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V,G

W,F
H1(V )F ! matter

H1(V !)F ! conjugate matter

H1(!2V )F " Higgs

H1(V ! V !)F " Bundle Moduli

• Heterotic Standard Model: 

V , G = SU(4) W , F = Z3 ! Z3,

N = 1 SUSY

“slope” stable

H = [E8, G]

H = [H,F ]

Smooth Heterotic Compactifications

R4

D = 6
D = 10, gMN , Aa

M , E8

X,

Braun, He, Ovrut, Pantev 2006

Anderson, Gray, He, Lukas 2009



V,G = SU(5) W,F = Z2,
Bouchard, Donagi 2006

These theories all contain the exact matter spectrum of the 
MSSM with one Higgs pair and no exotics. In addition

• must have three right-handed neutrino chiral multiplets

• must have matter (R-) parity

1) G = SU(5) models:

a) Leray spectral “grading” of vector bundle cohomology-
Identifies a subset of bundle moduli as right-handed neutrinos
Disallows B and L violating cubic interactions in superpotential
But- wrong number,  disallows most Yukawa terms, only SUSY 
cubic terms (not a discrete symmetry)



b) G = SU(5) !" S[U(4)# U(1)] ! H = SU(5)" U(1)anomalous

U(1)anomalous identifies a subset of  bundle moduli as r-h neutrinos
Texture disallows B and L violating cubic terms in superpotential

But- not matter parity ⇒ large dim 5 operators, not realized in 
a heterotic vacuum

Kuriyama, Nakajima,Watari 2008

Blumenhagen, Moster, Weigand 2006

c) Discrete
Identifies a subset of bundle moduli as right-handed neutrinos
Exactly matter parity

Z2 isometry with fixed points-

But- not realized in a realistic heterotic vacuum

Anderson, Ovrut 2010



R4 Theory Gauge Group:

G = SU(4)!
F = Z3 ! Z3 "

E8 ! H = Spin(10)

Spin(10)! SU(3)C ! SU(2)L ! U(1)Y !U(1)B!L

rank Spin(10)=5 plus F Abelian ⇒ extra gauged     U(1)B!L .
By construction               is anomaly free. Note that

Z2 (R! parity) " U(1)B!L

⇒ no rapid proton decay. But must be spontaneously 

broken above the scale of weak interactions.

Gauge connection

Wilson line

H =

U(1)B!L

2) G = SU(4) models:



R4 Theory Spectrum:

E8
V!" Spin(10)#

248 = (1, )! (4, )! (4̄, )! (6, )! (15, )45 16 1̄6 10 1

The Spin(10) spectrum is determined from nR = h1(X, UR(V )).

Spin(10) F!" SU(3)C # SU(2)L # U(1)Y # U(1)B!L $

The 3! 2! 1Y ! 1B!L spectrum is determined from
nr = (h1(X, UR(V ))!R)Z3!Z3 . Tensoring and taking invariant subspace  

of quarks/leptons each transforming asgives 3 families 

QL = (3, 2, 1, 1), uR = (3̄, 1,!4,!1), dR = (3̄, 1, 2,!1)

LL = (1, 2,!3,!3), eR = (1, 1, 6, 3), !R = (1, 1, 0, 3)

under SU(3)C ! SU(2)L ! U(1)Y ! U(1)B!L.



Similarly we get 1 pair of Higgs-Higgs conjugate fields

H = (1, 2, 3, 0), H̄ = (1, 2̄,!3, 0)

That is, we get exactly the matter spectrum of the MSSM

In addition, there are

bundle modulin1 = h1(X, V ! V !)Z3"Z3 = 13 vector ! = (1, 1, 0, 0)

with 3 right-handed neutrinos!

Supersymmetric Interactions:

The most general superpotential is

W =
3!

i=1

(!u,iQiHui + !d,iQiH̄di + !!,iLiH"i + !e,iLiH̄ei)

Note B-L symmetry forbids dangerous B and L violating terms

LLe, LQd, udd



Supersymmetry Breaking, the Renormalization Group 
and the LHC

Soft Supersymmetry Breaking:

N=1 Supersymmetry is spontaneously broken by the moduli 

during compactification ⇒ soft supersymmetry breaking 

interactions. The relevant ones are

V2f =
1
2
M3!3!3 + . . .

V2s = m2
!3

|!3|2 + m2
H |H|2 + m2

H̄ |H̄|2 ! (BHH̄ + hc) + . . .

At the compactification scale MC ! 1016GeV these parameters 
are fixed by the vacuum values of the moduli. For example

m2
!3

= m2
!3

(!!")

Ambroso, Ovrut 2009

But- as of yet no complete theory of moduli stabilization!



However, at a lower scale µ measured by t = ln(
µ

MC
) these 

parameters change under the renormalization group. 

For example,

Solving these assuming

µ ! 104GeV " tB!L ! #25

m!3(tB!L)2 = m!(0)2

⇒

Therefore, we expect the spontaneous breaking of B-L by 

tB!L.

16!2 dm2
!3

dt
! 3

4
g4

2
3!

i=1

(m2
!i

+ . . . )

at scale 

mH(0)2 = mH̄(0)2, mQi(0)2 = muj (0)2 = mdk(0)2

mLi(0)2 = mej (0)2 != m!k(0)2

!5m!(0)2 = !4m!(0)2

the third family right-handed sneutrino at

But- can such initial conditions arise after moduli stabilization?



The vacuum expectation value at      

!!3" =
2m!(0)!

3
4g4

tB!L is

⇒ a B-L vector boson mass of 

MAB!L = 2
!

2m!(0)

Similarly, at the electroweak scale µ ! 102GeV " tEW ! #29.6

mH̄! (tEW )2 ! mH(0)2,

where tan! =
!H"
!H̄" and 

symmetry is broken by the expectation valuetEW electroweak
. ⇒ at is related to M3(0)

mH! (tEW )2 ! !
!2

tan!2 mH(0)2

0 < !2 < 1

!H
!0" =

2! mH(0)

tan!
!

