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THE SPIN HALL EFFECT AND THE SPIN ORBIT 
INTERACTION (SOI)
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When only Rashba is considered,
universal value of the spin Hall
conductivity

[Sinova et al., PRL 92, 2004]

Inversion asymmetry of
the confining potential

Bulk asymmetry



QUESTIONS

1. Robustness under disorder

*Cancellation of the effect in infinite 2D systems
in the presence of infinitesimal amounts of disorder

2. Proper definition of the spin current

3. The universality of the transverse conductivity

4. Scaling with the dimensionality of the sample

Experiments are done in finite size samples

Preliminary
calculations
within the Kubo
formalism



MESOSCOPIC QUANTUM FORMALISM

Leads free of SOI and disorder

V3
M. Buttiker, PRL 57, 1761 (1986)
T.P. Pareek, PRL 92, 076601 (2004)
B.K.Nikolic, PRB 72, 075361 (2005)
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Nearest neighbor hopping parameter

Disorder is introduced as local site energy 

2
0

*

2

2 am
t =

THE TIGHT-BINDING APPROXIMATION
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Single band tight-binding model
T. P. Pareek and P. Bruno, PRB 63, 165424 (2001)
P. Bruno, PRL 79, 4593 (1997)
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THE TIGHT BINDING HAMILTONIAN
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The Hamiltonian incorporates the spin-dependent band structure and the spin-
independent disorder. 

The SOI causes hopping along the diagonal and is the source of spin-flip scattering



THE RECURSIVE GREEN’S FUNCTION 
METHOD
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[S. Datta, Electronic Transport in Mesoscopic
Systems, 1995]

The retarded self-energy function in the 
isolated lead p for spin channel μ

μ
pΣ

↓↑ Σ=Σ pp For a perfect metallic lead



LONGITUDINAL AND SPIN HALL 
CONDUCTANCES
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S. Souma and B. K. Nikolic, 
PRL 94, 106602 (2005) 



GsH Dependence on EF, VR, VD

Clean 20x20 system

EF=-2t

For VR=VD; GsH=0 at any EF

For VR/VD >1 and EF<0 (hole-like), 
GsH>0, while for VR/VD <1, GsH <0

The spin Hall current is generated
in the direction of the major driving
field.

N. A. Sinitsyn et al., PRB 70, 081312 (2004)
B. K. Nikolic et al, PRB 72, 075361 (2005)
L. Sheng et al., PRL 94, 016602 (2005)

Typical a0=5nm, m*=0.07m, t =19meV, VR=1-1.6 meV, VR/t = 0.05~0.08

PRB 72, 165335 (2005)



GL AS A FUNCTION OF EF FOR DIFFERENT 
DRESSELHAUS COUPLINGS



Longitudinal conductance as a function of VR and VD

EF=-2t

GL(VR, VD) = GL(VD,VR)

VR = VD is a symmetry line



Spin-Hall conductance as a function of VR and VD

EF=-2t

GsH is antisymmetric along the VR=VD line



Spin-Hall conductance scaling

GsH is almost constant up to 50x50, but the boundaries may be important

GsH depends on EF and system size

See also B. K. Nikolic et al., PRB 72, 075361 (2005); L. Sheng et al., PRL 94, 016602 (2005)



GsH AND THE EFFECT OF DISORDER

EF=-2.0t



COMPARISON WITH THE KUBO FORMALISM
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The general Kubo formulas

Single particle states are constructed from the local orbital basis
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Comparison of the numerical results with the 
Kubo formula

Test the effect of the leads
The GSH is not a constant, but a function of EF and the SOI coupling



1D AHARONOV-BOHM RING
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Frustaglia and Richter, PRB 69, 235310 (2004)
modified to incorporate the Dresselhaus term (CPM&DCM)

