤, ⌃⇤N, ⌃⇤⇥, ⌃�⇤2, ⌃�⇤N, ⇤⌥⌥�

H5FTa ⌥, ⌥�

⌥⌃�, ⌥�⌃, ⌥�⌃�, ⌃⌥

⌥⌃2, ⌥⌃⇥, ⌥�⌃⇥, ⌥⌃�2, ⌥�⌃�2, ⌥⌃⌃�, ⌥�⌃⌃�, ⌥⌃�⇥, ⌥�⌃�⇥, ⌥⌃N, ⌥�⌃N, ⌥⌃�N, ⌥�⌃�N

⌥⇧, ⌥�⇧, ⌥⇧2, ⌥�⇧2, ⌥⇧⌃, ⌥⇧⌃�, ⌥�⇧⌃, ⌥�⇧⌃�,

⌥⇧N, ⌥⇧⇤,⌥⇧⇥, ⌥�⇧⇥, ⌥�⇧⇤, ⌥�⇧N, ⌥⌃⇤, ⌥�⌃⇤, ⌥�⌃�⇤, ⌥⌃�⇤, ⌥�⌃�⇤, ⌥⌃⇤, ⌥�⌃⇤

TABLE II: Additional operators that are allowed by the SU(5) ⇥ (d)T symmetry up to dim-7. For each

operator shown above, there is a corresponding one with H5 ⇧ �45.

Upon the breaking of (d)T ⌅ GT, the operator �45FTa⌃N contributes to the (22) element in Md, e,

and thus gives rise to ms and mµ. As this operator involves �45, the GJ relation for the second

family, mµ ⌃ 3ms is obtained. If no further symmetry breaking takes place, the first generation

masses, md and me vanishes. At this stage, the diagonalization mass matrix for the charged leptons

(and down type quark) is identity, and hence the the tri-bimaximal mixing matrix is exact.

To obtain the correct mass relation for the first generation, it inevitably calls for flavor mixing

in the down quark sector, which then leads to corrections to the tri-bimaximal mixing pattern.

6

corrections to TBM

18

Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 16, 2010

1 Introduction

Experimentally, the best fit values for the neutrino mixing angles are very close
to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =

0

@

p
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p
1/3 0

�
p
1/6

p
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p
1/2

�
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1/6

p
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A (1)

which predicts sin2 ⇤atm = 1/2, tan2 ⇤� = 1/2 and sin ⇤13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +W� , (2)
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In terms of the T ⇥ and SU(5) component fields, the above Lagrangian gives
the following Yukawa interactions for the charged fermions in the weak charged
current interaction eigenstates,

�LYuk ⇤ UR,i(Mu)ijQL,j +DR,i(Md)ijQL,j + ER,i(Me)ij⌃L,j + h.c. ,(10)

where QL denotes the quark doublets while UR and DR denotes the iso-singet
up- and down-type quarks, with i and j being the generation indices. Similarly,
⌃L and ER denote the iso-doublet and singlet charged leptons, respectively.
The matrices Mu, Md and Me, upon the breaking of T ⇥ and the electroweak
symmetry, are given in terms of seven parameters by [8]

Mu =

�

⇤
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0 ( 1�i
2 )⌅⇥3

0 0
( 1�i

2 )⌅⇥3
0 ⌅⇥3

0 + (1� i
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0 y⇥⇧0�0 1

⇥

⌅ ytvu, (11)
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0 (1 + i)⌅0⇧⇥

0 0
�(1� i)⌅0⇧⇥

0 ⇧0� ⇥0 0
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0 ⌅0⇧⇥
0 �0
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⌅ ydvd⌅0 , (12)

Me =

�
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0 �(1� i)⌅0⇧⇥

0 ⌅0⇧⇥
0

(1 + i)⌅0⇧⇥
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0
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⇥

⌅ ydvd⌅0 . (13)

Here we have absorbed the couplings, yd, ys, yc/yt and yu/yt, by re-scaling
the VEV’s, ⌅0, ⇧⇥

0, ⇧0, and ⌅⇥
0, respectively. We also define y⇥ = yts/

⌅
ycyt.

The SU(5) relation, Md = MT
e , is manifest in the above equations, except

for the factor of �3 in the (22) entry of Me, due to the SU(5) CG coe⇥cient
through the coupling to �45. In addition to this �3 factor, the Georgi-Jarlskog
(GJ) relations also require Me,d being non-diagonal, leading to corrections to
the TBM pattern [8]. Note that the complex coe⇥cients in the above mass
matrices arise entirely from the CG coe⇥cients of the T ⇥ group theory. More
precisely, these complex CG coe⇥cients appear in couplings that involve the
doublet representations of T ⇥.

The complex mass matrices Mu,d lead to a complex quark mixing matrix,

VCKM = V †
u,LVd,L.

The interactions in LFF lead to the following neutrino mass matrix,

M� =

�

⇤
2⇤0 + u0 �⇤0 �⇤0
�⇤0 2⇤0 �⇤0 + u0

�⇤0 �⇤0 + u0 2⇤0

⇥

⌅ ⇥v2

Mx
, (14)

which is parametrized by two parameters, giving the three absolute neutrino
masses [8] (see below). Here the coupling ⇥2/⇥1 has been absorbed by re-
defining the VEV, u0, and ⇥ = ⇥1. As these interactions involve only the
triplet representations of T ⇥, the relevant product rule is 3 ⇥ 3. Consequently,
all CG coe⇥cients are real, leading to a real neutrino Majorana mass matrix.
The neutrino mass matrix given in Eq. 14 has the special property that it is
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the VEV’s, ⌅0, ⇧⇥

0, ⇧0, and ⌅⇥
0, respectively. We also define y⇥ = yts/

⌅
ycyt.

The SU(5) relation, Md = MT
e , is manifest in the above equations, except

for the factor of �3 in the (22) entry of Me, due to the SU(5) CG coe⇥cient
through the coupling to �45. In addition to this �3 factor, the Georgi-Jarlskog
(GJ) relations also require Me,d being non-diagonal, leading to corrections to
the TBM pattern [8]. Note that the complex coe⇥cients in the above mass
matrices arise entirely from the CG coe⇥cients of the T ⇥ group theory. More
precisely, these complex CG coe⇥cients appear in couplings that involve the
doublet representations of T ⇥.

The complex mass matrices Mu,d lead to a complex quark mixing matrix,

VCKM = V †
u,LVd,L.