3
5g2

1 + g2
2

⇒ a Z-boson mass of 
MZ =

!
2! mH(0)

tan!
" 91GeV



It follows that there is a B-L/EW gauge hierarchy given by

Our approximations are valid for the range 6.32 ! tan! ! 40 .

For ,  the B-L/EW hierarchy in this range is

We conclude that this vacuum exhibits a natural hierarchy
O(10) O(100)of to ⇒

1.42! 103GeV ! MAB!L ! 0.91! 104GeV

15.8 ! MAB!L

MZ
! 100

All super-partner masses are related through intertwined
renormalization group equations. ⇒ Measuring some
masses predicts the rest!

MAB!L

MZ
! tan!

!

! =
1

2.5



For a representative choice of initial parameters, the allowed values
of µ, tan! are

consistent with all 
present bounds on

squark/slepton, Higgs,
gaugino masses



Particle Masses
Class Particle Mass [GeV] Class Particle Mass [GeV]

Higgs

h0 92

Sleptons

!̃eff2 1030
H0 466 !̃eff1 984
A0 481 ẽeff1,2 1018
H± 473 L̃eff1,2 1045

Gauginos

Ñ1 86

Squarks

t̃eff2 805
Ñ2 126 t̃eff1 622
Ñ3 246 q̃eff1,2 957
Ñ4 504 b̃eff2 937
Ñ5 516 b̃eff1 782
C̃±

1 246 t̃eff1,2 900
C̃±

2 517 b̃eff1,2 1007

2

For a representative choice of initial parameters, µ = 1.12, tan! = 17

• What are the LHC predictions of heterotic vacua?

• New approaches to heterotic standard models- example:
SU(6)! S[U(5)" U(1)]⇒ MSSM  without Wilson lines
Blumenhagen, Moster, Weigand 2006

Ambroso, Ovrut 2010



Evaluating Yukawa Couplings

Can we evaluate Yukawa couplings from first principles? Yes!

1) Texture:

W = . . .!LHr + . . .

⇒ a Yukawa coupling is the triple product 

H1(X, V ) !H1(X,"2V ) !H1(X, V ) #$ C
Z3 ! Z3 Z3 ! Z3 Z3 ! Z3

Internal super-geometry (X elliptically fibered over dP9 base) ⇒
in flavor diagonal basis for each of u, d, !, e

!1 = 0, !2,!3 != 0

Braun, He, Ovrut 2006

a) Leray spectral “grading” of vector bundle cohomology-

b) Anomalous U(1) gauge factors



Stability Walls in Heterotic Theory

Consider a CY threefold X defined by

X =
!

P1

P3

""""
2
4

#

with 2 Kahler moduli T k = tk + 2i!k, k = 1, 2

and an SU(3) vector bundle V given by 

0! V ! OX(1, 0)"OX(1,#1)"OX(0, 1)!2 f! OX(2, 1)! 0

 the stability regions of  V are given by

The gauge connection is supersymmetric if and only if V is 

Anderson, Gray, Lukas, Ovrut 2009

“ slope-stable” - that is, has no destabilizing sub-bundle.
There is a “maximal” sub-bundle F ! V with slope

µ(F) = 4t1t2 ! (t2)2

⇒



the SU(3) group factors to

 
⇒

G = E6

1

t

t

STABLE

2 2
t   =  4t

1

UNSTABLE

S[U(2)! U(1)]⇒
G! E6!U(1)

In the stable region the structure group SU(3)( µ(F) < 0 )

On the boundary
( µ(F) = 0 )
with spectrum n27 = 2, n27 = 0, n1 = 22 .

non-supersymmetric regions, an additional U(1) appears in the four-dimensional gauge group.3

For the rest of this paper, we will work out the four-dimensional e!ective theory including this

additional U(1). We will show how this theory precisely reproduces the known physics in the

supersymmetric region of Fig. ??. We will then use it to describe, for the first time, what

happens in the non-supersymmetric region, as well as the smooth transition between these two

regimes.

A prerequisite to writing down the four-dimensional theory is a knowledge of its spectrum.

This can be calculated by computing the cohomology of the various tensor products of the vector

bundle V [?]–[?]. At the stability wall, where the structure group of V becomes S[U(2)!U(1)],

the results are presented in Table ??. A crucial observation is the following: Only one sign

Fields E6 ! U(1) charges number of fields

!! 10 7

BI 27!1/2 2

CL 1!3/2 16

Table 1: The four-dimensional fields descending from higher-dimensional gauge fields. Shown are the vector

bundle moduli, !!, the E6 27-matter fields, BI , and the U(1) charged, E6 singlets, CL. The U(1) charge

of each field is shown as a subscript.

of U(1) charge appears in the low energy spectrum. Naively, both signs of U(1) charge could

have appeared. However, it turns out that, in examples of the kind we are discussing here, the

relevant Dirac operators never have E6 singlet zero modes which are positively charged under

U(1). This will be explicitly proven for general bundles in Ref. [?]. For the present work, we

consider the explicit bundle, V , given above. Using standard results for heterotic matter fields

and bundle cohomology [?, ?, ?, ?] and S[U(2)!U(1)] charges [?], we find the results of Table

??. The fields BI are the usual matter fields, transforming in the 27 representation of E6. There

are no 27 matter fields in the spectrum. The moduli !! , " = 1, . . . 7 of the S[U(2) ! U(1)]

bundle can be thought of as a subset of the SU(3) bundle moduli described earlier in (??).

Finally, we have the fields

CL, L = 1, . . . , 16. (3.1)

Along with the Kähler moduli, these fields will play the key role in the rest of our discussion.

Internal gauge bundles with a structure group that includes a U(1) factor were constructed and

analysed for the first time in Ref. [?]. It is also known for some time [?, ?] that such a U(1)

factor leads to an anomalous U(1) gauge symmetry and an associated T -modulus dependent FI

3In general, on a boundary wall in the Kähler cone, an SU(n) bundle can decompose into S[U(n1)! U(n2)! . . .]
where

!
i ni = n. In any such case, the commutant symmetry of S[U(n1)!U(n2)! . . .] in E8 will always be enhanced

by at least one U(1) symmetry. These, more general, cases are discussed in more detail in [?].