J. Phys.:Condens. Mat. 18, 127 (2006)



THE TIGHT BINDING HAMILTONIAN
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LONGITUDINAL AND SPIN HALL CONDUCTANCE 
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Also in S. Souma and B. K. Nikolic, PRL 94, 106602 (2005) only for Rashba systems



LONGITUDINAL AND SPIN HALL CONDUCTANCE
IN A DISORDERED SYSTEM 

N = 100
QR=0.954; QD=0.0

QR=6.366; QD=3.183
Averages over 1000 samples



GL and GsH AS FUNCTIONS OF THE RASHBA SOI STRENGTH

Solid lines : QD = 0.0
Dashed lines: QD = 3.183

With increased disorder, the GL amplitude
is reduced, but the periodicity is preserved
GsH exhibits damped oscillations
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EF =0.2t

W=0, 0.3, 0.5

W=0.5

W=0.3
(shifted up by 0.3)

W=0.0
(shifted up by 0.7)

W=0.0
(shifted up 
by 0.2)



QR = 0.0, QD = 0.0;               QR = 0.954, QD = 0.0;
QR = 6.366, QD = 0.0; QR = 6.366, QD = 3.183

GL IN THE MAGNETIC FIELD

W=1.0



QR = 0.0, QD = 0.0;               QR = 0.954, QD = 0.0;
QR = 6.366, QD = 0.0; QR = 6.366, QD = 3.183

SPIN HALL CONDUCTIVITY IN THE PRESENCE 
OF THE MAGNETIC FIELD

W =1.0

EF=0.2



SPIN ACCUMULATION EFFECTS
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Landauer-Keldysh formalism

The non-equilibrium lesser Green’s function G<(E) the satisfies the steady state 
Keldysh equation for quantum transport in a non-interacting system

Need for time-dependent theory Nikolic et al, PRL 95, 046601 (2005)
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The out-of-plane component <Sz(r)> of the non-equilibrium spin accumulation



Nikolic et al, PRL 95, 046601 (2005)

x is the direction of propagation



EDGE SPIN POLARIZATION EFFECTS 
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Direct numerical integration of the Schrodinger equation – second order 
differencing scheme (MSD2) (The leap frog method)

T. Iitaka, PRB 49, 4684 (1994), Askar, J. Chem. Phys. 68(6), 2794 (1978) 

Scheme is accurate up to (HΔt)2
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WAVE PACKET PROPAGATION
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Contour plots for Sz
(perpendicular on the direction of 
propagation)
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Averages are done along the longitudinal direction
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AVERAGE SPIN POLARIZATION AS A 
FUNCTION OF DISORDER
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Average over 1000 initial disorder configurations

Spin accumulation persists up to W =1.0t
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TIME DEPENDENT FORMALISM
The particle source method [T. Iitaka, Tanaka PRB 57 (1998)]

* Evaluate the matrix elements of the Green’s function and those
of their products with other quantum operators for large disordered systems
*Avoids direct diagonalization of the Hamiltonian when the tight-binding
Hamiltonian is used. (CPU time and memory size linear dependent of the system 
size)

For ηt>>1, only the first term is relevant

Single frequency source term
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|n> are the tight binding orbitals, θn are random numbers in [0, 2π]
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SPIN ACCUMULATION IN THE BALISTIC 
REGIME
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THE KUBO FORMULA
Dependence on EF
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Average over 200
initial state vectors
and over 100 disordered
samples



Spin procession length
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expression)

LS < L semiclassical regime 
LS > L  mesoscopic regime

l  < L diffusive regime
l > L  ballistic regime

REGIMES

CHARACTERISTIC LENGTH SCALES

L is the system size



SCALING OF THE SPIN HALL  CONDUCTIVITY

The behavior of GsH is strongly correlated with Ls



SCALING OF THE SPIN HALL CONDUCTIVITY
(Logarithmic scale)
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CONCLUSIONS

Numerical evaluation of the transport parameters in 1D and  
2D systems with SOI interaction support the existence of

the spin Hall effect as a robust property of the system.