The interactions in LFF lead to the following neutrino mass matrix,

M� =

�

⇤
2⇤0 + u0 �⇤0 �⇤0
�⇤0 2⇤0 �⇤0 + u0

�⇤0 �⇤0 + u0 2⇤0

⇥

⌅ ⇥v2

Mx
, (14)

which is parametrized by two parameters, giving the three absolute neutrino
masses [8] (see below). Here the coupling ⇥2/⇥1 has been absorbed by re-
defining the VEV, u0, and ⇥ = ⇥1. As these interactions involve only the
triplet representations of T ⇥, the relevant product rule is 3 ⇥ 3. Consequently,
all CG coe⇥cients are real, leading to a real neutrino Majorana mass matrix.
The neutrino mass matrix given in Eq. 14 has the special property that it is
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Model Predictions

• Charged Fermion Sector (7 parameters)

• model parameters:

Vcb Vub

Georgi-Jarlskog relations ⇒ Vd,L ≠ I

SU(5) ⇒ Md = (Me)T 

⇒ corrections to TBM related to θc

angle, the corresponding mixing angle in the charged lepton sector, ⇧e
12, is much suppressed due to

the GJ relations,

⇧e
12 ⇧

↵
me

mµ
⇧ 1

3

↵
md

ms
⇤ 1

3
⇧c . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 ⇧⇥ ⇧ tan2 ⇧⇥,TBM � ei⇥⇧c/3 , (19)

where the relative phase ⇥ is determined by the strengths and phases of the VEV’s, ⌃0 and ⌥⇤
0.

With ⇧c ⇧ 0.22 and (⌃0⌥⇤
0) being real, the factor ei⇥ turns out to be very close to 1. This

deviation thus naturally accounts for the di�erence between the prediction of the TBM matrix,

which gives tan2 ⇧⇥,TBM = 1/2, and the experimental best fit value, tan2 ⇧⇥,exp = 0.429. The

o� diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

⇧13 ⇧ ⇧c/3
⌃

2 ⇤ 0.05. We note that a more precise measurement of tan ⇧⇥ will pin down the

phase of ⌃0⌥⇤
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = ⇤2u : ⇤u : 1, md : ms : mb = ⇤2d : ⇤d : 1 , (20)

where ⇤u ⇧ (1/200) = 0.005 and ⇤d ⇧ (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvd⌃0⌅0
=

⌅

���⌃

0 (1 + i)b 0

�(1� i)b c 0

b b 1

⇧

   ⌥
,

Me

ybvd⌃0⌅0
=

⌅

���⌃

0 �(1� i)b b

(1 + i)b �3c b

0 0 1

⇧

   ⌥
,

(21)

and with the choice of b ⇥ ⌃0⌥⇤
0/⌅0 = 0.00789 and c ⇥ ⌥0N0/⌅0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : m⌅ = 0.000870 : 0.143 : 1.00 . (23)

8

The correction to the ⇧12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇧2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇧12 = 0.3. The GJ relation for the first family, md ⇧ 3me, is obtained due to the

operator H5FTa⌃2⌥⇤, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌃0⌥⇤
0 0

�(1� i)⌃0⌥⇤
0 ⌥0N0 0

⌃0⌥⇤
0 ⌃0⌥⇤

0 ⌅0

⇧

   ⌥
ybvd⌃0, (15)

Me =

⌅

���⌃

0 �(1� i)⌃0⌥⇤
0 ⌃0⌥⇤

0

(1 + i)⌃0⌥⇤
0 �3⌥0N0 ⌃0⌥⇤

0

0 0 ⌅0

⇧

   ⌥
ybvd⌃0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌃0 and ⌥⇤
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌃0⌥⇤
0, they are naturally

smaller compared to ⌥0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇧12 and ⇧13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⌥
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌃⌅

and H5TaTa⌃2. The breaking of (d)T ⌅ GTST2 gives rise the up quark mass through the operator

H5TaTb⌃⇤3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌃⇤3
0

1�i
2 ⌃⇤3

0 0
1�i
2 ⌃⇤3

0 ⌃⇤3
0 + (1� i

2)⌃2
0 y⇤⌥0⌅0

0 y⇤⌥0⌅0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⌥0 and ⌃⇤
0, and y⇤ = yts/

⌃
ycyt.

The mixing angel ⇧u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇧u
12 ⇧

⌦
mu/mc, while the mixing angle ⇧d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇧d
12 ⇧

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇧c, is therefore given by ⇧c ⇧
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇤
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇧d
12 is of the size of the Cabibbo

7
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form diagonalizable [14], i.e. independent of the values of ⌥0 and u0, it is
diagonalized by the tri-bimaximal mixing matrix, UT

TBMM�UTBM = diag(u0 +

3⌥0, u0,�u0 + 3⌥0)
v2
u

MX
⇤ diag(m1,m2,m3). While the neutrino mass matrix

is real, the complex charged lepton mass matrix Me, which is diagonalized by,
V †
e,RMeVe,L = diag(me,mµ,m⇥ ), leads to a complex VPMNS = V †

e,LUTBM (see
below).

2 Numerical Predictions

The predicted charged fermion mass matrices in our model are parametrized in
terms of 7 parameters [8],

Mu

ytvu
=

�

⇤
ig 1�i

2 g 0
1�i
2 g g + (1� i

2 )h k
0 k 1

⇥

⌅ , (15)

Md, MT
e

ybvd 0⇧0
=

�

⇤
0 (1 + i)b 0

�(1� i)b (1,�3)c 0
b b 1

⇥

⌅ . (16)

With b ⇤  0⌦⇥
0/⇧0 = 0.00304, c ⇤ ⌦0⇧ ⇥0/⇧0 = �0.0172, k ⇤ y⇥⌦0⇧0 = �0.0266,

h ⇤  2
0 = 0.00426 and g ⇤  ⇥3

0 = 1.45 ⇥ 10�5, the following mass ratios are
obtained, md : ms : mb ⌅ ⌃4.7

c : ⌃2.7
c : 1, mu : mc : mt ⌅ ⌃7.5

c : ⌃3.7
c : 1, with

⌃c ⌅
⇧

md/ms ⌅ 0.225. (These ratios in terms of ⌃c coincide with those give
in [15].) We have also taken yt = 1.25 and yb 0⇧0 ⌅ mb/mt ⌅ 0.011 and have
taken into account the renormalization group corrections. As a result of the
GJ relations, realistic charged lepton masses are obtained. Making use of these
parameters, the complex CKM matrix is,