6

with spectrum

7 + 16 !1 = 22
charged

bundle moduli



The anomalous U(1) induces a potential given by V =
1
2
D2 where

D = f(ti) +
3
2
GLM̄CLC̄M̄ , f(ti) ! µ(F) = 4t1t2 " (t2)2

and GLM̄ > 0. Note that f(ti) < 0 in the stable region.  This allows

!CL" #= 0 $ D = 0
Note that in the stable region. f(ti) > 0 in the unstable

!CL" = 0 # D $= 0

in the unstable region. Graphically

region.  Here
V = 0

V > 0

⇒

⇒

0

20

40

t
1 40

60

80

t
2

V

This “Wall of Stability” bounds the stable region.

Supersymmetry minimizes the energy!!

⇒



Yukawa Textures from Stability Walls

Anderson, Gray, Ovrut 2010

In previous example all U(1) charges negative ⇒W = 0 .

Consider a more general CY and bundle V. 
the stability regions of  V are given by⇒

2+(7)^{1/2}

1

STABLE

UNSTABLE

2
t

t

Figure 1: The Kähler cone and regions of stability/instability for Calabi-Yau threefold (2.8) and the bundle (2.10).

The stability wall generated by O(!1, 3) in V occurs on the line with slope t2/t1 = 2 +
"
7.

2.4 The Particle Spectrum and Quantum Numbers

An analysis of the particle spectrum and the associated quantum numbers, both in the interior

of the stable region of the Kähler cone as well as on a stability wall, is most easily presented in

the context of an explicit example. Let us use the Calabi-Yau threefold, X, and the SU(3) vector

bundle presented in (2.8) and (2.9),(2.10) above.

In the interior of the stable region, the background gauge fields have structure group SU(3)

and the symmetry group of the the four-dimensional e!ective field theory is E6. Computing the

matter spectrum of this low energy theory is an exercise in group theory and bundle cohomology

[2]. All matter fields in the ten-dimensional theory are valued in the 248 representation of E8. The

matter multiplets that appear in the four-dimensional spectrum are determined by the branching

of this representation under

E8 # E6 $ SU(3) (2.13)

248 = (78,1) + (8,1) + (27,3) + (27,3) . (2.14)

The first number in the brackets above is the dimension of a representation of E6 and the second

the dimension of a representation of SU(3). To find the multiplicity of each term, one must

compute the number of zero-modes of the associated twisted Dirac operators on the internal space

[2]. This is given by the dimension of the relevant bundle-valued cohomology group. The group

9

 ⇒
G = E6

In the stable region the structure group SU(3)( µ(F) < 0 )

with spectrum .

Representation Field Name Cohomology Multiplicity

(8, 1) ! h1(X, V ! V !) 87

(27, 3) F I h1(X, V ) 39

(27, 3) F
A

h1(X, V !) 0

Table 1: The representations, field content and the associated cohomologies for a generic E6 theory. For a Calabi-

Yau threefold h1(X,OX ) = 0 and n78 = h0(X,OX) = 1. The multiplicities for the specific indecomposable rank 3

vector bundle V defined in (2.10) are given in the fourth column.

representations, four-dimensional field names and the associated cohomologies for a generic E6

theory are indicated in the first three columns of Table 1.

The dimensions of the cohomologies for the specific bundle V in example (2.10) are presented

in the fourth column. We see, in particular, that we have 39 27 dimensional representations of

E6. At this stage, there is nothing to suggest any sort of “texture” in the cubic self-interactions

of these fields. Generically, one would expect all Yukawa terms which are allowed by E6 gauge

symmetry to appear. In fact, this is not the case, as we will show in the next section.

For a Kähler form on the stability wall, the background gauge fields are valued in S[U(2) "
U(1)] #= SU(2)"U(1) and the symmetry group of the the four-dimensional theory is E6"U(1). The

method for computing the spectrum and quantum numbers on the stability wall is analogous to

the procedure above. The only di!erence is that one now takes the gauge bundle to be V = F$K,

rather than indecomposable and rank 3. The group theory which determines which multiplets can

appear in four dimensions is now

E8 % E6 " SU(2)" U(1) (2.15)

248 = (1,1)0 + (1,2)3 + (1,2)"3 + (1,3)0 + (78,1)0 (2.16)

+(27,1)"2 + (27,2)1 + (27,1)2 + (27,2)"1 .

Note that each multiplet has an additional quantum number associated with the U(1) factor in

the e!ective theory. The group representations, four-dimensional field names and the associated

cohomologies for a generic E6 " U(1) theory are indicated in the first three columns of Table 2.

The multiplicity is found by calculating the dimension of each cohomology. The results for the

decomposition F $ K associated with the explicit example (2.11),(2.12) are given in the fourth

column. It is important to note here that the extra U(1) symmetry is Green-Schwarz anomalous,

as described in detail in [15, 16]. Thus, the usual anomaly cancellation constraints on the charges

do not apply. For the general form of U(1) charges possible in the present context, see [55]. We

will come back to the anomalous nature of this U(1) in the following sections.

One obvious question is: what is the relationship between the particle spectrum on the stability

wall, given in Table 2, and the manifestly di!erent spectrum in the interior of the stability region,

presented in Table 1? Furthermore, how does one relate their two four-dimensional field theories?

10



the SU(3) group factors to
S[U(2)! U(1)] ⇒

G! E6!U(1)

On the boundary ( µ(F) = 0 )

with spectrum
Representation Field Name Cohomology Multiplicity

(1, 2)3 Cp
1 h1(X,F! !K) 0

(1, 2)"3 CQ
2 h1(X,F !K!) 21

(1, 3)0 ! h1(X,K!K!) 67

(27, 1)"2 F i
1 h1(X,F) 3

(27, 2)1 F !
2 h1(X,K) 36

(27, 1)2 F
a
1 h1(X,F!) 0

(27, 2)"1 F
"
2 h1(X,K!) 0

Table 2: The representations, field content and the cohomologies of a generic E6 " U(1) theory associated with

a poly-stable bundle F #K on the stability wall. Note that h1(X,F ! F!) vanishes here since F is a line bundle.