�

⇤
0.974e�i25.4o 0.227ei23.1

o

0.00412ei166
o

0.227ei123
o

0.973e�i8.24o 0.0412ei180
o

0.00718ei99.7
o

0.0408e�i7.28o 0.999

⇥

⌅ . (17)

b ⇤  0⌦
⇥
0/⇧0 = 0.00304

c ⇤ ⌦0⇧
⇥
0/⇧0 = �0.0172

k ⇤ y⇥⌦0⇧0 = �0.0266

h ⇤  2
0 = 0.00426

g ⇤  ⇥3
0 = 1.45⇥ 10�5

The predictions of our model for the angles in the unitarity triangle are,
⇥ = 23.6o (sin 2⇥ = 0.734), � = 110o, and ⇤ = ⌅q = 45.6o, (where ⌅q is
the CP phase in the standard parametrization), and they agree with the di-
rect measurements within 1� of BaBar and 2� of Belle (M. Antonelli et al in
Ref. [16].) Except for observables whose experimental values are obtained from
direct measurements, comparison between the global fit results and predictions

5

7  parameters in charged fermion sector

mu : mc : mt ! θ7.5
c : θ3.7

c : 1, with θc !
√

md/ms ! 0.225. We have also taken yt/ sin β = 1.25 and

ybφ0ζ0/ cos β ! 0.011, which fit to mt and mb, where tan β ≡ vu/vd.

In the numerical results quoted below, we have included the renormalization group correc-

tions. As a consequence of the Georgi-Jarlskog (GJ) relations, realistic charged lepton masses are

obtained. With these input parameters, the complex CKM matrix is,










0.974e−i25.4o 0.227ei23.1
o

0.00412ei166
o

0.227ei123
o

0.973e−i8.24o 0.0412ei180
o

0.00718ei99.7
o

0.0408e−i7.28o 0.999











. (28)

Values for all |VCKM| elements are consistent with current experimental values [16] except for |Vtd|,

the experimental determination of which has large hadronic uncertainty. The predictions of our

model for the angles in the unitarity triangle are, β = 23.6o (sin 2β = 0.734), α = 110o, and

γ = δq = 45.6o, (where δq is the CP phase in the standard parametrization), and they agree with

the direct measurements within 1σ of BaBar and 2σ of Belle. Potential direct measurements for

these parameters at the LHCb and SuperB Factory can test our predictions.

In the neutrino sector, with the following three input parameters (among which only two are

independent),

ξ0ζ0ζ
′
0 = −0.00791 , η0ζ0ζ

′
0 = 0.01707 , s0Λ = 1012 GeV , (29)

the predictions for the mass square differences are

∆m2
32 = 2.54 × 10−3 eV2 ,∆m2

21 = 7.59 × 10−5 eV2 , (30)

with the three absolute masses being

m1 = 0.0156 eV, m2 = 0.179 eV, m3 = 0.0514 eV , (31)

and the two Majorana phases being

α21 = π, α31 = 0 . (32)

The exact tri-bimaximal mixing pattern is corrected due to the presence of non-diagonal charged

lepton mass matrix, which gives,

Ue,L =











0.838e−i178o 0.543e−i173o 0.0582ei138
o

0.362e−i3.99o 0.610e−i173o 0.705ei3.55
o

0.408ei180
o

0.577 0.707











. (33)
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Numerical Results

• Experimentally:
• CKM Matrix and Quark CPV measures:
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md : ms : mb = ⌃4.7
c : ⌃2.7

c : 1 , (43)

In Eq. 42, mc agrees with Rosner et al, while both mu and mc agree with
Fusaoka et al (hep-ph/9712201, PRD57, 3986, 1998), which has, at Mz,
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with
�1 = 211.6o, �2 = 180o, �3 = 0, ⇥1 = 123o, ⇥2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ⌅ ⌥ = 0.227, s23 ⌅ A⌥2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 ⌃ 0 .
(48)
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with
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⇤
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⌅
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Results from CKMFitter (Moriond 2009) at 3⌦ are

A = 0.767� 0.841 (11)
� = 0.2227� 0.2277 (12)
 = 0.087� 0.212 (13)
⌃ = 0.307� 0.389 (14)
J = (2.69� 3.37)⇤ 10�5 (15)

The three angles of the unitarity triangle:

� = 76o � 110o (direct meas.) , (16)
⇥ = 20.1o � 30.2o (meas. not in the fit) , (17)
⇤ = 18o � 130o (dir. meas.) . (18)

And the 3⌦ allowed range for the CKM matrix elements are

|Vud| = 0.974 (19)
|Vus| = 0.2227� 0.2277 (20)
|Vub| = 0.0031� 0.00395 (measurement not in the fit) (21)
|Vcd| = 0.2226� 0.2276 (22)
|Vcs| = 0.9735 (23)
|Vcb| = 0.0388� 0.0464 (measurement not in the fit) (24)
|Vtd| = 0.00795� 0.00915 (25)
|Vts| = 0.0385� 0.0415 (26)
|Vtb| = 0.999 (27)

With the following input parameters,

b ⌅ ↵0�
⇤
0/⇧0 = 0.00304 (28)

c ⌅ �0N0/⇧0 = �0.0172 (29)
k ⌅ y⇤�0⇧0 = �0.0266 (30)
h ⌅ ↵2

0 = 0.00426 (31)
g ⌅ ↵⇤30 = 0.0000145 (32)

Making use of these parameters, the complex CKM matrix is,
⇤

⇧
0.974e�i25.4o

0.227ei23.1o

0.00412ei166o

0.227ei123o

0.973e�i8.24o

0.0412ei180o

0.00718ei99.7o

0.0408e�i7.28o

0.999

⌅

⌃ . (33)

The predictions of our model for the angles in the unitarity triangle and the
Jarlskog invariant in the quark sector are,
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�1 = 211.6o, �2 = 180o, �3 = 0, ⇥1 = 123o, ⇥2 = 171.5o . (47)

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ⌅ � = 0.227, s23 ⌅ A�2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 ⌃ 0 .
(48)
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The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ⌅ ⌥ = 0.227, s23 ⌅ A⌥2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 ⌃ 0 .
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CPV entirely from 
CG coefficients

Direct measurements @ 3σ
(CKMFitter, ICHEP2012)

predicting: 9 masses, 3 mixing angles, 1 CP 
Phase; all agree with exp within 3σ

Recent LHCb result on 
gamma angle:

Many thanks to the CKMFitter collaboration for absorbing these results

New results push 
the combined best-
fit value to a lower 

value of rB. 
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Model Predictions

• Neutrino Sector (3 parameters)

• with

Georgi-Jarlskog relations ⇒ Vd,L ≠ I

SU(5) ⇒ Md = (Me)T 

⇒ corrections to TBM related to θc

UMNS = V †
e,LUTBM =

�

⇤
1 ��c/3 ⇥

�c/3 1 ⇥
⇥ ⇥ 1

⇥

⌅

�

⇤

⇧
2/3 1/

⇤
3 0

�
⇧

1/6 1/
⇤

3 �1/
⇤

2
�

⇧
1/6 1/

⇤
3 1/

⇤
2

⇥

⌅

(1)

1

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ⌅ ⌥ = 0.227, s23 ⌅ A⌥2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 ⌃ 0 .
(49)

⇤

⇧
0.838 0.542 0.0583e�i227o

�0.385� 0.0345ei227o

0.594� 0.0224ei227o

0.705
0.384� 0.0346ei227o �0.592� 0.0224ei227o

0.707

⌅

⌃ (50)

⇧ |UMNS | =

⇤

⇧
0.838 0.542 0.0583
0.362 0.610 0.705
0.408 0.577 0.707

⌅

⌃ (51)

J� = �0.00967 (52)

Charged lepton diagonalization matrix:
⇤

⇧
0.997ei177o

0.0823ei131o

1.31⇤ 10�5e�i45o

0.0823ei41.8o

0.997ei176o

0.000149e�i3.58o

1.14⇤ 10�6 0.000149 1

⌅

⌃ (53)

sin2 2⌃atm = 1, tan2 ⌃⇤ = 0.419, |Ue3| = 0.0583 (54)

tan2 ⌃⇤ ⌃ tan2 ⌃⇤,TBM +
1
2
⌃c cos ⌅ (55)

4

neutrino mixing
angle 1/2 quark mixing

angle

CG: leptonic Dirac CPV 

angle, the corresponding mixing angle in the charged lepton sector, ⌅e
12, is much suppressed due to

the GJ relations,

⌅e
12 ⌅

⌥
me

mµ
⌅ 1

3

⌥
md

ms
⇤ 1

3
⌅c . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 ⌅� ⌅ tan2 ⌅�,TBM � ei�⌅c/3 , (19)

where the relative phase � is determined by the strengths and phases of the VEV’s, ⇧0 and ⌃⇥
0.

With ⌅c ⌅ 0.22 and (⇧0⌃⇥
0) being real, the factor ei� turns out to be very close to 1. This

deviation thus naturally accounts for the di�erence between the prediction of the TBM matrix,

which gives tan2 ⌅�,TBM = 1/2, and the experimental best fit value, tan2 ⌅�,exp = 0.429. The

o� diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

⌅13 ⌅ ⌅c/3
⇧

2 ⇤ 0.05. We note that a more precise measurement of tan ⌅� will pin down the

phase of ⇧0⌃⇥
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = ⇥2u : ⇥u : 1, md : ms : mb = ⇥2d : ⇥d : 1 , (20)

where ⇥u ⌅ (1/200) = 0.005 and ⇥d ⌅ (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvd⇧0⇤0
=

�

⇧⇧⇧⇤

0 (1 + i)b 0

�(1� i)b c 0

b b 1

⇥

⌃⌃⌃⌅
,

Me

ybvd⇧0⇤0
=

�

⇧⇧⇧⇤

0 �(1� i)b b

(1 + i)b �3c b

0 0 1

⇥

⌃⌃⌃⌅
,

(21)

and with the choice of b ⇥ ⇧0⌃⇥
0/⇤0 = 0.00789 and c ⇥ ⌃0N0/⇤0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : m⇤ = 0.000870 : 0.143 : 1.00 . (23)
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CGs of 
SU(5) & T´
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The correction to the ⇧12 due to mixing in the charged lepton sector can account for the di�erence

between sin2 ⇧2
12 = 1/3 in the tri-bimaximal mixing matrix and the experimentally observed best

fit value, sin2 ⇧12 = 0.3. The GJ relation for the first family, md ⇧ 3me, is obtained due to the

operator H5FTa⌃2⌥⇤, which further breaks the (d)T symmetry down to nothing. The mass matrices

for the down type quarks and charged leptons are thus given by,

Md =

⌅

���⌃

0 (1 + i)⌃0⌥⇤
0 0

�(1� i)⌃0⌥⇤
0 ⌥0N0 0

⌃0⌥⇤
0 ⌃0⌥⇤

0 ⌅0

⇧

   ⌥
ybvd⌃0, (15)

Me =

⌅

���⌃

0 �(1� i)⌃0⌥⇤
0 ⌃0⌥⇤

0

(1 + i)⌃0⌥⇤
0 �3⌥0N0 ⌃0⌥⇤

0

0 0 ⌅0

⇧

   ⌥
ybvd⌃0 (16)

where we have absorbed the coupling constants yd and ys by re-scaling the VEV’s, ⌃0 and ⌥⇤
0.

Since the o� diagonal elements in these mass matrices involve two VEV’s, ⌃0⌥⇤
0, they are naturally

smaller compared to ⌥0, assuming the VEV’s are naturally of the same order of magnitude. Besides

explaining the mass hierarchy, it gives rise to the correct GJ relations in the first and the second

families. Furthermore, as b is small, the corrections to ⇧12 and ⇧13 in the neutrino sector are under

control. Note that there is no correction to Md, e given above at least to the order of dim-7.

The up quark masses are generated by the following Yukawa interactions, LTT . When the
(d)T symmetry is exact, the only operator that is allowed is H5T3T3, thus only top quark mass is

generated, which naturally explains why the top mass is much larger than all other fermion masses.

When
�
⌥
⇥

breaks (d)T down to GT, the mass mc and Vtd is generated by the operators, H5T3Ta⌃⌅

and H5TaTa⌃2. The breaking of (d)T ⌅ GTST2 gives rise the up quark mass through the operator

H5TaTb⌃⇤3. These interactions give rise to the following mass matrix for the up type quarks,

Mu =

⌅

���⌃

i⌃⇤3
0

1�i
2 ⌃⇤3

0 0
1�i
2 ⌃⇤3

0 ⌃⇤3
0 + (1� i

2)⌃2
0 y⇤⌥0⌅0

0 y⇤⌥0⌅0 1

⇧

   ⌥
ytvu , (17)

where we have absorbed yc/yt and yu/yt by re-scaling the VEV’s of ⌥0 and ⌃⇤
0, and y⇤ = yts/

⌃
ycyt.