The multiplicities for the explicit bundle defined by (2.7) and (2.11),(2.12) are shown in the fourth column.

To answer these questions, we construct the e!ective theory on the stability wall and then consider

small perturbations into the interior of the slope-stable region.

2.5 Connecting the Two Theories

The e!ective theories associated with the stable bundle V and the poly-stable bundle F # K,

described generically in Section 2.2, can be related by considering the vacuum near the stability

wall. This relationship is most easily illustrated using the specific example in Subsection 2.3. Begin

with the Kähler moduli of the E6 "U(1) theory on the stability wall in Figure 1. Then vary them

continuously, moving away from the boundary and into the stable region of the Kähler cone. This

should reproduce the physics of the E6 compactification.

As shown in [15, 16], the e!ective theory both on and near the stability wall is described by a

D-term associated with the enhanced gauged U(1) factor. It is given by

DU(1) =
3

16

!S!2R
"24

µ(F)

V
$ 1

2

!

P,Q

Q2GPQC
P
2 C

Q
2 , (2.17)

where the charge6 Q2 = $3. The first term is a Kähler modulus dependent “Fayet-Iliopoulos” (FI)

term. This is a multiple of the slope of the destabilizing sub-bundle, divided by the volume V of

the Calabi-Yau threefold. The constants !S and !R are the usual expansion parameters defining

four-dimensional heterotic M-theory [8]. It follows from the discussion in Subsection 2.3 that the

FI term is positive in the non-supersymmetric (dark shaded) region of Figure 1, negative in the

6Note that locally S[U(2)" U(1)] % SU(2)" U(1). Globally, however, there is di!erent overall normalization on the

U(1) which commutes with this group within E8. In Ref. [16] the U(1) normalization was chosen consistent with the

global description. In this work, since we are interested only in gauge invariant quantities (where overall normalization

does not matter) we have chosen for simplicity the local charge normalizations consistent with Ref. [57].

11

The anomalous U(1) induces a potential given by V =
1
2
D2 where

D =
3
16

!S!2R
"2

4

µ(F)
V +

3
2

!

P,Q

GPQCP
2 C

Q
2

and GLM̄ > 0. Negative slope in the stable region allows

!CL" #= 0 $ D = 0
Positive slope in the unstable region restricts

!CL" = 0 # D $= 0

V = 0

V > 0

⇒

⇒

⇒



⇒ in addition to an enlarged D-term, the potential contains F-terms

from the superpotential

W = !0(C1C2)2 + !1F
3
1 C2

1 + !1F
3
1C

2
2 + !2F

2
1 F2C1 + !2F

2
1F 2C2

+!3F1F
2
2 + !3F 1F

2
2 + !4F

3
2 C2 + !4F

3
2C1

Note: restricted by the U(1) symmetry.

On the stability wall !C1" = !C2" = 0 ⇒
Wwall

Yukawa = !3F1F
2
2 + !3F 1F

2
2

Near the wall !C1" = 0, !C2" #= 0 ⇒
W near wall

Yukawa = !3F1F
2
2 + !3F 1F

2
2 +!1

!
C2

2

"
F

3
1 + !2 !C2"F

2
1F2 + !4 !C2"F3

2

Yukawa texture severely constrained.

Some Yukawa couplings “grow back”.  Note several, such as F 3
1 , F

3
2

,
disallowed despite U(1) breaking.

In general, a vacuum can have both Cp
1 , CP

2 charged moduli.



What happens deep in the stability region? Note that each Yukawa 

coupling is a holomorphic function of the form

! = !(!Ci" , !za" , !"")

za are the complex structure moduli.  Theorem:where

superpotential Yukawa coupling in the e!ective low-energy theory is of the form !F 3, where F is

either a 27 or a 27 of E6. Furthermore, each coe"cient

! = !(!Ci" , !za" , !"") (3.4)

must be a holomorphic function on the complex vacuum manifold M of flat directions of the

e!ective potential energy. Note that these couplings only depend upon the C and " fields, which

we have already encountered, and the complex structure moduli of the Calabi-Yau threefold, za.

Now consider the following general theorem.

• If a multivariate holomorphic function with domain U # Cn vanishes on an open subset

B # U , then it vanishes everywhere on U [54].

Let us identify U with a patch in an open cover ofM such that it contains B, an open subset, which

covers a region on and near to the stability wall. We know from the preceding discussion that the

coupling parameters of F 3
1 and F̄ 3

2 are both holomorphic functions onM which do indeed vanish on

such an open patch near the wall. By covering the vacuum spaceM with open patches, overlapping

on open intersections, we see from the above theorem that both the F 3
1 and F̄ 3

2 couplings must

vanish everywhere - that is, they vanish identically in the complete vacuum space, not just near

the stability wall. An open cover of this form can be found on any smooth manifold. On the other

hand, any Yukawa couplings, such as F1F 2
2 or F 3

2 , whose holomorphic parameters do not vanish

in an open region near the wall, will not vanish anywhere in the interior of the stable chamber

with the possible exception of isolated regions of higher co-dimension. We conclude that: Yukawa

textures appearing near the stability wall due to invariance under the extended U(1) charge, persist

throughout the entire stable region, arbitrarily far from the wall, even though the U(1) has been

integrated out of the theory. This result follows simply from the holomorphicity of the superpotential.

We have been considering the branch of the vacuum where, near the wall, !C2" $= 0 and !C1" = 0.

In general, as discussed in Subsection 2.6, there is second branch defined by (2.27), where µ(K) < 0

(i.e. µ(F) > 0), !C1" $= 0 and !C2" = 0 In this second branch, we see from (3.1) that there can be

non-vanishing Yukawa couplings, such as !1
!
C2

1

"
F 3

1 for example, that are absent in (3.3). How is

this compatible with the above claim that if the Yukawa couplings vanish in an open subset of the

vacuum space then they vanish everywhere? The answer is simply that, while each branch of the

supersymmetric Minkowski vacuum space is a smooth manifold, the locus where they intersect is

not. Such an intersection can not be covered with open sets with open intersections. In particular,

denoting the two branches above by M1 and M2, if we take an open set B1 # M1 and another

B2 #M2 then, if they intersect at all, their intersection must obey the condition !C1" = !C2" = 0.

That is, their intersection is necessarily closed. One can, therefore, have a holomorphic function,

such as the F 3
1 Yukawa coupling, that is vanishing everywhere on one branch of the vacuum space

and non-zero on the other - there being no overlapping open sets to “communicate” between the

two. It follows that we have to make our previous conclusion more specific. That is: In a given

branch of the theory, Yukawa textures near a stability wall persist in the entire stable chamber of
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superpotential Yukawa coupling in the e!ective low-energy theory is of the form !F 3, where F is

either a 27 or a 27 of E6. Furthermore, each coe"cient

! = !(!Ci" , !za" , !"") (3.4)

must be a holomorphic function on the complex vacuum manifold M of flat directions of the

e!ective potential energy. Note that these couplings only depend upon the C and " fields, which

we have already encountered, and the complex structure moduli of the Calabi-Yau threefold, za.

Now consider the following general theorem.

• If a multivariate holomorphic function with domain U # Cn vanishes on an open subset

B # U , then it vanishes everywhere on U [54].

Let us identify U with a patch in an open cover ofM such that it contains B, an open subset, which

covers a region on and near to the stability wall. We know from the preceding discussion that the

coupling parameters of F 3
1 and F̄ 3

2 are both holomorphic functions onM which do indeed vanish on

such an open patch near the wall. By covering the vacuum spaceM with open patches, overlapping

on open intersections, we see from the above theorem that both the F 3
1 and F̄ 3

2 couplings must

vanish everywhere - that is, they vanish identically in the complete vacuum space, not just near

the stability wall. An open cover of this form can be found on any smooth manifold. On the other

hand, any Yukawa couplings, such as F1F 2
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Therefore the texture in the interior of the stable region is 

identical to the texture near the stability wall!

Conclusion:  The existence of one stability wall with 1 anomalous
U(1) can lead to a natural hierarchy of textures for Yukawa couplings

These results can be extended to
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2.4 The Particle Spectrum and Quantum Numbers

An analysis of the particle spectrum and the associated quantum numbers, both in the interior

of the stable region of the Kähler cone as well as on a stability wall, is most easily presented in

the context of an explicit example. Let us use the Calabi-Yau threefold, X, and the SU(3) vector

bundle presented in (2.8) and (2.9),(2.10) above.

In the interior of the stable region, the background gauge fields have structure group SU(3)

and the symmetry group of the the four-dimensional e!ective field theory is E6. Computing the

matter spectrum of this low energy theory is an exercise in group theory and bundle cohomology

[2]. All matter fields in the ten-dimensional theory are valued in the 248 representation of E8. The

matter multiplets that appear in the four-dimensional spectrum are determined by the branching

of this representation under

E8 # E6 $ SU(3) (2.13)

248 = (78,1) + (8,1) + (27,3) + (27,3) . (2.14)

The first number in the brackets above is the dimension of a representation of E6 and the second

the dimension of a representation of SU(3). To find the multiplicity of each term, one must

compute the number of zero-modes of the associated twisted Dirac operators on the internal space

[2]. This is given by the dimension of the relevant bundle-valued cohomology group. The group
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2) Two stability walls each with 1 U(1)
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Figure 2: The Kähler cone (The set of moduli t1, t2 > 0 and 2t2 > t1) and the regions of stability/instability for

the Calabi-Yau threefold (5.1) and the bundle (5.2). At the lower boundary, V decomposes as V ! F1"K1, where

F1 is defined in (5.3). At the upper boundary, the poly-stable decomposition is given by V ! F2 " K2, with F2

defined by (5.4).

under the extended E6 #U(1) gauge symmetry, are given in Table 4. To third order in the matter

fields, the invariant superpotential is

W = f2
3 f4 + f3

3C1 . (5.5)

As always, we ignore irrelevant higher dimension terms. Note that on the lower stability wall,

all 273 Yukawa couplings are forbidden entirely. Furthermore, the 27
3
couplings exhibit a very

restrictive texture. For example, the f3
i , i = 1, 2, 3 terms are absent. What happens for small

deformations away from this wall into the stable chamber? Since one can describe the stable

bundle V in terms of this de-stabilizing sub-bundle as

0 ! F1 ! V ! K1 ! 0 , (5.6)

we see that C1 $ H1(X,F1 # K!
1) must acquire a non-zero vev in order to cancel the FI piece

of the D-term associated with the upper boundary, see (2.17). As a result, the 27
3
Yukawa

coupling %C1& f3
3 can “grow back” near this stability wall. It follows from the holomorphy analysis

of subsection 3.2 that one expects

WYukawa = f2
3 f4 + f33 (5.7)

27



3) SU(4) and SU(5) bundles and equivariance under isometries.

Example:  SU(4) under Z3 ! Z3

3

t 2

1

3+(3)^{1/2}

t

STABLE

UNSTABLE

Figure 3: The Kähler cone (t2 > 0 and t2 + 3t1 > 0) and the regions of stability/instability for the “downstairs”

bundle V̂ = V/(Z3 !Z3) on the quotient manifold X̂ = X/(Z3 !Z3), defined respectively by (6.11) and (6.9). At

the line with slope t2/t1 = "3"
#
3, V̂ decomposes as V̂ $ F̂1 % F̂2 given in (6.12) and (6.13).

existence of stability walls constrains all terms in the superpotential, not just Yukawa couplings. In

this section, we broaden our analysis to couplings involving vector-like pairs of matter multiplets.

We show that extended U(1) symmetry can forbid many, and sometimes all, such pairs from gaining

superpotential mass terms. This can have important implications for heterotic model building.