The mixing angel ⇧u
12 from the up type quark mass matrix given in Eq. 17 is related to mc and

mu as ⇧u
12 ⇧

⌦
mu/mc, while the mixing angle ⇧d

12 arising from the down quark mass matrix Md

given in Eq. 15 is related to the ratio of md and ms as ⇧d
12 ⇧

⌦
md/ms, to the leading order. The

Cabibbo angle, ⇧c, is therefore given by ⇧c ⇧
⇤⇤⌦md/ms � ei�

⌦
mu/mc

⇤⇤ ⇤
⌦

md/ms, where the

relative phase � depends upon the coupling constants. Even though ⇧d
12 is of the size of the Cabibbo

7

angle, the corresponding mixing angle in the charged lepton sector, ⇧e
12, is much suppressed due to

the GJ relations,

⇧e
12 ⇧

↵
me

mµ
⇧ 1

3

↵
md

ms
⇤ 1

3
⇧c . (18)

As a result, the correction to the tri-bimaximal mixing pattern due to the mixing in the charged

lepton sector is small, and is given, to the leading order, by,

tan2 ⇧⇥ ⇧ tan2 ⇧⇥,TBM � ei⇥⇧c/3 , (19)

where the relative phase ⇥ is determined by the strengths and phases of the VEV’s, ⌃0 and ⌥⇤
0.

With ⇧c ⇧ 0.22 and (⌃0⌥⇤
0) being real, the factor ei⇥ turns out to be very close to 1. This

deviation thus naturally accounts for the di�erence between the prediction of the TBM matrix,

which gives tan2 ⇧⇥,TBM = 1/2, and the experimental best fit value, tan2 ⇧⇥,exp = 0.429. The

o� diagonal matrix element in Me also generates a non-zero value for the neutrino mixing angle

⇧13 ⇧ ⇧c/3
⌃

2 ⇤ 0.05. We note that a more precise measurement of tan ⇧⇥ will pin down the

phase of ⌃0⌥⇤
0, and thus the three leptonic CP phases, which may yield interesting consequences

on leptogenesis [10] and lepton flavor violating processes [11].

III. NUMERICAL RESULTS

The observed quark masses respect the following relation,

mu : mc : mt = ⇤2u : ⇤u : 1, md : ms : mb = ⇤2d : ⇤d : 1 , (20)

where ⇤u ⇧ (1/200) = 0.005 and ⇤d ⇧ (1/20) = 0.05.

In our model, the mass matrices for the down type quarks and charged leptons can be

parametrized as,

Md

ybvd⌃0⌅0
=

⌅

���⌃

0 (1 + i)b 0

�(1� i)b c 0

b b 1

⇧

   ⌥
,

Me

ybvd⌃0⌅0
=

⌅

���⌃

0 �(1� i)b b

(1 + i)b �3c b

0 0 1

⇧

   ⌥
,

(21)

and with the choice of b ⇥ ⌃0⌥⇤
0/⌅0 = 0.00789 and c ⇥ ⌥0N0/⌅0 = 0.0474, the mass ratios for the

down type quarks and for the charged leptons are given by,

md : ms : mb = 0.00250 : 0.0499 : 1.00 , (22)

me : mµ : m⌅ = 0.000870 : 0.143 : 1.00 . (23)
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of new physics models is not appropriate, because the global fit is based on the
Standard Model with loop corrections. (Nevertheless, even in this case, our pre-
dictions for the Wolfenstein paramteres, ⇧ = 0.227, A = 0.798, � = 0.299 and
⇤ = 0.306, are very close to the global fit values except for �. Our prediction for
the Jarlskog invariant, J ⇤ Im(VudVcbV ⇥

ubV
⇥
cd) = 2.69⇥10�5, in the quark sector

also agrees with the current global fit value.) Potential direct measurements for
these parameters at the LHCb can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17]
between the solar neutrino mixing angle and the Cabibbo angle in the quark
sector, tan2 ⌅⇤ ⇧ tan2 ⌅⇤,TBM + 1

2⌅c cos ⇥⇥, with ⇥⇥ being the leptonic Dirac
CP phase in the standard parametrization. In addition, our model predicts
⌅13 ⌅ ⌅c/3

⌃
2. Numerically, the diagonalization matrix for the charged lepton

mass matrix combined with UTBM gives the PMNS matrix,

�

⇤
0.838e�i178o 0.543e�i173o 0.0582ei138

o

0.362e�i3.99o 0.610e�i173o 0.705ei3.55
o

0.408ei180
o

0.577 0.707

⇥

⌅ , (18)

which gives sin2 ⌅atm = 1, tan2 ⌅⇤ = 0.420 and |Ue3| = 0.0583. The two VEV’s,
u0 = �0.0593 and ⌃0 = 0.0369, give �m2

atm = 2.4 ⇥ 10�3 eV2 and �m2
⇤ =

8.0⇥10�5 eV2. As the three masses are given in terms of two VEV’s, there exists
a mass sum rule, m1 �m3 = 2m2, leading to normal mass hierarchy, �m2

atm >
0 [8]. The leptonic Jarlskog is predicted to be J⇥ = �0.00967, and equivalently,
this gives a Dirac CP phase, ⇥⇥ = 227o. With such ⇥⇥, the correction from the
charged lepton sector can account for the di⇤erence between the TBM prediction
and the current best fit value for ⌅⇤. Our model predicts (m1,m2,m3) =
(0.0156,�0.0179, 0.0514) eV, with Majorana phases �21 = ⌥ and �31 = 0.

⌃0 = �0.0791 , ⇤0 = 0.1707 , s0⇥ = 1012 GeV (19)

|m1| = 0.00134 eV, |m2| = 0.00882 eV, |m3| = 0.0504 eV (20)

3 Leptogenesis

Due to the hierarchy in the charged lepton Yukawa coupling constants, the three
charged leptons, e, µ,  If leptogenesis occurs at a scale below 1012 GeV, the
one flavor approximation is no longer valid.