Generically, the zero-mode spectrum of a bundle on a stability wall arises from the cohomology

of the sub-bundles into which it decomposes. In particular, matter can be in both a non-singlet

representation and its conjugate representation of the low-energy gauge group. All such matter

can occur on the stability wall, their multiplicity depending on the specific vacuum chosen. As

one moves away from the wall into a stable chamber, the zero-mode spectrum can change. The

Atiyah-Singer index theorem [28] requires that the chiral asymmetry of the matter representations

be preserved. For example, for a stable SU(3) bundle V which decomposes into V = F %K on the

stability wall,

h1(V )" h1(V !) = h1(F)" h1(F!) + h1(K)" h1(K!). (7.1)

However, the actual number of matter representations need not stay the same. Specifically, as

one moves away from the wall, certain U(1) charged C fields get a vev so as to preserve N = 1

supersymmetry. In principle, these can induce a non-vanishing mass for any vector-like pair of

matter representations. As we have already seen, however, the extended U(1) symmetry imposes

serious constraints on cubic, and higher, matter couplings. We expect there to be vector-like “mass

texture” as well. As throughout this paper, we find it easiest to analyze vector-like pair masses

within the context of explicit examples.

35

⇒ 3 family MSSM-like model with naturally heavy third family

4) Textures of vector-like pairs

!C1" = 0, !C2" #= 0 ⇒
!C1" = !C2" = 0 ⇒

only



2) Explicit Calculation:

The triple product ⇒ 

where

!2
!!!

! = "!! ," = 0

⇒ need to calculate the metric and eigenfunctions of the  
Laplacian. Unfortunately, a Calabi-Yau manifold does not admit 

a continuous symmetry. ⇒ the metric, gauge connection 
and, hence, the Laplacian are unknown! Remarkably, these
can be well-approximated by numerical methods.

! =
!

X

!
gµ!"a

L"[b,c]
H "d

r #abcdd
6x



Ricci-Flat Metrics, Scalar Laplacians and
Gauge Connections on Calabi-Yau Threefolds

1) Calabi-Yau Metrics:

Example: Quintics are CY threefolds Q̃ ! P4

A Kahler metric is given by gij̄(z, z̄) = !i!j̄K(z, z̄)

The unique SU(5) invariant Kahler metric on P4 comes from

KFS =
1
!

ln
4!

!,"̄

h!"̄z!z̄"̄

But, the restriction of the Fubini-Study metric to Q̃ is not Ricci-flat.

Donaldson’s Algorithm-   

a) Generalize the Fubini-Study Kahler potential on

K(z, z̄)h,k =
1
k!

ln
4!

i1,...,ik=0
j̄1,...,j̄k=0

h(i1,...,ik),(j̄1,...,j̄k) zi1 · · · zik" #$ %
degree k

z̄j̄1 · · · z̄j̄k" #$ %
degree k

P4 to

where

Braun, Brelidze, Douglas, Ovrut 2008



Now restrict to Q̃ .  We must pick a basis of the quotient

C [z0, . . . , z4]k
!"

Q̃(z)
#

.  Denote the basis by s!,! = 0, . . . , Nk ! 1

Given any Q̃ and k, computing this basis is straightforward.

Kh,k =
1
k!

ln
Nk!1!

!,"̄=0

h!"̄s!s̄"̄

The generalized potential can be written on Q̃

b) Define an inner product on the space of sections by

Find the matrix such that

!s!, s"" =
Nk

V olCY

!
Q̃

"
#

Q̃

s!s̄"̄$
#$̄ h#$̄s# s̄$̄

dV olCY

where dV olCY = ! ! !.

To do this, choose an initial h!"̄
0 and iterate. The sequence

quickly converges to a unique fixed point. 

h!"̄
bal =

!
!s!, s""hbal

"!1

h!"̄
bal



c) Defining

then
gCY

ij̄

g(k)
(bal)ij̄

=
1
k!

"i"j̄ ln
Nk!1!

!,"̄=0

h!"̄
bals!s̄"̄

g(k)
(bal)ij̄

k!"!"
The form of

gCY
ij̄

at any finite k is not enlightening.  How

closely 

g(k)
(bal)ij̄

they approach can be estimated usingfor large k

!k

!
Q̃

"
=

1
V olCY

!
Q̃

"
#

Q̃

$$$$$$
1!

"3
k

%
V olK

!
Q̃

"

! " !̄
%

V olCY

!
Q̃

"

$$$$$$
dV olCY

where

!k =
i

2
g(k)
(bal)īj

dzi ! dz̄j̄
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Figure 1: The error measure !k for the metric on the Fermat quintic, com-
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Subsection 2.3. In each case we iterated the T-operator 10 times,
numerically integrating over Np = 200,000 points. Then we eval-
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numerical errors in the !k integral.
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numerically integrating over Np = 200,000 points. Then we eval-
uated !k using 10,000 di!erent test points. The error bars are the
numerical errors in the !k integral.
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2) SU(N) Gauge Connections:

Let za
!, ! = 0, . . . , NkH ! 1 be degree- polynomials on the kH

CY carrying the N-representation of U(N) and H!"̄
bal a specific

matrix. Defining an SU(N) connection

A(kH)ab̄
(bal)i = !i(ln

NkH
!1!

!,"̄

H!"̄
balz

a
!z̄b̄

"̄ ! gab̄ln

NkH
!1!

!,"̄

h!"̄
bals!s̄"̄)

then
AkH

(bal)i
kH!"!" AH

i

where AH
i satisfies the Hermitian Yang-Mills equations. That is

!ij̄F (kH)
(bal)īj

= !ij̄"j̄A
(kH)
(bal)i

kH!"!" 0

Expressed this way AkH

(bal)i at any finite kH is not enlightening. More
interesting is how closely they approach AH

i for large kH . This can 
be estimated using

Anderson, Braun, Karp, Ovrut 2010



quartic K3:

!kH (A) =
1

2"VCY (Q̃)

!