In the usual seesaw realization, with

Wusual
� = H5FN +NN(⌃ + ⇤) , (21)

the resulting RH Majorana mass matrix (MRR) and Dirac neutrino Yukawa
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sin 2⇥ = 0.672+0.069
�0.07

⇤ (deg) = 71+46
�45

� (deg) = 89+21
�13

⌦(p ⌅ e+ 0) > 8.2⇥ 1033 years (90% CL, SuperK 2009) (1)

⌦(p ⌅ ⌥K+) > 2.3⇥ 1033 years (90% CL, SuperK 2005) (2)

V †
e,RMeVe,L = diag(me,mµ,m⇥ )

V T
�,LM�V�,L = diag(m1,m2,m3)

V †
u,RMuVu,L = diag(mu,mc,mt)

V †
d,RM�Vd,L = diag(md,ms,mb)
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D , (5)

M⌫

sin2 ✓12 = 0.30

sin2 ✓23 = 0.43

sin2 ✓13 = 0.026

m1 = 0.0036 eV

m2 = 0.0093 eV

m3 = 0.051 eV

⇠0 = �0.051, ⌘0 = 0.23, ⌘000 = �0.055

1

In[621]:= m1 = valnu@@3DD * v^2 ê Mx * 10^9
m2 = valnu@@2DD * v^2 ê Mx * 10^9
m3 = valnu@@1DD * v^2 ê Mx * 10^9

Out[621]= 0.0036391

Out[622]= 0.00926651

Out[623]= -0.0513227

In[624]:= m2^2 - m1^2

Out[624]= 0.0000726252

In[625]:= m3^2 - m2^2

Out[625]= 0.00254815

In[626]:= tempnu = Eigenvectors@MeffD

Out[626]= 880.111303, -0.756158, 0.644854<,
8-0.57735, -0.57735, -0.57735<, 80.808875, -0.308046, -0.500829<<

In[627]:= vecnu = Transpose@8tempnu@@3DD, tempnu@@2DD, tempnu@@1DD<D

Out[627]= 880.808875, -0.57735, 0.111303<,
8-0.308046, -0.57735, -0.756158<, 8-0.500829, -0.57735, 0.644854<<

In[628]:= MatrixForm@vecnuD

Out[628]//MatrixForm=
0.808875 -0.57735 0.111303
-0.308046 -0.57735 -0.756158
-0.500829 -0.57735 0.644854

In[643]:= Mphase = 881, 0, 0<, 80, 1, 0<, 80, 0, I<<

Out[643]= 881, 0, 0<, 80, 1, 0<, 80, 0, Â<<

In[644]:= Clear@VmnsD

In[645]:= Vmns = Transpose@Conjugate@veceDD.vecnu;
MatrixForm@VmnsD

Out[646]//MatrixForm=
-0.8238 - 0.0275085 Â 0.539098 + 0.063423 Â -0.157141 + 0.0354192 Â

0.262248 - 0.0309097 Â 0.605668 + 0.0712648 Â 0.746173 + 0.0397986 Â

-0.500867 + 4.64282 µ 10-6 Â -0.577441 - 0.0000107044 Â 0.644743 - 5.97798 µ 10-6 Â

In[683]:= MatrixForm@Abs@VmnsDD

Out[683]//MatrixForm=
0.824259 0.542816 0.161084
0.264063 0.609846 0.747234
0.500867 0.577441 0.644743

In[647]:= out2 = 4 * Abs@Vmns@@2, 3DDD^2 * Abs@Vmns@@3, 3DDD^2 ê H1 - Abs@Vmns@@1, 3DDD^2L^2

Out[647]= 0.978548

In[648]:= out1 = Abs@Vmns@@1, 2DDD^2 ê Abs@Vmns@@1, 1DDD^2
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In[621]:= m1 = valnu@@3DD * v^2 ê Mx * 10^9
m2 = valnu@@2DD * v^2 ê Mx * 10^9
m3 = valnu@@1DD * v^2 ê Mx * 10^9

Out[621]= 0.0036391

Out[622]= 0.00926651

Out[623]= -0.0513227

In[624]:= m2^2 - m1^2

Out[624]= 0.0000726252

In[625]:= m3^2 - m2^2

Out[625]= 0.00254815

In[626]:= tempnu = Eigenvectors@MeffD

Out[626]= 880.111303, -0.756158, 0.644854<,
8-0.57735, -0.57735, -0.57735<, 80.808875, -0.308046, -0.500829<<

In[627]:= vecnu = Transpose@8tempnu@@3DD, tempnu@@2DD, tempnu@@1DD<D

Out[627]= 880.808875, -0.57735, 0.111303<,
8-0.308046, -0.57735, -0.756158<, 8-0.500829, -0.57735, 0.644854<<

In[628]:= MatrixForm@vecnuD

Out[628]//MatrixForm=
0.808875 -0.57735 0.111303
-0.308046 -0.57735 -0.756158
-0.500829 -0.57735 0.644854

In[643]:= Mphase = 881, 0, 0<, 80, 1, 0<, 80, 0, I<<

Out[643]= 881, 0, 0<, 80, 1, 0<, 80, 0, Â<<

In[644]:= Clear@VmnsD

In[645]:= Vmns = Transpose@Conjugate@veceDD.vecnu;
MatrixForm@VmnsD

Out[646]//MatrixForm=
-0.8238 - 0.0275085 Â 0.539098 + 0.063423 Â -0.157141 + 0.0354192 Â

0.262248 - 0.0309097 Â 0.605668 + 0.0712648 Â 0.746173 + 0.0397986 Â

-0.500867 + 4.64282 µ 10-6 Â -0.577441 - 0.0000107044 Â 0.644743 - 5.97798 µ 10-6 Â

In[683]:= MatrixForm@Abs@VmnsDD

Out[683]//MatrixForm=
0.824259 0.542816 0.161084
0.264063 0.609846 0.747234
0.500867 0.577441 0.644743

In[647]:= out2 = 4 * Abs@Vmns@@2, 3DDD^2 * Abs@Vmns@@3, 3DDD^2 ê H1 - Abs@Vmns@@1, 3DDD^2L^2

Out[647]= 0.978548

In[648]:= out1 = Abs@Vmns@@1, 2DDD^2 ê Abs@Vmns@@1, 1DDD^2

Out[648]= 0.433688

In[649]:= theta12 = ArcTan@Sqrt@out1DD

Out[649]= 0.582362

In[650]:= theta12 * 180 ê Pi

Out[650]= 33.3669
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Model Predictions

• Neutrino Sector (3 parameters)