Q̃

N"

a=1

|#a|dV olCY !ij̄F (kH)
(bal)īj

= diag("1, . . . ,"N )where
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quintic threefold:

• Unstable

1. Unstable Sum Vsum = O(!1) "O(!1) "O(2)

2. Indecomposable Unstable bundle
We define the unstable SU(4) bundle via

0 # O(!2)
funstable!# # O(!1)!4 " O(1) # Vunstable # 0 (4.26) {quintic_unstable}

with

funstable =

!

"

x+6y+18z
13u+11x+9y
7u+11v+4z

(4u3+10u2v+13uvx+15uvy+uxy+16vxy+uy2+5xy2+5y3+6u2z+3uvz
+6v2z+7uxz+11vxz+9uyz+8vyz+9xyz+5y2z+8vz2+6xz2+4yz2)

#

$

(4.27)

Throughout these calculations, the metric was computed at degree k = 8,
the metric T-operator was iterated 10 times and the numerical integration with
2,000,000 points. In addition, the connection T-operator was iterated 10 times,
numerical integration with 1,000,000 points and the !kH

integral was computed
numerically with 100,000 points.

The result for Hermitian Yang-Mills connection on the the stable bundle,
(4.22), is shown in Figure 14. The comparison between the stable, semistable,
(4.24), and unstable bundles, (4.26) is in Figure 15.
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3) Scalar Laplacians:

Given a metric gµ! ⇒
! = ! 1

"
g
!µ(gµ!"g!!)

Solve the eigen-equation

!!m,i = "m!m,i , i = 1, . . . µm

where is the multiplicity from continuous/finite symmetry.µm

Choose a basis ⇒ the eigen-equation becomes
!

b

"
fa

##!
##fb

$
!fb|!̃m,i" =

!

b

"m!fa|fb"!fb|!̃m,i"

Numerical Solution:

let alone solving for the infinite number of eigenvalues and eigenfunctions, is not
possible. Instead, we greatly simplify the problem by choosing a finite subset of
slowly-varying functions as an approximate basis. For simplicity of notation, let us
take {fa|a = 1, . . . , k} to be our approximating basis. The k!k matrices (!ab)1!a,b!k

and "fa|fb#1!a,b!k are then finite dimensional and one can numerically solve eq. (11)
for the approximate eigenvalues and eigenfunctions. It is important to note that
this procedure generically violates any underlying symmetries of the manifold and,
hence, each eigenvalue will be non-degenerate. Finally, we successively improve the
accuracy of the approximation in two ways: 1) for fixed k the numerical integration of
the matrix elements is improved by summing over more points and 2) we increase the
dimension k of the truncated space of functions. In the limit where both the numerical
integration becomes exact and where k $ %, the approximate eigenvalues !n and
eigenfunctions "n converge to the exact eigenvalues !̂m and eigenfunctions "m,i with
multiplicity µm.

3 The Spectrum of ! on P3

{sec:CP3}
In this section, we use our numerical method to compute the eigenvalues and eigen-
functions of ! on the complex projective threefold

P3 = S7
!
U(1) = SU(4)

"
S
#
U(3)! U(1)

$
(13) {eq:CP3def}

with a Kähler metric proportional to the Fubini-Study metric, rescaled so that the
total volume is unity. As mentioned above, since this is a symmetric space of the form
G/H, the equation !" = !" can be solved analytically. The results were presented
in [33]. Therefore, although P3 is not a phenomenologically realistic string vacuum,
it is an instructive first example since we can check our numerical algorithm against
the exact eigenvalues and eigenfunctions. Note that, in this case, the metric is known
analytically and does not need to be determined numerically.

3.1 Analytic Results
{sec:CP3analytic}

Let us begin by reviewing the known analytic results [33]. First, recall the Fubini-
Study metric is given by gFS

ī! = #i#̄!̄KFS with

KFS(z, z̄) =
1

$
ln

%
|z0|2 + |z1|2 + |z2|2 + |z3|2

&
. (14) {eq:K_FS}

With respect to this metric the volume of P3 is

VolFS(P3) =

'

P3
det

#
gī!

$
d6x =

'

P3

%3
FS

3!
=

1

6
, (15) {eq:K_FSvol}

7

1) Solve numerically for !n and !n

2) For fixed k let n! !"
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Fermat quintic:

●But- implement parallel algorithms to Singular, Macaulay, String Vacua  



Heterotic Cosmology

1) B-L MSSM Cosmic Strings 

and

V (!3) = m2
!3

|!3|2 +
g2

B!L

2
|!3|4 . (27)

The potential arises from two sources. The first term is the soft supersymme-
try breaking third sneutrino mass term in (11) at the B-L scale. The second
term arises as the pure third sneutrino part of the DB!L supersymmetric con-
tribution in (9). Recall from the preceding RGE analysis that m2

!3
= !|m2

!3
|

at the B-L scale. Hence, this potential is unstable at the origin and has a
minimum at

"!3#2 = !
m2

!3

g2
B!L

. (28)

Using this, potential (27) can be rewritten as

V (!3) =
g2

B!L

2
(|!3|2 ! "!3#2)2 . (29)

Note that the soft supersymmetry breaking !3 mass term has been re-expressed
as the Fayet-Iliopoulos component of an e!ective D-term. It follows from this
that the Higgs e!ect associated with (28) gives the AB!L vector boson and
the radial real scalar "!3 an identical mass

MAB!L = m"!3 =
$

2gB!L"!3# . (30)

The cosmic string solution to this theory is well-known [34]. Assuming
a static solution that is translationally invariant in the z-coordinate, the
cylindrically symmetric solution is of the form

!3 = ein#"!3#f(r) , AB!Lr = 0, AB!L# =
n

gB!Lr
#(r) . (31)

Here, integer n is the “winding number” of the string around the origin,
which will always be assumed non-zero. The functions f(r) and #(r) have
the boundary conditions

f
r"#!% 1, f

r"0!% 0 and #
r"#!% 1, #

r"0!% 0 (32)

respectively. Before analyzing these functions further, it is important to note
that there are two characteristic lengths associated with any cosmic string
solution. These are

rs = m!1
"!3

, rv = M!1
AB!L

. (33)