• with

• sum rules that exist in             case are modified
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In[621]:= m1 = valnu@@3DD * v^2 ê Mx * 10^9
m2 = valnu@@2DD * v^2 ê Mx * 10^9
m3 = valnu@@1DD * v^2 ê Mx * 10^9

Out[621]= 0.0036391

Out[622]= 0.00926651

Out[623]= -0.0513227

In[624]:= m2^2 - m1^2

Out[624]= 0.0000726252

In[625]:= m3^2 - m2^2

Out[625]= 0.00254815

In[626]:= tempnu = Eigenvectors@MeffD

Out[626]= 880.111303, -0.756158, 0.644854<,
8-0.57735, -0.57735, -0.57735<, 80.808875, -0.308046, -0.500829<<

In[627]:= vecnu = Transpose@8tempnu@@3DD, tempnu@@2DD, tempnu@@1DD<D

Out[627]= 880.808875, -0.57735, 0.111303<,
8-0.308046, -0.57735, -0.756158<, 8-0.500829, -0.57735, 0.644854<<

In[628]:= MatrixForm@vecnuD

Out[628]//MatrixForm=
0.808875 -0.57735 0.111303
-0.308046 -0.57735 -0.756158
-0.500829 -0.57735 0.644854

In[643]:= Mphase = 881, 0, 0<, 80, 1, 0<, 80, 0, I<<

Out[643]= 881, 0, 0<, 80, 1, 0<, 80, 0, Â<<

In[644]:= Clear@VmnsD

In[645]:= Vmns = Transpose@Conjugate@veceDD.vecnu;
MatrixForm@VmnsD

Out[646]//MatrixForm=
-0.8238 - 0.0275085 Â 0.539098 + 0.063423 Â -0.157141 + 0.0354192 Â

0.262248 - 0.0309097 Â 0.605668 + 0.0712648 Â 0.746173 + 0.0397986 Â

-0.500867 + 4.64282 µ 10-6 Â -0.577441 - 0.0000107044 Â 0.644743 - 5.97798 µ 10-6 Â

In[683]:= MatrixForm@Abs@VmnsDD

Out[683]//MatrixForm=
0.824259 0.542816 0.161084
0.264063 0.609846 0.747234
0.500867 0.577441 0.644743

In[647]:= out2 = 4 * Abs@Vmns@@2, 3DDD^2 * Abs@Vmns@@3, 3DDD^2 ê H1 - Abs@Vmns@@1, 3DDD^2L^2

Out[647]= 0.978548

In[648]:= out1 = Abs@Vmns@@1, 2DDD^2 ê Abs@Vmns@@1, 1DDD^2

Out[648]= 0.433688

In[649]:= theta12 = ArcTan@Sqrt@out1DD

Out[649]= 0.582362

In[650]:= theta12 * 180 ê Pi

Out[650]= 33.3669
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Numerical Results: Neutrino Sector

• Diagonalization matrix for charged leptons:
• MNS Matrix

• Neutrino Masses: 

• Leptonic CP violation from CG coefficients: 

The values in Eq. 46 correspond to the following parameters in the standard
parametrization (PDG),

s12 ⌅ ⌥ = 0.227, s23 ⌅ A⌥2 = 0.0411, s13 = 0.00412, c12 = 0.974, c23 = c13 ⌃ 0 .
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prediction for Dirac CP phase:  δ = 197 degrees (in standard parametrization)

3 independent parameters in neutrino sector

predicted 3 masses and 3 angles:
all agree with exp within 1σ
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Out[623]= -0.0513227

In[624]:= m2^2 - m1^2

Out[624]= 0.0000726252

In[625]:= m3^2 - m2^2

Out[625]= 0.00254815

In[626]:= tempnu = Eigenvectors@MeffD

Out[626]= 880.111303, -0.756158, 0.644854<,
8-0.57735, -0.57735, -0.57735<, 80.808875, -0.308046, -0.500829<<

In[627]:= vecnu = Transpose@8tempnu@@3DD, tempnu@@2DD, tempnu@@1DD<D

Out[627]= 880.808875, -0.57735, 0.111303<,
8-0.308046, -0.57735, -0.756158<, 8-0.500829, -0.57735, 0.644854<<

In[628]:= MatrixForm@vecnuD

Out[628]//MatrixForm=
0.808875 -0.57735 0.111303
-0.308046 -0.57735 -0.756158
-0.500829 -0.57735 0.644854

In[643]:= Mphase = 881, 0, 0<, 80, 1, 0<, 80, 0, I<<

Out[643]= 881, 0, 0<, 80, 1, 0<, 80, 0, Â<<

In[644]:= Clear@VmnsD

In[645]:= Vmns = Transpose@Conjugate@veceDD.vecnu;
MatrixForm@VmnsD

Out[646]//MatrixForm=
-0.8238 - 0.0275085 Â 0.539098 + 0.063423 Â -0.157141 + 0.0354192 Â

0.262248 - 0.0309097 Â 0.605668 + 0.0712648 Â 0.746173 + 0.0397986 Â

-0.500867 + 4.64282 µ 10-6 Â -0.577441 - 0.0000107044 Â 0.644743 - 5.97798 µ 10-6 Â

In[683]:= MatrixForm@Abs@VmnsDD

Out[683]//MatrixForm=
0.824259 0.542816 0.161084
0.264063 0.609846 0.747234
0.500867 0.577441 0.644743

In[647]:= out2 = 4 * Abs@Vmns@@2, 3DDD^2 * Abs@Vmns@@3, 3DDD^2 ê H1 - Abs@Vmns@@1, 3DDD^2L^2

Out[647]= 0.978548

In[648]:= out1 = Abs@Vmns@@1, 2DDD^2 ê Abs@Vmns@@1, 1DDD^2

Out[648]= 0.433688

In[649]:= theta12 = ArcTan@Sqrt@out1DD

Out[649]= 0.582362

In[650]:= theta12 * 180 ê Pi

Out[650]= 33.3669
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Neutrinoless Double Beta Decay
• neutrino-less double beta decay

•

24

Predictions of 3ν-Mixing Paradigm
mββ = |Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3

mmin    [eV]

|m
ββ

|  
  [

eV
]