10

All effective slepton/squark masses positive at !!3" . For example,

can develop a non-zero winding around some point in three-space, leading
to a cosmic string. Away from the core, this will still be described by the
simple cosmic string solution in the previous section. Recall, however, that
non-zero winding forces the function f(r) and, hence, !3 to vanish at r = 0.
This was not an issue for the simple cosmic string, since it was assumed that
all squark/slepton masses were positive at the origin of field space. In the
present scenario, however, the mass squared of e3,

m2
e3

|!3 = m2
e3

+ g2
B!L!3

2 , (52)

becomes negative as !3 approaches the origin of field space. This potentially
destabilizes the e3 field in the core of the string, producing a scalar conden-
sate. Whether or not this can occur is dependent on the relative magnitudes
of the spatial gradient and the potential energy, which tend to stabilize and
destabilize e3 respectively. To analyze this, one can look at small fluctuations
of e3 around zero in the background of the simple !3 cosmic string solution
in Section 4. The equation of motion for e3 is given, to linear order, by

("µ"
µ + 2igB!LAB!L""" ! g2

B!LAB!LµA
µ
B!L)e3

+(g2
B!L|!3|2 ! (g2

B!L + g2
Y )"e3#2)e3 = 0 , (53)

where !3 and AB!Lµ were defined in (31). Using the ansatz

e3 = ei#te30(r) , (54)

equation (53) simplifies to

(! "2

"r2
! 1

r

"

"r
)e30 + V̂ e30 = #2e30 (55)

where

V̂ (r) = g2
B!L"!3#2f(r)2 ! (g2

B!L + g2
Y )"e3#2 + n2$(r)2

r2
. (56)

Note that we have chosen e30 in (54) to be a function of radial coordinate r
only and, hence, not to wind around the origin. If this two-dimensional
Sturm-Liouville equation has at least one negative eigenvalue, the corre-
sponding # becomes imaginary. This destabilizes e3, implying the existence
of an e3 condensate in the core of the cosmic string.

15

⇒ all soft slepton/squark masses positive except

m2
e3

< 0

⇒ possible charge breaking condensate at the 
core of the cosmic string.

To decide this, consider a small fluctuation e3 = ei!t!0(r)



Satisfies

As discussed in Section 4, there is a Ũ(1) cosmic string solution of the
associated ! and Ãµ equations of motion given by

! = ein!""f(r) , Ãr = 0, Ã! =
n

q̃"g̃r
#(r) (78)

where integer n is the “winding number” of the string around the origin. The
functions f(r) and #(r) have the boundary conditions given in (32). In the
theory we are considering, the e!ective mass squared of $ at arbitrary ! is

m2
#|" = %|!|2 ! &#"2

#

2
. (79)

This becomes negative as ! approaches the origin of field space, potentially
destabilizing the $ field in the core of the string and producing a scalar
condensate. Such a condensate would break both Ũ(1) and U(1) symmetry.
Whether or not this can occur is dependent on the relative magnitudes of
the spatial gradient and the potential energy, which tend to stabilize and
destabilize $ respectively. To analyze this, one can look at small fluctuations
of $ around zero in the background of the simple ! cosmic string solution.
The equation of motion for $ is given, to linear order, by

('µ'
µ + 2iq̃#g̃Ã!'! ! q̃2

#g̃
2ÃµÃ

µ)$

+(%|!|2 ! &#"2
#

2
)$ = 0 , (80)

where ! and Ãµ were defined in (78). Using the ansatz

$ = ei$t$0(r) , (81)

equation (80) simplifies to

(! '2

'r2
! 1

r

'

'r
)$0 + V̂ $0 = (2$0 (82)

where

V̂ (r) = %"2
"f(r)2 ! &#"2

#

2
+ n2(

q̃2
#

q̃2
"

)
#(r)2

r2
. (83)

Note that we have chosen $0 in (81) to be a function of radial coordinate r
only and, hence, not to wind around the origin. We want to emphasize the
term in (83) proportional to #2/r2. This appears precisely because the $ field

20

where
V̂ (r) = !!"3"2(f(r)2 # 1) +

#(r)2

r2

Condensate ⇔ bosonic superconductivity⇔ ground state with

!2 < 0

! = 0.5! = 0.8 "0(r)"0(r)
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Figure 1: Negative energy ground state solutions of the slepton stability
equation for ! = 0.8 and ! = 0.5 respectively. The energy eigenvalues "2

0

are shown as red lines, with the associated normalizable wave functions #0

depicted in blue. Note the positive “bump” in potential V̂ due to the $2/r2

term.

Note that this is smaller than the previous bound given in (87). This is
consistent with expectations since the destabilizing $2/r2 term is now smaller
by a factor of 9. For ! less than !critical, however, the eigenvalue becomes
positive and the wavefunction oscillatory, signaling a meta-stable solution.
Hence, for ! < 0.14 the potential is not su!ciently deep and a # condensate
will not form. By construction, these results can immediately be applied to
the B-L MSSM theory with a negative soft left-handed squark mass m2

D3
< 0

described in Case 3 above. Identifying % = &3, # = D3 and comparing
(74),(75) to (58),(62) using (60),(61), we find that

! =
g2

B!L

3
, '! = 2g2

B!L, '" = 2(
g2
2

4
+

g2
3

3
),

(2
! = !

m2
#3

g2
B!L

, (2
" = !

m2
D3

g2
2/4 + g2

3/3
. (92)
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⇒ boson superconductivity iff  

But- for above case 

! ! .42

! ! .10



EW phase transition removes fermion zero modes. 

Can have bound state current up to ! 1012A .●
● Possible source of EW baryogenesis

 

2) Moduli Potentials

●

●

D-term “uplifting”, explicit calculation of worldsheet instanton 
superpotential on heterotic standard model vacua with torsion,
Fixing complex structure moduli through F-terms.

Discussing  inflation and ekpyrotic cosmology in this context.

●Computation of multi-point functions and predictions for
non-Gaussianity.