NS

IS

C
osm

ological Lim
it

Current Bound or Positive Indication

10−4 10−3 10−2 10−1 1
10−4

10−3

10−2

10−1

1

1σ
2σ
3σ

! Positive indication:
tension with cosmology

! Quasi-Degenerate:

|mββ | ! mν

√

1− s22ϑ12
s2α2

! Inverted Hierarchy:

|mββ | !
√

∆m2
A(1− s22ϑ12

s2α2
)

! Normal Hierarchy:

|mββ| ! |s212
√

∆m2
S + e iαs213

√

∆m2
A|

! |2.7 + 1.2e iα|× 10−3 eV

m1 " 10−3 eV⇒cancellation?

|mββ | # 10−2 eV =⇒ Normal Spectrum
C. Giunti − Neutrino Masses − LIONeutrino2012 − 24 Oct 2012 − 13/33

[Plot taken from C. Giunti, LIONeutrino2012]

our model prediction
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Proton Decay in SUSY SU(5) x T´ Model

• proton decay mediated by color triplet Higgsinos (dim-5 operators)
• generally gives too fast decay rate 
• Z12 x Z12 forbid (vertices in circles)

• no Higgsino mediated proton decay
• Planck induced operators: Yukawa suppressed

• proton decay mediated by gauge boson (dim-6 operators)
• non-minimal Higgs content, model prediction is within current experimental limits

25
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Summary

• SUSY SU(5) x T′ : near tri-bimaximal lepton mixing & realistic CKM matrix
• complex CG coefficients in T′: origin of CPV both in quark and lepton sectors
• Z12 x Z12′: only 10 parameters in Yukawa sector

• dynamical origin of mass hierarchy (including mb vs mt)
• forbid Higgsino-mediated proton decay

• realistic theta13: generated by 1′′ flavon in neutrino sector

• CP phases from CG: 

leptonic Dirac CP phase:  δ = 197 degrees 
(global fit: ~180 degrees)

26

quark CP phase:  γ = 45.6 degrees
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Vacuum Alignment

• Z12 x Z12′ symmetry: too restrictive
• resort to extra dimensions (5D)
• in the bulk: Z12 x Z12′ symmetric
• on the boundary branes: Z12 x Z12′ explicitly broken

• Neutrino sector:
• invariants:
• superpotential:

• supersymmetric minima:

The Lagrangian of the model is given as follows,

LYuk = LTT + LTF + LFF (3)

LTT = ytH5T3T3 +
1

Λ2
ytsH5T3Taψζ +

1

Λ2
ycH5TaTaφ

2 +
1

Λ3
yuH5TaTaφ

′3 (4)

LTF =
1

Λ2
ybH

′
5FT3φζ +

1

Λ3

[

ys∆45FTaφψN + ydH
′
5FTaφ

2ψ′

]

(5)

LFF =
1

MxΛ

[

λ1H5H5F F ξ + λ2H5H5F Fη

]

, (6)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,

while Λ is the cutoff scale, above which the (d)T symmetry is exact. The parameters y’s and λ’s

are the coupling constants. The vacuum expectation values (VEV’s) of various SU(5) singlet scalar

fields are,

(d)T −→ GTST2 :
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(d)T −→ GT :
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(d)T −→ nothing :
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(d)T −→ GS :
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ζ
〉

= ζ0Λ,
〈

N
〉

= N0Λ (10)

(d)T − invariant :
〈

η
〉

= uΛ (11)

where GTST2 denotes the subgroup generated by the elements TST 2, which in the triplet repre-

sentation is given by [10],

TST 2 =
1

3
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−1 2 2

2 −1 2

2 2 −1


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, (12)

while GT and GS denote subgroup generated by the elements T and S, respectively. (Our notation

is the same as in Ref. [10].) The details concerning vacuum alignment of these VEV’s will be

presented in a future publication.

We have summarized the remaining operators in the charged fermion sectors that are otherwise

allowed by the SU(5)× (d)T symmetry in Table II. By imposing an additional Z12×Z ′
12 symmetry,
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Group Theoretical Origin of CP Violation

K.T. Mahanthappa

July 14, 2010

Experimentally, the best fit values for the neutrino mixing angles are very
close to the prediction of the tri-bimaximal mixing (TBM) matrix [4],

UTBM =

0

@

p
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p
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p
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p
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A (1)

which predicts sin2 ⇤atm = 1/2, tan2 ⇤� = 1/2 and sin ⇤13 = 0. It has been
realized that the TBM matrix can arise from an underlying A4 symmetry [5].
Nevertheless, A4 does not give rise to quark mixing [6]. Even though the exact
TBM matrix does not give rise to CP violation, due to the correction from the
charged lepton sector in our model, leptonic CP violation can still arise.

The Lagrangian of the Yukawa sector of the model is given by,

WYuk = WTT +WTF +W� , (2)

where

WTT = ytH5T3T3 +
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⇥ : scale above which T ⇥ is exact

⇤S⌅ = s0⇥

⇤⇥⌅ = ⇥0⇥

which is invariant under SU(5) ⇥ T ⇥ and it is CP non-invariant. Here the
parameter ⇥ is the cuto⇤ scale of the T ⇥ symmetry while MX is the scale where
lepton number violating operators are generated. Note that all Yukawa coupling
constants, yx, in the Lagrangian are real parameters. Even if they are made
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A Invariants

In the neutrino sector, the symmetry breaking is along the (d)T ⌅ GTST 2
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Minimizing the scalar potential gives the following conditions,

⌃V (⇤, ⇥)

⌃⇤1
=

⌃V (⇤, ⇥)

⌃⇤2
=

⌃V (⇤, ⇥)

⌃⇤3
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1 v + 2µ0
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3 = 0 ,(16)
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when evaluated at
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2 = 0

Scalar sector relevant for the charged leptons has two triplets, ⌅ and ⌅0, two
doublets, ⇧ � 20 and ⇧0 � 2, and two singlets, � � 100 and N � 10. All possible
invariants are given as follows: the bi-linear invariants are

B1 = ⌅2 = ⌅2
1 + 2⌅2⌅3 , (19)

B2 = ⌅0 2 = ⌅0 2
1 + 2⌅0

2⌅
0
3 , (20)

B3 = ⌅⌅0 = ⌅1⌅
0
1 + ⌅2⌅

0
3 + ⌅3⌅

0
2 , (21)

B4 = �N . (22)

Note that the bi-linear invariants formed by the doublets vanish.
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Vacuum Alignment

• charged fermion sector:
• invariants

• superpotential

• Supersymmetric minima: envision parameter space that satisfy minimization 
conditions (F=0)

28


